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ABSTRACT
The probability ranking principle (PRP) — ranking documents in response to a query by their relevance probabilities — is the theoretical foundation of most ad hoc document retrieval methods. A key observation that motivates
our work is that the PRP does not account for potential
post-ranking effects, specifically, changes to documents that
result from a given ranking. Yet, in adversarial retrieval
settings such as the Web, authors may consistently try to
promote their documents in rankings by changing them. We
prove that, indeed, the PRP can be sub-optimal in adversarial retrieval settings. We do so by presenting a novel game
theoretic analysis of the adversarial setting. The analysis
is performed for different types of documents (single topic
and multi topic) and is based on different assumptions about
the writing qualities of documents’ authors. We show that
in some cases, introducing randomization into the document
ranking function yields overall user utility that transcends
that of applying the PRP.
Categories and Subject Descriptors: H.3.3 [Information
Search and Retrieval]: Retrieval models
Keywords: adversarial retrieval, probability ranking principle

1.

INTRODUCTION

The basic ad hoc document retrieval task is ranking documents in a corpus in response to a query by their relevance
to the information need the query expresses. Numerous retrieval methods and frameworks have been devised throughout the years; e.g., the vector space model [28], the probabilistic approach, [29], the language modeling framework
[23], the divergence from randomness framework [3], and
learning-to-rank approaches [21].
The theoretical basis for all probabilistic retrieval methods, and under one interpretation or another, for all retrieval
frameworks mentioned above, is the probability ranking principle (PRP) [26]. According to the PRP, documents in the
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evant to the query, so as to maximize the utility of the user
who posted the query; relevance probabilities are assumed
to be estimated using all information available to the search
system [26]1 .
There are two scenarios where the PRP may result in
sub-optimal utility. The first is when users have different
utility functions (i.e., personalization effects) [26]. The second scenario is when the relevance of one document depends
on that of another; i.e., diversification effects [26, 7].
However, there is an additional fundamental aspect of the
PRP that has not been accounted for in past work. The
PRP, and retrieval methods devised based on the PRP, are
based on a static view of the ad hoc retrieval setting. That
is, the goal is to optimize user utility for the current query
given the current fixed snapshot of the corpus2 . The optimization is performed regardless of the incentives of the
authors who created the documents, and thus does not account for potential post-retrieval effects — e.g., changes of
the corpus, and therefore rankings for future queries, as a
result of the ranking induced for the current query. More
generally, an underlying implicit premise of the standard approach of designing ranking functions is that optimizing user
utility along time can be based on providing the best possible relevance ranking for each query without accounting for
future effects. We show in this paper that this static view
falls short in dynamic and adversarial settings.
In adversarial retrieval settings such as the Web, documents might be changed by their authors, henceforth publishers, so as to have them promoted in rankings induced
in response to queries. This practice is often referred to as
search engine optimization [15]. Thus, the assumption that
the ranking induced for one query will not affect the potential utility attained for future queries is simply wrong; that
is, each induced ranking can lead to changes in the corpus
upon which future search will be performed. Naturally, these
changes can affect the utility attained for future queries. To
illustrate this point, consider the following example. Suppose that a Web page is composed of a few sections, some of
which contain valuable information which is unique to the
page. In terms of page visibility, the publisher of the Web
page is mainly concerned about how the page is ranked for
queries that match the non-unique sections of the page. Having the page ranked low in response to these queries might
1
There is also a definition of the PRP for interactive retrieval
[13]. Interactive retrieval is outside the scope of this paper.
2
In some cases, information about previous snapshots of the
corpus might also be utilized [11].

lead the publisher to remove some of the unique sections,
so as to better emphasize those which should “attract” the
queries of concern. Such an action can lead to diminishing
the utility of users looking for the unique information.
We present a novel game theoretic analysis of the adversarial ad hoc retrieval setting. The analysis accounts for the
following facts (i) document publishers are “players” with
incentives; namely, having their documents ranked high in
response to some queries; (ii) the search engine is a mediator which affects the actions of publishers by the rankings it
induces in response to queries; and therefore, (iii) the utility attained for the current query can affect that attained
for future queries by the virtue of post-retrieval effects on
the corpus (i.e., changes to documents). Our analysis assumes that all users have the same utility function (i.e., we
do not account for personalization effects), and that the relevance of one document is independent of that of others
(i.e., we do not account for the importance of diversifying
search results but rather focus on their relevance). In that
respect, our analysis is committed to the same conditions
under which the PRP was shown to be optimal for a specific query and a static corpus.
A particular advantage of taking a game theoretic approach to modeling the adversarial retrieval setting, is the
ability to make insightful statements about the steady state
of the dynamics of the setting, namely, an equilibrium. The
players — publishers in our case — who act selfishly do not
have an incentive to deviate from the equilibrium. Thus,
analyzing properties of the equilibrium is important for understanding the implications of a specific (dynamic) game.
We note that any change to the actions that the players can
take — in our case, the types of documents they can produce
— and to the ranking function which serves as the mediator
induces a new game with potentially new equilibria.
Inspired by standard practice in work on (algorithmic)
game theory, our treatment of the adversarial retrieval setting as a game focuses on the notion of social welfare: the
sum of utilities provided to users by rankings produced in response to their queries. Indeed, search engines should opt to
maximize the social welfare of their users. More specifically,
we analyze the worst possible social welfare attained in any
equilibrium with respect to the best possible social welfare
that can be attained. This concept, a.k.a. price of anarchy
(PoA)[19, 27], is an important tool for analyzing games. In
our case, the PoA is a means to contrasting different types
of ranking functions in terms of the worst possible social
welfare they can lead to in a steady state of the game.
We build up our analysis by starting from the case of having documents that discuss a single topic. We show that
applying the PRP in this case, on a per-query basis, results
in optimal social welfare if publishers are assumed to have
the same writing quality for all topics. Later on we show
that if this is not the case — i.e., publishers have differential writing qualities for topics — then applying the PRP is
sub-optimal. As it turns out, the PRP is also sub-optimal
in the case of having multi-topic documents and publishers
with equal writing qualities for all topics. Interestingly, in
several cases of our analysis, we show that introducing randomization into a ranking function can sometimes lead to
social welfare that transcends that of applying the PRP.
The two main contributions of this paper are as follows:
• Presenting a novel game theoretic analysis of the adversarial ad hoc retrieval setting. The analysis ac-

counts for the incentives of document authors to have
their documents ranked high in response to queries.
• Showing that the standard practice of inducing a ranking based on the probability ranking principle — i.e.,
optimizing relevance ranking for a given query and
static corpus — can be sub-optimal in terms of the
overall utility attained by users of the search engine in
the face of changes that the corpus goes through.
We believe that the sub-optimality of the PRP, and more
generally, the sub-optimality entailed by the static view taken
by current retrieval methods that are based on the PRP,
have important implications. For example, our theoretical
findings imply that learning ranking functions by optimizing rankings for a train set of queries and a static corpus, as
is the current state-of-affairs [21], is a sub-optimal practice.
That is, the learning should also account for post-retrieval
effects in terms of potential changes applied to documents
in the corpus by incentivized document authors.

