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Truthful and Near-Optimal Mechanism Design via Linear
Programming
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We give a general technique to obtain approximation mechanisms that are truthful in expectation. We show that for packing
domains, any α-approximation algorithm that also bounds the integrality gap of the LP relaxation of the problem by α
can be used to construct an α-approximation mechanism that is truthful in expectation. This immediately yields a variety
of new and significantly improved results for various problem domains and furthermore, yields truthful (in expectation)
mechanisms with guarantees that match the best known approximation guarantees when truthfulness is not required. In
particular, we obtain the first truthful mechanisms with approximation guarantees for a variety of multi-parameter domains.
We obtain truthful (in expectation) mechanisms achieving approximation guarantees of O(

√
m) for combinatorial auctions

(CAs), (1 + ε) for multi-unit CAs with B = Ω(logm) copies of each item, and 2 for multi-parameter knapsack problems
(multi-unit auctions).

Our construction is based on considering an LP relaxation of the problem and using the classic VCG mechanism to obtain
a truthful mechanism in this fractional domain. We argue that the (fractional) optimal solution scaled down by α, where
α is the integrality gap of the problem, can be represented as a convex combination of integer solutions, and by viewing
this convex combination as specifying a probability distribution over integer solutions, we get a randomized, truthful in
expectation mechanism. Our construction can be seen as a way of exploiting VCG in a computational tractable way even
when the underlying social-welfare maximization problem is NP-hard.
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1. INTRODUCTION
Mechanism design studies algorithmic constructions under the presence of “selfish players” who
hold the inputs to the algorithm. The players are selfish in that they are interested in maximizing
their own utility, and instead of revealing the true input, they may declare any false input that will
increase their utilities. The goal is to design algorithms that work well with respect to the true
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input, although this information is not publicly known. Mechanism design approaches this goal by
specifying along with the algorithm a pricing scheme that can be used to incentivize the players
to reveal their true inputs. A mechanism consists of an algorithm along with a pricing scheme,
whose output specifies both an algorithmic outcome and prices to be charged to the players; the
utility that a player derives is the difference between his value for the algorithmic outcome and the
price that he is charged. A mechanism is said to be truthful if a player always maximizes his utility
by declaring his true input, regardless of what the other players declare. Algorithmic mechanism
design [Nisan and Ronen 2001] deals with the study of efficiently computable truthful mechanisms.
The hope is that by obtaining a truthful mechanism, one can focus on the algorithmic question and
set aside the strategic issue, however unfortunately not all algorithms lead to truthful mechanisms.
This is best exemplified when the underlying algorithmic problem is NP-hard. Over the past several
years, approximation algorithms have emerged as an effective algorithmic tool to deal with such
computational intractability. However these algorithms have found only limited applicability in the
design of truthful mechanisms, especially in “multi-parameter domains”, since many approximation
algorithms and techniques do not guarantee certain properties of the algorithm that are required to
ensure truthfulness.

Our results.. In this paper we give a general technique to convert approximation algorithms into
truthful mechanisms. One of the most widely used and remarkably successful techniques in the
design of approximation algorithms, is that of expressing a relaxation of the problem as a linear
program (LP), and using this to design the approximation algorithm, either via LP rounding or via
a primal-dual approach. We show that for a variety of domains, any approximation algorithm for
the algorithmic problem, that also bounds the integrality gap of the underlying LP relaxation, can
be used to obtain a randomized mechanism for the corresponding mechanism design problem (i.e.,
where the inputs are held by selfish agents), that is truthful in expectation, and has performance
guarantee matching that of the approximation algorithm. Truthfulness in expectation means that a
player always maximizes his expected utility by revealing his true input [Archer and Tardos 2001].
Our main result can be informally stated as follows.

Informal Main Theorem For packing domains, given any α-approximation algorithm that proves
an integrality gap of at most α for the “natural” LP relaxation, one can construct a randomized
α-approximation mechanism that is truthful in expectation.

A key feature of this result is its generality. As mentioned earlier, there are a number of problem
domains for which good approximation algorithms are known for the algorithmic problem, but
in the mechanism design setting there are no known truthful and approximation mechanisms for
the corresponding problem. A common problem encountered is the fact that many commonly used
approximation algorithms and techniques violate certain monotonicity properties which are required
for truthfulness. In cases where truthful and approximation mechanisms are known, the construction
often involves clever ways of modifying or designing the approximation algorithm so as to satisfy
these properties. As a consequence, in various settings, the approximation guarantees provided by
truthful mechanisms fall short of the known guarantees for the algorithmic problem when one does
not require truthfulness.