2.

RELATED WORK

The vast majority of published work on adversarial information retrieval has focused on spam classification (mainly
content-based and link-based spam), and more generally,
on estimating the quality and/or authoritativeness of Web
pages (e.g., [12, 15, 4, 30, 20, 18, 8, 5, 9, 1, 2]). There has
also been some recent work on estimating for which queries
content manipulation of documents is more likely [24] and on
estimating global term statistics in adversarial peer-to-peer
search systems [25]. Work on adversarial classification treats
the classifier and the data generator as two adversaries [10].
In contrast to all this prior work, we present a game theoretic modeling of the adversarial search (i.e., ad hoc retrieval) setting wherein publishers are incentivized to have
their documents promoted in rankings. Our analysis does
not depend on the nature of actions employed by publishers, namely, whether these are black hat (e.g, spamming),
grey hat or white hat search engine optimization efforts [15].
Furthermore, showing that the probability ranking principle
is sub-optimal in adversarial settings is a novel contribution
of the work presented here.
There has been some (none game theoretic) work on modeling the past versions of a Web page — independently of
those of other pages — so as to improve retrieval effectiveness [11]. In contrast, we provide a game theoretic analysis of the effect (specifically, in a steady state) of having
multiple publishers change the content of their documents
throughout time in response to multiple queries.
There is recent work on devising relevance-based dueling
strategies for search engines [16]. Specifically, two search
engines compete with each other assuming static publishers
and documents. In contrast to our work, analysis of game
theoretic aspects (e.g., equilibrium and social welfare) was
not presented. Furthermore, our focus is on the competition between dynamic publishers (and documents) given
that some search engine is used.

3.

PRELIMINARIES

Let [n] denote the set {1, 2, . . . , n}, and ∆(S) denote the
set of all probability distributions defined over a set S.
Given a distribution d ∈ ∆(S), we use d(i) to denote the
probability of event i (∈ S) and SUP (d) to denote the set
of all elements i ∈ S for which d(i) > 0.

3.1 Game theory

Football
Opera

We start with a standard definition of a game.
Definition 1. A strategic form n-player game is a tuple
G = ({Si }i∈[n] , {Ui }i∈[n] ). For each player i ∈ [n], Si is the
set of actions of the player. The set S = S1 ×S2 ×· · ·×Sn is
called the set of pure strategy profiles. For each i ∈ [n],
Ui : S → R is the utility function of player i.
In a game, each player tries to maximize the (expected)
value of his utility function. Note that the utility of a player
depends on actions taken by all players, not only his own.
The case of a 2-players game can be represented by a bimatrix — a matrix in which each cell contains a 2-tuple:
the first value is the payoff for the first player, and the second value is the payoff for the second player. Each row in
the matrix represents an action of the first player, and each
column represents an action of the second player; i.e., the
matrix has |S1 | rows and |S2 | columns. For example, consider the following payoff matrix. According to the matrix,

U
D

L
(5, 2)
(3, 6)

R
(0, 4)
(1, 1)

Definition 2. A mixed strategy for player i is a distribution si ∈ ∆(Si ).
Using this definition, we extend the notion of a strategy
profile so that ∆S , ∆(S1 )×. . .×∆(Sn ) is the set of mixed
strategy profiles.
We assume that each player i chooses his action according
to ∆(Si ) independently of the actions selected by the other
players. This allows a straight-forward generalization of the
player’s utility to the expected payoff over the joint distribution. That is, let s = (s1 , . . . , sn ) ∈ ∆S be a mixed strategy
profile, then
X
(a1 ,...,an )∈S

Ui (a1 , . . . , an )

Opera
(0, 0)
(1, 2)

Table 1: Battle of the sexes payoff matrix.
For example, consider the two player game known as “battle of the sexes”, where a couple has agreed to go on a date
this evening, but forgot to agree on a venue. The husband
prefers going to a football match, while the wife wants to
see the opera, and they can not communicate. Both would
prefer meeting at any place rather than not to meet at all.
The game payoffs are given in Table 1. The game has two
pure equilibria: jointly watching the match or attending the
opera together. This game also has a mixed Nash equilibrium, where the husband goes to the match with probability
2/3 while the wife attends the opera with the same probability. Note that if each were to pick a venue uniformly, they
would have met with a higher probability. However, the different preferences of the two incentivize each to try his/hers
place of choice with a higher probability. A fundamental
result in game theory is Nash Theorem:
Theorem 1. [22] Every game with a finite number of
players and action sets has a mixed strategies equilibrium.

if the players chose actions D and L, the first (row) player
payoff will be 3, while the second (column) player payoff will
be 6. In a game, each player may choose an action randomly:

Ui (s) =

Football
(2, 1)
(0, 0)

n
Y

si (ai ).

i=1

We use s−i = (s1 , . . . , si−1 , si+1 , . . . , sn ) ∈ ∆S−i to denote
the strategies played by all players but i. A useful notion
is the concept of best response. This is the set of actions
a player may take to maximize his utility given the actions
played by all other players:
Definition 3. Given a strategy profile s−i , the best response of i is defined as BRi (s−i ) , argmaxai ∈Si Ui (ai , s−i ).
Finally, this allows defining a “stable” state of a game: a
strategy profile for which no player has an incentive to deviate, i.e., change his strategy. This concept is often referred
to as the solution of a game.
Definition 4. A mixed strategy profile s = (s1 , . . . , sn ) ∈
∆S is a (mixed) Nash equilibrium, if for every player i ∈
[n] : SUP (si ) ⊆ BRi (s−i ). Equivalently, s is an equilibrium
if ∀i ∈ [n], ∀a0i ∈ Si : Ui (a0i , s−i ) ≤ Ui (si , s−i ). If s is a pure
strategy profile, the equilibrium is called pure.

A common metric for measuring the “quality” of a given
mixed strategy profile is called social welfare. The social
welfare is defined as the sum of (expected) utilities received
by the players
playing it; that is, for s ∈ ∆S we define
P
SW (s) , i∈[n] Ui (s).

3.2

Price of anarchy

Given a game, an interesting question is “how inefficient”
the system could get in a stable state, due to the selfish
behavior of the players. Specifically, an equilibrium of the
game is compared with an idealized scenario where all players selflessly collaborate to maximize the profit of the group
which is measured by social welfare. A popular measure
of this inefficiency is called the Price of Anarchy (PoA)
[19, 27]. Formally, the price of anarchy is the ratio between
the sum of utilities achieved by an optimal strategy profile
(i.e., OP T = maxs∈∆S SW (s)), and the social welfare of the
worst equilibrium, i.e., the one with the lowest social welfare. Going back to the example from Table 1, when both
are going together to either the opera or the football match,
we have an optimal social welfare of 3, while the mixed equilibrium only provides a social welfare of 4/3. Thus, the price
3
= 2.25.
of anarchy for the game is 4/3

4.

ADVERSARIAL AD HOC RETRIEVAL

As already noted, in adversarial retrieval settings such as
the Web, the goal of many owners of documents, henceforth referred to as publishers, is to have their documents
ranked as high as possible in response to queries of interest.
Specifically, a ranking induced for a query by a search engine might incentivize publishers of documents that are not
highly ranked to change their documents for future rankings.
Naturally, this is an on-going process.
We model the dynamics just mentioned as a game. The
publishers are players whose actions are document production; i.e., a publisher decides which document to produce
at any point in time. The search engine plays the role of

a mediator. The choice of a ranking function affects the
publishers’ utilities by the virtue of the induced rankings.
We make the assumption that publishers’ utilities and
users’ utilities are aligned. That is, the payoff a publisher
gets for a document with respect to a user query reflects
the utility the user attains from reading the document in
response to the query. In other words, the premise is that
user satisfaction will lead to publisher satisfaction. In that
respect, the social welfare of publishers (as players) attained
in a game is considered to be the social welfare of the search
engine’s users. Analysis of more complicated situations,
wherein the publishers’ and users’ utilities are not aligned,
is left for future work.
Our goal here is to study the optimality, or lack thereof, of
ranking functions that obey the probability ranking principle (PRP) in adversarial retrieval settings; that is, functions
that rank documents in response to a query by the relevance
(probability) of the documents. To that end, we describe a
few games that are defined by the choice of the ranking function and the assumptions about the type of documents the
publishers can produce. We assume that in each game the
ranking function we want to analyze is fixed. Accounting
for changes of the ranking function throughout the game
is outside the scope of this paper.
To analyze a ranking function, we examine the equilibria
of the game it entails. Specifically, we focus on the price of
anarchy of the game (P oA; see Section 3.2), as is common
in work on algorithmic game theory. Indeed, this practice
allows to reason about the worst case steady state of the
game (equilibrium), in terms of the social welfare attained,
given the selfish behavior of players — publishers in our case.

4.1

Single-topic documents

Here and after, we assume that each query is about a
single topic. We start our analysis in this section with a
basic model where every document is also assumed to be
about a single topic. The model assumes, in addition, that
all publishers have equal writing quality for all topics and
that each publisher may write on a topic of his choice. We
show that in this model, the probability ranking principle
(PRP) is optimal; i.e., using a ranking function that obeys
the PRP results in optimal price of anarchy. In Sections
4.2 and 4.3 we extend this model by allowing multi topic
documents, and differential writing qualities, respectively,
and show that the PRP is no longer optimal in these cases.

4.1.1

Definitions

A Publishers Game P G =(n, m, D; R) is an n publishers game over m topics. Each publisher selects a topic
to write on; i.e., the possible actions are topics. In addition,
queries are posted, each of which on a specific topic, according to a public query distribution D ∈ ∆([m]). Throughout the paper, we assume without loss of generality that
D(1) ≥ D(2) ≥ . . . ≥ D(m). That is, the first topic is
always the most frequently queried, then the second, etc.
For the sake of simplifying the analysis, we assume that
the user utility with respect to his query is determined solely
based on the relevance of the first ranked document. While
in practice users examine also documents in lower ranks, it
is a well known fact that in the Web setting users pay most
of their attention to the most highly ranked documents [17].
In fact, users often prefer to reformulate their queries rather
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Table 2: Payoff matrix for the game (2, m, D; RPRP ).

than spend additional time examining lower ranked documents. Furthermore, it was shown that the precision at
rank 1 (i.e., 0 or 1) is highly correlated (with Pearson correlation above 0.5) with average precision at cutoff 1000,
which is a standard measure for quantifying the effectiveness of a retrieved list [6]. Thus, we assume that the utility
the user attains from the top-most document is highly correlated with the utility the user will attain by examining
additional documents further down the ranked list.
Given a query and the set of topics selected by the publishers, the Ranking Function R : [m] × [m][n] → ∆([n]),
selects a probability distribution over the documents (i.e.,
over the players) using which the documents (players) will
be ranked; specifically, the probability assigned to a document corresponds to the probability that it will be ranked
first. We note that this definition is different than that of
standard ranking functions in two respects. First, it does
not specify how to rank documents for ranks two and below.
Second, the ranking function is allowed to be probabilistic,
randomizing over the set of documents in the corpus. In
contrast, ranking functions used in the information retrieval
literature are deterministic. While at first glance randomization may not seem to provide additional value, we show
that it could actually result in improved social welfare even
if it hurts retrieval effectiveness for a specific query.
As an example of the notation used for ranking functions,
consider R(1, h1, 1, 2i) = h0.4, 0.4, 0.2i. Given a query on the
first topic, if players 1 and 2 wrote on topic 1, and player 3
created a document on topic 2, then each of players 1 and
2 will be ranked first with probability 0.4, while player 3
will be ranked first with probability 0.2. We use Ri : [m] ×
[m][n] → [0, 1] to denote the probability assigned to player i
for the given input; in our example, R3 (1, h1, 1, 2i) = 0.2.
We define the payoff for publisher i as 1 for queries he is
ranked first on, and 0 for all other queries. His expected
payoff is then Ui (ai , a−i ) = D(ai ) · Ri (ai , (ai , a−i )); i.e., the
probability that a query on his selected topic arrives times
the probability he will be ranked first.
We define the probability ranking principle ranking, PRP
ranking in short, denoted RPRP , to be the function which
always ranks first the document most relevant to a query. Indeed, the PRP [26] states that documents should be ranked
by their relevance probabilities, and we care here about the
highest ranked document. In this model, the PRP translates
to choosing uniformly a document written on the query topic
for the first rank. For example, for the two publishers game
(2, m, D; RPRP ) where the PRP serves for ranking, the payoffs can be expressed by the matrix in Table 2.