Our theorem not only yields new and improved results for large problem classes such as, (multi-
unit) combinatorial auctions, graph routing problems, multi-unit auctions, but in doing so, it bridges
the gap between known approximation results and the guarantees obtained by truthful mechanisms.
Moreover, it shows that one does not need to specifically tailor the algorithm to ensure truthfulness,
and allows one to focus on the algorithmic part of the problem.

We now consider the implications of our theorem, by concentrating on the multi-unit combinato-
rial auction (MUCA) problem, which has been widely studied [Lehmann et al. 2002; Archer et al.
2003; Bartal et al. 2003; Lavi et al. 2003; Briest et al. 2005; Dobzinski et al. 2005]. In an MUCA,m
items are to be allocated among n players and each player i has a true value vi(S) for every subset
S of items. The value functions are assumed to be non-decreasing, that is, vi(S) ≤ vi(T ) when
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S ⊆ T , and normalized, that is, vi(∅) = 0. There are B ≥ 1 copies of each item. An allocation is
valid if every item is allocated to at most B players. The goal is to find an allocation S1, . . . , Sn of
the items to the players that maximizes the sum

∑
i vi(Si), called the social welfare. When B = 1,

the problem is called the combinatorial auction (CA) problem.
The problem is computationally hard even when B = 1, and the valuations are “short”, i.e., suc-

cinctly described. The approximability threshold of this problem is known to be O(m
1

B+1 ) [Bartal
et al. 2003]; it is hard to approximate any better even when the players are single minded, that is,
each player wants a single set S, so vi(T ) = vi(S) for T ⊇ S and 0 otherwise. On the positive side
various O(m

1
B+1 )-approximation algorithms exist [Raghavan 1988; Kolliopoulos and Stein 2004;

Briest et al. 2005], and these algorithms also prove a corresponding integrality gap result. An in-
teresting case is when B = Ω(logm) for which the integrality gap becomes (1 + ε) where ε > 0
(more precisely B ≥ c(ε) · logm where c(.) is an increasing function of 1

ε ; we denote this simply
as B = Ω(logm) in the sequel). However truthfulness results are mostly known in restricted cases,
and are worse. The only result for general valuations is a truthful O(B · m

1
B−2 )-approximation

mechanism due to Bartal et al. [2003] when B ≥ 3. More results are known for special cases: for
single-minded players, a truthful O(

√
m)-approximation is known when B = 1 [Lehmann et al.

2002], and Briest et al. [2005] recently gave a truthful O(m
1
B )-approximation for B ≥ 1 (this does

not give a (1 + ε)-guarantee when B = Ω(logm)). Archer et al. [2003] gave a randomized (1 + ε)-
approximation mechanism for the “known” single-minded case when B = Ω(logm). Babaioff
et al. [2009] consider the “single-value” case and (among other results) give anO(log2 vmax ·

√
m)-

guarantee; Dobzinski et al. [2005] obtain an O(
√
m)-approximation for subadditive valuations. In

particular, the picture is very partial for non-single-minded players: no truthful approximation mech-
anism is known for general combinatorial auctions (B = 1), and the factors for large B are much
worse than the approximation results.1

Using our construction, and any of the known approximation algorithms, we obtain randomized,
truthful in expectation mechanisms for all values of B, where the guarantees match the approxima-
bility threshold. We summarize our results below for “short” valuations, where the valuations are
succinctly describable and the underlying packing LP can be solved efficiently. An important such
class is k-minded players: a player desires one of k sets and specifies the value of each; both the
sets and the values are private. Section 4.1 gives other examples. We use “truthful” below to denote
“truthful in expectation”.

Combinatorial auctions (B = 1) We give the first truthful mechanism for non-single-minded
valuations, and get a O(

√
m) guarantee.

Multi-unit combinatorial auctions We get an O(m
1

B+1 )-approximation, truthful mechanism.
This improves upon the ratio of [Bartal et al. 2003]. WhenB = Ω(logm) we get a (1+ε)-guarantee
for valuations more general than the “known” single-minded case, answering an open question
in [Archer et al. 2003].