4.1.2

Price of anarchy

We focus on the two players game, where a couple of rival
publishers compete for the same incoming queries flow, each
trying to maximize his payoff by being ranked first. Our goal
in this section is showing that in this basic model, the PRP
remains optimal. We start with a theorem showing that the
PRP ranking yields a game, in which every equilibrium is
at most 1.5 times worse than the optimal scenario in terms
of social welfare. The optimal scenario is having each of
the two publishers write about a different topic among the
two most frequently queried topics.
Theorem 2. Let D ∈ ∆([m]) be a query distribution and
let P G =(2, m, D; RPRP ) be a two player Publishers Game,
then the price of anarchy of P G is at most 1.5.
The proof, presented in Appendix A, is based on analysis
of two cases: when publishers write deterministically on a
single topic, and when they choose to randomize over several
topics. We show that in any case, the worst equilibrium is
reached when both publishers choose a topic only from the
two most frequently queried topics.
We complement Theorem 2 by proving that no ranking
function is able to achieve price of anarchy smaller than 1.5,
for any query distribution. Together, the theorems show
that the PRP is optimal in the case where each document
(and query) is about a single topic, and all publishers have
the same writing quality for all topics. As noted above, optimality refers to the price of anarchy unless otherwise noted.
Theorem 3. For any ranking function R, there exists a
distribution D ∈ ∆([m]), such that the Publishers Game
P G =(2, m, D; R) has a price of anarchy of at least 1.5.
Intuitively, we show that for the query distribution in
which the first topic is queried two-thirds of the time, while
the second is queried otherwise, R can not decrease the price
of anarchy below 1.5. The full proof is in Appendix B.
For the case of m = 2 topics, we strengthen the result of
Theorem 3 by showing that for any distribution, one can
not improve the social welfare obtained by RPRP using a
different ranking function.
Theorem 4. For any distribution D ∈ ∆([2]) and ranking function R, the social welfare of (2, 2, D; R) is at most
the social welfare of (2, 2, D; RPRP ) .
The proof of the theorem is provided in Appendix C. Thus,
we get that in the two topics setting, the PRP ranking
is optimal in a stronger sense than that considered above
(i.e., price of anarchy): there exists no query distribution
for which an alternative function could achieve higher social
welfare than that attained by the PRP.
While we showed that the PRP is optimal in this model, it
is not the case in the models considered next. Section 4.2 discusses a setting in which publishers may produce multi-topic
documents. Section 4.3 presents a model which accounts for
publishers with differential writing qualities.

4.2

Multi-topic documents

We next discuss an extension of the Publishers Game
that allows publishers to compose documents about multiple topics. Formally, a Multiple Topics Publishers
Game M T P G =(n, m, c, D; R) is similar to Publishers
Game, except that publishers may now choose an action


from [m] ∪ [m]
; i.e., either writing a document on a single
2
topic or on two topics. We assume that a multiple topics
document has equal proportions of the two topics. When
a publisher writes on two topics, an additional parameter,
c ∈ [0, 1], is the payoff he receives when ranked first on either of these topics. Assuming that documents are of equal
length, the PRP ranking amounts here to determining relevance level (grade) based on the prevalence of relevance information in the document. This graded relevance definition
was also applied in work on focused retrieval [14]. Specifically, a document dedicated entirely to the query topic is
preferred to any document that discusses two topics. For
two documents that discuss two topics, the one which discusses the query topic is preferred to the one which does not;
if both documents discuss the query topic, one of the two is
randomly selected to be ranked first.
We focus on the special case of two documents and two
publishers, showing that even in this restricted scenario, the
PRP is not always optimal. We start by showing that if
the multi-topic document payoff c is small, then the PRP
ranking remains optimal.
Theorem 5. Let c ∈ [0, 1/2]. For any distribution D ∈
∆([m]), the Multiple Topics Publishers Game M T P G =(2,
m, c, D; RPRP ) achieves a price of anarchy of at most 1.5.
The idea behind the proof, presented in Appendix D, is
showing that when multi-topic documents provide just a
small benefit, the publishers will never write such documents; in this case, we can use Theorem 3 for the price
of anarchy bound.
The next theorem shows that for such small c values, the
PRP is indeed optimal as any ranking function will incur a
price of anarchy of 1.5 for some query distribution.
Theorem 6. Let c ∈ [0, 1/2]. There exists a distribution
D ∈ ∆([m]), such that for any ranking function R, the Multiple Topics Publishers Game M T P G =(2, m, c, D; R) has
a price of anarchy of at least 1.5.
Similarly to Theorem 3, we consider a query distribution
where the first topic is queried two-thirds of the time, and
otherwise the second topic is queried. We show that for this
distribution, no ranking function could reduce the price of
anarchy when c is small.
Next, when c is sufficiently large, we show an example
in which the anarchy entailed by using the PRP ranking
could be completely avoided by using an alternative ranking
function which does not adhere to the PRP; that is, a social
welfare that approaches the optimal can be attained.
Example 1. Consider the distribution D(1) = 2/3, D(2)
= 1/3. For any c, the price of anarchy of M T P GP RP =(2, 2,
c, D; RPRP ) is 1.5, while there exists a ranking function,
Rprob , such that the price of anarchy of M T P Gprob =(2, 2,
c, D; Rprob ) could be arbitrarily close to 1 as c → 1.
For the example, we propose a non-deterministic, probabilistic, ranking function3 Rprob . The function randomizes
the relative ranking of a multi-topic document and a pure
3
As explained in Section 4.1, by probabilistic ranking function, we mean a non-deterministic ranking function that
applies randomization. This should be differentiated from
probabilistic retrieval methods that are deterministic and
rank documents by relevance probabilities [29].

document written on the first topic, whenever a query on
the first topic is posted. The complete proof is provided in
Appendix E.
We conclude this section by showing a large family of
games in which the PRP is not optimal, and propose a
probabilistic (randomized) ranking function instead. This
finding implies that introducing randomness to the ranking
of documents may result in a more content enriched corpus
in the long run, by providing incentives for publishers to
diversify the topics they write about.
2c
). Consider
Theorem 7. Let c ∈ (1/2, 1] , p ∈ [2/3, c+1
the distribution D(1) = p, D(2) = 1 − p. There exists a ranking function Rprob , such that the price of anarchy of (2, 2,
c, D; RPRP ) is strictly larger than that of (2, 2, c, D; Rprob ) .

The core idea underlying the proof of the theorem, which
can be found in Appendix D, is to carefully construct a
probabilistic ranking function which occasionally ranks the
multi-topic document higher than a document written entirely on the query topic.

4.3

Publishers with differential writing qualities

Heretofore, we assumed that every publisher can write
about every topic with the same quality. We now turn to
analyze a setting wherein this is not the case. Specifically,
we explore an extension of the Publishers Game to a setting where publishers write on a single topic, but have different writing qualities. Formally, a Different Qualities
Publishers Game DQP G =(n, m, Q; R) is similar to the
Publishers Game, except that publishers now have individual payoff functions representing the utility of the document
they create for a queried topic. This setting amounts to assuming, for example, that the utility (for the user, and consequently for the publisher, per our working assumption)
attained from the same document produced by two different
publishers is different and depends on their writing quality
for the topic. Indeed, the less the publisher is authoritative
about the topic, the more effort the user will have to put
into verifying the content (e.g., by consulting other sources
of information), thereby decreasing his utility.
The DQPG game has a Quality Matrix parameter, Q ∈
[0, 1][n]×[m] , where Qi,j is the payoff for publisher i if he is
ranked first on topic j. Note that the query distribution
parameter has been omitted as we may normalize the Quality Matrix to factor the topic frequencies. For example, if
the first topic is queried 2/3 of the time, and otherwise the
second topic is queried, then we multiply the first column of
Q by 2/3 and the second column by 1/3. In this setting, we
assume that in the PRP ranking, RPRP , the highest quality
document written on the queried topic is ranked first. In
case multiple documents have the same quality, it uniformly
selects a top-quality document. That is, originally, the PRP
was shown to optimize utility by implicitly assuming equal
writing qualities of publishers; thus, relevance amounted to
utility for a given query. Here, we stick to the original goal
of the PRP, optimizing utility, and account for the fact that
relevance is not necessarily coupled with utility.
First, we show a tight bound for the price of anarchy
achieved by the PRP ranking.
Theorem 8. For any Quality Matrix Q ∈ [0, 1][n]×[m] ,
such that players have distinct writing qualities for any given

topic, the Different Qualities Publishers Game DQP G =(n,
m, Q; RPRP ) has a price of anarchy of at most 2.
The essence of the proof, provided in Appendix G, is reducing the problem to finding a matching in the bipartite graph
which has the publishers on one partite and the topics on
the other. We show that any equilibrium in the game corresponds to a matching which may be generated by the greedy
algorithm and that the approximation rate of the algorithm
provides a bound on the price of anarchy.
Complementing the theorem, we show that the price of
anarchy analysis for RPRP is tight.
Theorem 9. For any  > 0, there exists a matrix Q ,
such that the price of anarchy of (n, m, Q ; RPRP ) is 2 − .
The result is obtained for the simple case where one publisher has writing quality for multiple topics, while another
publisher can write mainly on a specific topic. If the first
player has even a slight writing quality advantage over the
second on that specific topic, he may prefer writing about
it, and no publisher would satisfy the information need for
the remaining topics. The proof is found in Appendix H.
It is important to note that if a ranking function could act
arbitrarily, a search engine could abuse this model to force
the optimal strategy, which is the maximum weight matching of the complete bipartite graph over [n] ∪ [m], where the
weight of an edge (i, j) is Qi,j . For example, consider the
ranking function which given a query on topic j, ranks first
the publisher i, if (i, j) is a part of the maximum weight
matching, and i wrote a document on topic j. Otherwise,
it places a completely irrelevant document at the top position. In this case, every publisher realizes that the only way
users with information need relevant to his page reach his
document is by cooperation with the engine, writing on the
topic assigned to him in the matching.
In order to avoid ranking functions which dictate for each
player the topic to write on, we restrict the discussion to
Fair Ranking Functions. A Fair Ranking Function is a
function which given a query, assigns first-rank probabilities
(i.e., probability to be ranked first) to documents written
on the topic, without considering the writing qualities of
the publishers on other topics. More formally, a Fair Ranking Function is a set of functions, R = {Rk : [0, 1][k] →
∆([k])}k∈[n] , such that given a query on a topic that k publishers wrote about, Rk is applied on the qualities of these
publishers to determine the ranking, and the ranker is not
allowed to consider the writing qualities of publishers on
topics that they did not write on.
Theorem 9 shows that for any values of n, m (i.e., number
of publishers and number of topics, respectively) the price
of anarchy of the PRP is 2. We complement this by showing
that for the case of 2-player games, RPRP is not optimal,
even when compared only with Fair Ranking Functions.
Theorem 10. There exists a Fair Ranking Function Runi ,
such that for any Quality Matrix Q ∈ [0, 1][2]×[m] , the Different Qualities Publishers Game DQP G =(2, m, Q; Runi )
achieves a price of anarchy of at most 1.7.
To prove the theorem, we consider a probabilistic ranking
function Runi which makes a fair coin flip to select the top
ranked document, whenever the difference in quality of given
documents is “small enough”. A more detailed proof sketch
for the n = m = 2 case appears in Appendix I. The complete

proof, and its extension to general number of topics m are
omitted due to lack of space.
We conclude the analysis by showing a lower bound on the
price of anarchy achievable by any Fair Ranking Function.
Theorem 11. For any Fair Ranking Function R and number of topics m, there exists a Quality Matrix Q ∈ [0, 1][2]×[m] ,
such that the price of anarchy of the Different Qualities Publishers Game DQP G =(2, m, Q; Runi ) is at least 1.5.
In Appendix J, we present a proof which constructs two
games with different quality matrices. We show that any
ranking function achieves social welfare which is at most
two thirds of the optimum, at least for one of the games.