Multi unit auctions Here the m items are identical, and the valuation specifies a value for each
quantity of goods received. This generalizes Knapsack, which is the case when all players have a
step function (i.e., are single minded), for which a truthful FPTAS was given by Briest et al. [2005].
We give a truthful 2-approximation mechanism for multi-unit auctions, which is the first truthful,
approximation mechanism for the multi-parameter case.

Graph routing problems These include (see Section 4.3), for example, the edge-disjoint paths
problem, where we have an underlying graph and each player desires a path between his source and
target nodes. This is a special case of MUCA and the previous guarantees hold.

1Section 5 discusses briefly some results obtained subsequent to the publication of the conference version of this paper [Lavi
and Swamy 2005]. Notably, however, our method remains the only known general method that provides a unified framework;
it also yields the current-best truthful approximation mechanisms for some broad problem domains (e.g., MUCAs).
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With arbitrary valuations, the input itself may have exponential length (in m) which therefore
renders direct revelation mechanisms infeasible. The problem remains “hard” even when one ig-
nores computational issues: [Nisan 2002] shows that no algorithm with polynomial communication
(in m,n) can attain an approximation ratio of m

1
2−ε for any ε > 0 even when B = 1. [Blumrosen

and Nisan 2005] introduce the notion of a demand oracle, and show that this can be used to solve
the associated LP using polynomial number of queries. With such an oracle, our construction still
works and yields iterative randomized, strategic mechanisms. However, the iterative structure of
the mechanism changes the solution concept to an ex-post Nash equilibrium, a well-documented
phenomenon in the economics literature (see e.g., [Conitzer and Sandholm 2004]). So we now get
truthfulness in expectation as an ex-post Nash equilibrium which roughly means the following: re-
gardless of the other players’ valuations, if they all answer truthfully, then my best response is to
answer truthfully. We get the same guarantees as before, using ex-post Nash equilibrium as the so-
lution concept. In particular, this implies that even if a player were told beforehand the valuations
that the other players would use to act in the iterative mechanism, he would have no incentive to
deviate from his truth-telling strategy. (As an example, consider the regular second-price auction
with two players with the following iterative flavor: player X bids first and then player Y states his
bid; the player with highest bid wins and pays the second highest bid value. Truthfulness fails to
be a dominant strategy here. To see this, suppose Y chooses the strategy “if X bids above 5, then I
will say 20, otherwise I will say 2”, then, if X’s true value is higher than 5, his best response is to
declare 5. However truthfulness is still an ex-post Nash equilibrium: if Y fixes any private value and
bids that, then regardless of Y ’s private value X’s best response is to tell the truth (and vice versa).)

We should emphasize that the requirement that an approximation algorithm should “prove”
(or verify) an integrality gap of α is (possibly significantly) more demanding than having an α-
approximation LP-rounding algorithm for the problem: an α-integrality-gap verifying algorithm
has to find an α-approximate solution for every real-valued objective function.2 The exact limita-
tions that this imposes are not yet completely understood. Loosely speaking, one can often take
advantage of structure in the allocation space (e.g. multiple copies of every item, identical items,
etc.), but it is often harder to exploit structure in the valuation space. There are some settings where
one can encapsulate the combinatorial structure of the winner determination problem (WDP) with a
structured valuation class by formulating a stronger LP-relaxation for WDP, and thereby prove that
an approximation algorithm for the structured valuation class is in fact an integrality-gap-verifying
approximation algorithm with respect to this stronger LP-relaxation (and hence apply our con-
struction); see, e.g., the algorithm for the tollbooth problem on trees in [Elbassioni et al. 2010]. In
contrast, and most notably, we do not know if this is possible for submodular and subadditive val-
uations; that is, whether one can extend or adapt our technique and exploit the known LP-rounding
algorithms for WDP with submodular or subadditive valuations to obtain analogous guarantees with
truthful (in expectation) mechanisms.