5.

CONCLUSIONS

We presented a novel game theoretic analysis of the ad
hoc document retrieval task in adversarial settings. The
analysis accounts for the incentives of authors to have their
documents ranked high in response to queries. Thus, the
analysis provides formal grounds for modeling the dynamic
nature of the adversarial retrieval setting that results from
authors consistently changing their documents so as to promote them in rankings. We performed the analysis for different types of documents (namely, single topic versus multi
topic) and by using different assumptions about the writing
qualities of authors. One of our most important findings
is that the probability ranking principle (PRP), which is
the theoretical foundation of most ad hoc retrieval methods,
can be sub-optimal in the adversarial setting. Specifically,
we showed that in some cases, introducing randomization
into the document ranking function can result in user utility higher than that attained by applying the PRP.
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APPENDIX
A. PROOF OF THEOREM 2
Proof. The optimal scenario we compare to, is when
some publisher writes about topic 1, while the other composes a document on topic 2. The optimal social welfare is
therefore OP T = D(1) + D(2) ≤ 1. Next, we examine a few
possible equilibria:
1. Each player writes on a different topic.
When such equilibrium exists, players must write about
topics 1 and 2 (or other topics with the same frequency,
if such exist). The social welfare of the equilibrium is
then D(1)+D(2), and the players reach optimal welfare.

2. Both players write about topic 1 with probability 1.
In this scenario, D(1) ≥ 2/3, as the publishers have
no incentive to deviate to topic 2. This means the social welfare of the equilibrium is D(1), and the price of
1
= 1.5.
anarchy is at most 2/3

players only write on the first two topics (case 3). Let
p = 2D(1)−D(2)
be the 2-topics symmetric equilibrium
D(1)+D(2)
probability computed in 3. Notice that for an equilibrium < s1 , s2 >, we get that the utilities received by
the players are:

3. The players play a symmetric equilibrium (i.e., both
have the same mixed strategy), randomizing their actions over the first two topics.
As both players have topic 2 in their support, we know
that D(2) ≥ D(1)/2. Assume that each player writes
about the first topic with probability p. The payoff of
writing about topic 1, assuming that the other publishers follows this strategy, is D(1)/2 with probability p (as
the ranking function would rank each of the publishers
randomly), or D(1) if the other player chose to write
about topic 2, which happens with probability 1 − p.
Therefore the utility is U (1) = p·D(1)/2+(1−p)·D(1).
Similarly, the utility of writing about the second topic
is U (2) = p·D(2)+(1−p)·D(2)/2. As both topics are in
the support of the players’ strategy, the utility of writing on each of them must be equal, i.e. U (1) = U (2).
. Since both publishers play
This give us p = 2D(1)−D(2)
D(1)+D(2)
the same mixed strategy, the social welfare of the equi3D(1)D(2)
librium is P = 2 · U (1) = 2 · U (2) = D(1)+D(2)
. Finally,
we can express the price of anarchy as

U1 = D(1)(1 − s2 (1)/2) = D(2)(1 − s2 (2)/2)

D(1) + D(2)
(D(1) + D(2))2
OP T
= 3D(1)D(2) =
.
P
3D(1)D(2)
D(1)+D(2)

In the domain 0 ≤ D(1)/2 ≤ D(2) ≤ D(1) ≤ 1 − D(2),
this function is bounded by 3/2, which is reached on
the line D(1) = 2D(2).
4. One of the players does not have the second topic in
the support of his strategy.
Without loss of generality, we assume that player 2 is
the one which never writes about topic 2. In this case,
since we already covered all equilibria in which players restrict themselves only to the first two topics, the
second player must have the third topic in his support
(or a different topic with the same query frequency).
The first player then must earn at least D(2), as he
would be the only publisher to write on the second
topic, should he choose to do so. Player 2 may randomize between the first and third topic, but since he
is the only publisher to (occasionally) write on topic
3, his utility is D(3). Also, since the players can always earn D(1)/2 by writing on the first topic, we get
that D(2), D(3) ≥ D(1)/2. Putting it together, we get
a social welfare of D(2) + D(3), which means price of
anarchy of
D(1) + D(2)
D(1) + D(2)
OP T
≤
≤
P
D(2) + D(3)
D(2) + D(1)/2
D(1) + D(2)
=
2D(2)/3 + D(2)/3 + D(1)/2
D(1) + D(2)
3
≤
=
2D(2)/3 + D(1)/6 + D(1)/2
2
5. Both players are playing an equilibrium in which the
support of each contains topics 1 and 2.
In this case, we argue that each player must earn at
least as much as he did in equilibrium in which both

U2 = D(1)(1 − s1 (1)/2) = D(2)(1 − s1 (2)/2)
Now if {1, 2} ( SU P (si ) then either si (1) < p or
si (2) < 1 − p. This means that the profit for the other
player has to increase. Since the arguments holds for
3D(1)D(2)
both players, we get that each gains at least 2(D(1)+D(2))
3
and the bound from 3 give us the required 2 bound on
the price of anarchy.
Since we covered all possible equilibria, we established that
the price of anarchy is 1.5.

B.

PROOF OF THEOREM 3

Proof. Consider the simple scenario where queries about
the first topic arrive with probability 2/3, while the second
topic is queried 1/3 of the time; i.e., D(1) = 2/3, D(2) =
1/3, ∀i ∈ [m] \ {1, 2} : D(i) = 0. In the PRP-based game,
P G =(2, m, D; RPRP ) , the players’ payoffs are given by
(1/3, 1/3) (2/3, 1/3)
. The ranking function R is al(1/3, 2/3) (1/6, 1/6)
lowed to choose the first-rank probabilities when the players
write on different topics; i.e., the probability of ranking a
non-relevant document first, rather than one written on the
queried topic. This means that R may modify the game to
(1/3, 1/3) (α, β)
, for any values of α, β satisfying
(β, α)
(1/6, 1/6)
0 ≤ α ≤ 2/3, 0 ≤ β ≤ 1/3. In the new game, regardless of the values of α and β, there exists an equilibrium in
which both players write on topic 1. In this equilibrium,
each player payoff is 1/3, while the utility of deviating to
the second topic is β ≤ 1/3. This means that the price of
1
anarchy of R is at least 2/3
= 1.5.

C.

PROOF OF THEOREM 4

Proof. When RPRP is used, the game is a special case
of the one
 presented
 in Table 2, and is given by the maD(1) D(1)
, 2
(D(1), D(2))
2
 . If D(1) ≥ 2/3, the

trix
D(2) D(2)
(D(2), D(1))
,
2
2
game has a unique equilibrium in which both players write
about the first topic. This means that the social welfare
of the game will be D(1). When D(1) ∈ [1/2, 2/3), the
game has an optimal social welfare equilibrium, in which
publishers write on different topics. The game also has a
mixed strategies equilibrium, in which each writes about the
first topic with probability p = 3D(1) − 1. This equilibrium
has a social welfare of 3D(1)D(2). Similarly to Theorem
3, the ranking function R may rank a document on a different topic before
 a relevant
 topic, hence it may modify
the game to

D(1) D(1)
, 2
2

(β, α)

(α, β)



D(2) D(2)
, 2
2



for any val-

ues of α, β such that 0 ≤ α ≤ D(1), 0 ≤ β ≤ D(2). In

the case where α ≥ D(2)
and β ≥ D(1)
, this game has
2
2
a symmetric mixed strategy equilibrium where each player
.
writes about the first topic with probability p , 2α+D(1)−1
2α+2β−1
In all other cases, the game has only pure-strategy equilibrium where both surely write about topic 1. The pure
strategy equilibrium gives a social welfare of D(1). This is
strictly lower than the 3D(1)D(2) achieved by RPRP in the
D(1) ∈ [1/2, 2/3) case, and identical to it when D(1) ≥ 32 .
The mixed strategies equilibrium gives a social welfare of
D(1) · p + (α + β) · (1 − p) = 4αβ−D(1)D(2)
. Fixing D(1) and
2α+2β−1
D(2), analysis of the social welfare as a function of α and β
reveals that it is maximized at α = D(1), β = D(2). This
shows that in any case, no ranking function outperforms
RPRP .

D.

PROOF OF THEOREM 5

Proof. Although this may sound intuitive, adding an action to players’ action sets may actually decrease the socialwelfare. We prove that whenever c < 1/2, the multi-topic
document will never be a part of the support of the players.
(The c = 0.5 case is technical and omitted due to lack of
space.) This is done by showing it is dominated, i.e., it is
never a part of the players’ best-response. Let s2 ∈ ∆([m])
be a mixed strategy for the second player and let j, ` ∈ [m]
be two distinct topics. The first publisher payoffs for writing
on the topics are:
U1 (j, s2 ) = D(j) · (1 − s2 (j)/2)
U1 (`, s2 ) = D(`) · (1 − s2 (`)/2)
Without loss of generality, we assume U1 (`, s2 ) ≥ U1 (j, s2 ).
The utility of writing the multi topic document is
U1 ({j,`}) = c · (D(j) · (1 − s2 (j)/2) + D(`) · (1 − s2 (`)/2))
= c · (U1 (j) + U1 (`)) < (U1 (j) + U1 (`)) /2 ≤ U1 (`).
This means that a publisher could always profit more from
writing a single-topic document. Thus, publishers will never
write on multiple topics in an equilibrium.

E.

PROOF OF EXAMPLE 1

Proof. The payoff matrix of the M T P GP RP game is
(1/3, 1/3)
(c/3, 2/3)
(1/3, 2/3)

(2/3, c/3)
(c/2, c/2)
(1/3, 2c/3)

(2/3, 1/3)
(2c/3, 1/3) ,
(1/6, 1/6)

where for each player the first action is associated with writing a document on topic 1, the second is writing a multiple
topic document, and the last action is writing on the second topic. For any value of c, there exists an equilibrium
where both players write on topic 1. This equilibrium has
a social welfare of 2/3, while an optimum of 1 is reached if
both players write on different topics. This means that for
any value of c, the price of anarchy of RPRP is 1.5.
For c > 1/2, consider the ranking function Rprob , which is
identical to RPRP , except for the case where one publisher
wrote about topic 1, the other about a multiple topics document, and a query on the first topic was posted. In this case,
Rprob ranks the multi-topic document first with probability
3c
. The probabilistic ranking changes the utility of
1 − 2(1+c)
the players which are aiming to maximize their expected
payoff, and the resulting payoff matrix is

(1/3, 1/3)


c
c
,
1+c 1+c



(c/2, c/2)

(2c/3, 1/3) .

(1/3, 2/3)

(1/3, 2c/3)

(1/6, 1/6)

c
, c
1+c 1+c



(2/3, 1/3)

This game has an optimal pure-strategies equilibria when
players write on different documents, and a single mixed
strategies equilibrium. In this mixed equilibrium, each player
creates a document about the first topic with probability
3(c−1)c
, and a multi topic document otherwise. The re3c2 −7c+2
sulting social welfare in this case is
approaches 1 when c is almost 1.

F.

2c(c2 −4c+1)
,
(c+1)(3c2 −7c+2)

which

PROOF OF THEOREM 7

Proof. In M T P GP RP =(2, 2, c, D; RPRP ) , there exists a
dominant-strategy equilibrium in which both players write
on the first topic. Playing it, the publishers earn U (1) =
p/2, while the utility of writing about multiple topics is
U ({1, 2}) = c · (1 − p) ≤ 1 − p ≤ p/2, and the utility of
writing about the second topic is U (2) = 1 − p ≤ p/2. This
means that the social welfare achieved by RPRP is p. Next,
we define Rprob as follows:
• Consider a query on the first topic, a document written on the topic, and a multi-topic document. In this
case, Rprob will rank the multi-topic document first
c
. Notice that since
with probability r , 1 − p·(1+c)
2c
c ∈ (1/2, 1] and p ∈ [2/3, c+1 ), we have r ∈ [ 14 , 21 ].
• On all other cases, Rprob behaves just like RPRP .
The introduction of probabilistic ranking in Rprob changes
the game payoffs when one player writes on topic 1, while the
other on multiple topics. In this case, the utility of writing
c
. Similarly,
on topic 1 drops to U (1, {1, 2}) = p(1 − r) = 1+c
the utility of writing multiple topics rises to U ({1, 2}, 1) =
c
. The game payoff matrix is therefore:
c(1 − p + p · r) = 1+c
(p/2, p/2)


c
c
,
1+c 1+c
(1 − p, p)



c
, c
1+c 1+c



(c/2, c/2)
(1 − p, c · p)

(p, 1 − p)
(c · p, 1 − p)

1−p 1−p
, 2
2

First, we notice that the scenario in which both players write
on the first topic is no longer an equilibrium, as players
are better off deviating to the multi-topic document, earnc
> p/2. Next, the strategy of writing on topic
ing 1+c
1 still dominates creating a document about the second
topic. Finally, we observe that the pure-strategies equilib2c
ria ((1, 2) or (2, 1)) gives a social welfare of 1+c
> p. The
only mixed strategies equilibrium in this game is reached
when each player writes about topic 1 with probability x =
c·(c−1)
and otherwise writes a multi-topic document.
c2 +c·(p−3)+p
This gives a social welfare of
c
+ (1 − x) · c
1+c
c
c2 p + 2cp − 4c + p
=
· 2
1 + c c + c · (p − 3) + p

P = 2U (2) = 2x ·

which, on the domain of c ∈ (1/2, 1] and p ∈ [2/3,
strictly larger than p.

2c
)
c+1

is

G.

players/topics
1
2

PROOF OF THEOREM 8

Proof. We prove the theorem by showing that any equilibrium is associated with a matching in the bipartite graph
which has the publishers on one partite and the topics on
the other. Formally, let G = ([n] ∪ [m], [n] × [m]) be a full
bipartite graph. Let w : [n] × [m] → [0, 1] be a weight function such that w(i, j) = Qi,j . We prove that an equilibrium
for the game corresponds to a matching that could be generated by the greedy algorithm for graph matching. The algorithm iteratively expands the matching by simply adding
the maximum-weight edge connecting unmatched vertices to
the matching. For simplicity, the proof assumes n ≤ m, although this is not required, as otherwise the utility of n − m
players is 0, and they may be removed to obtain a valid
matching. We complete the proof by induction over the
number of players in the game.
• Basis: in a single publisher game, the only equilibrium
is when the player writes a document on the topic j
maximizing w(1, j), and so does the greedy matching.
• Induction Step: Let i, j ∈ argmax{Qi,j } be a topquality publisher-topic pair. Since no other player has
the same writing quality on topic j, player i writes
about j, knowing he will surely be ranked first. The
remaining players then know that no gain would come
from writing on topic j. Hence, we are left with a game
with n − 1 players and m − 1 topics. In the graph, this
pair represents a maximum weight edge, and therefore
may be selected by the greedy algorithm. Using the
induction hypothesis, we conclude that the remaining
players will also follow the greedy matching algorithm.

Notice that this notation means that the optimal solution
for price of anarchy analysis is OP T = max{1 + c, a + b}.
We define the ranking function Runi as the function which
gives equal probability to all documents written on the topic
whose quality is at least 2/3 times the quality of the best
document on the topic. The proof is done by an extensive
case analysis over the possible values of a, b and c, and is
omitted due to lack of space.

J.

players/topics
1
2

2
1 − /2
0

...

..
0

0

m
0
0

2
2/3
1

• p<1/3. When R gives high probability of ranking first
the second-best document, it will be far from optimal in
the following situation. Consider the Quality Matrix:

.
0

players/topics
1
2

All zeros Quality Matrix expect for (1, 1), (1, 2), (2, 1).
Writing a document on topic 1 is a dominating strategy for
player 1. Once this is done, the social welfare of the game
is 1, regardless of the choice of the remaining players. The
price of anarchy is as required, since the optimum is reached
when players 1 and 2 write about topics 2 and 1 respectively
yielding a social welfare of 2 − .

1
1
2/3

2
1−p
0

The following payoff matrix is then:
(1 − p, 2p/3)
(1 − p, 2/3)

(1, 0)
(1 − p, 0)4

.

Notice that both players writing on the first topic is an
equilibrium for the game, while the optimum is reached
T
at 2, 1, thus OP
= 1−p+2/3
= 5−3p
≥(p<1/3) 1.5.
P
3−p
1−p+ 2p

I. PROOF SKETCH OF THEOREM 10
Proof. Since price of anarchy analysis concerns with the
ratio between the optimal strategy and an equilibrium strategy, it stays the same if Q is multiplied by a constant.
Therefore, we assume that Q1,1 = 1, i.e. the first publisher
writes about the first topic perfectly. Therefore, a general
Quality Matrix can be described using three parameters,
a, b, c ∈ [0, 1]:

1
1
2/3

This means that the payoff for the players can be rep(1 − p, 2p/3) (1, 1)
resented as:
. Since
(2/3, 2/3)
(2p/3, 1 − p)
1/3 ≤ p ≤ 1, there exists an equilibrium in which player
1 writes about topic 2 while player 2 writes about topic
1. In this equilibrium, the payoff for each player is 2/3,
while the optimum is 2. This means that the price of
T
2
anarchy of R is at least OP
= 4/3
= 1.5.
P

Proof. Consider the following Quality Matrix
1
1
1 − /2

PROOF OF THEOREM 11

Proof. Intuitively, we show that R has to be at least 1.5
worse than the optimum in one of two cases. If it prefers
a “ 32 -quality” document over a perfect document with probability larger than third, then both players might write on
the topic they are less qualified to write on, thereby incurring a 1.5 anarchy. Alternatively, if R does not rank the
worse document with that probability, players might selfishly write on their topic of choice, and no one would satisfy
the information need of the remaining topics.
We denote p , R(2/3, 1)(1), i.e. the probability R ranks
a document with quality 2/3 higher than a document of
quality 1. Next, we consider two cases:
• p ≥ 1/3. In this case, consider the Quality Matrix:

PROOF OF THEOREM 9
players/topics
1
2
..
.
n

2
a
c

The Quality Matrix Q.

We conclude the proof by using the well-known result stating
that the greedy algorithm achieves a 2-approximation for the
maximum weight matching of the graph.

H.

1
1
b

3

4

This implicitly assumes that a positive-quality document
will be ranked higher than one with quality 0. The theorem
holds regardlessly, as the payoff of this scenario is irrelevant.