Our construction.. At a high level, our construction is quite intuitive and easy to describe. Our
starting point is the classic VCG result [Vickrey 1961; Clarke 1971; Groves 1973], which provides
a truthful mechanism for the underlying algorithmic problem of maximizing the social welfare,
provided that the algorithmic problem can be solved exactly. However, in our case and in many
others, this problem is NP-hard, and approximation algorithms need not give truthfulness. Our first
step towards handling this problem is to move to a fractional domain, and to consider a fractional
mechanism that is allowed to return a fractional feasible solution to the LP relaxation of the problem.
In this new domain, since one can solve the LP in polynomial time, we can use VCG to obtain
a truthful fractional mechanism. Moreover, since we are in a fractional domain, we can always

2For packing domains, it suffices to consider only nonnegative objective functions; furthermore, for CAs, it suffices to
consider normalized, monotone valuation functions; see Section 3.
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scale down both the optimal LP solution and the VCG prices by α, and this clearly does not affect
truthfulness.

Let x∗ be an optimal LP solution. Suppose that the integrality gap of the LP relaxation is α ≥ 1
and we have an algorithm that “verifies” this gap. At the heart of our construction is a procedure that
takes such an α-approximation algorithm and returns in polynomial time a convex decomposition of
x∗

α into polynomially many integer solutions, that is, it returns λl values such that x
∗

α =
∑
l∈I λlx

l,
where {xl}l∈I is the set of all integer solutions, λl ≥ 0,

∑
λl = 1 (with only polynomially many

positive λl). We show this by strengthening the decomposition technique of Carr and Vempala
[2002]. Now one can view this convex combination as specifying a probability distribution over the
integer solutions, where exactly one solution xl is selected with probability equal to λl. A simple
but powerful observation, is that the randomized mechanism which returns an integer solution ac-
cording to this distribution, and sets prices in such a way that the expected prices are the VCG prices
scaled down by α, is truthful in expectation. Furthermore, the expected social welfare of the solu-
tion returned is exactly the value of the LP-optimum scaled by α; thus we get an α-approximation
guarantee. The crucial step here is the decomposition procedure which allows us to move from the
truthful VCG fractional mechanism to a randomized, truthful in expectation mechanism.

A notable feature is the generality and simplicity of the construction. In essence, we give a way to
leverage VCG in a computationally effective manner using approximation algorithms, while main-
taining truthfulness. Thus we reap the benefits of both: we get the versatility of the VCG as a mech-
anism design tool for devising truthful mechanisms, and the computational tractability of approxi-
mation algorithms. As mentioned earlier, many previous results specifically tailor the algorithm to
obtain truthfulness. For example, Archer et al. [2003] consider an LP-relaxation of MUCA with
Ω(logm) copies and designed a randomized rounding procedure to obtain a (1 + ε)-approximation
mechanism that is truthful in expectation and also with high probability. [Briest et al. 2005] showed
how to convert certain FPTAS’s into truthful ones, and also gave primal-dual algorithms for some
CAs; both results involve tailoring the algorithm so as to ensure truthfulness, but yield determinis-
tic mechanisms. Our construction shows that if one allows randomization, then such “algorithmic
artistry” is not required to ensure truthfulness, and allows the algorithm design to concentrate on the
approximation component of the problem.

Organization of the paper.. We begin in Section 2 by describing the mechanism-design setup, and
collecting some basic definitions and facts. Section 3 describes our general method of designing a
truthful mechanism based on the LP relaxation of the problem, and Section 4 applies our technique
to a variety of problems. While we focus primarily on packing problems, we also show how our
ideas can be adapted to yield (partial) results also for covering problems (see Section 4.4). We
conclude in Section 5 with a brief discussion of some recent results.

2. PRELIMINARIES
In the basic mechanism design setup, we have n players, and a set A of possible outcomes. Each
player has a type given by a valuation function vi : A 7→ R≥0, where vi ∈ Vi and Vi is the
set of all valid types of player i. Let V = V1 × · · · × Vn denote the space of all players’ valid
types. For example, in combinatorial auctions we have m items; A is the set of all allocations
(S1, . . . , Sn) of items to players with Si ∩ Sj = ∅ (assuming a single copy of each item), and
vi : A 7→ R is a function that (a) assigns the same value to any two outcomes that allocate the same
subset to player i, so one can view vi as specifying a value for each set S of items, (b) satisfies
vi(∅) = 0, and (c) is monotone, i.e., vi(S) ≤ vi(T ) whenever S ⊆ T . We use v to denote the tuple
(v1, . . . , vn), and v−i to denote the tuple (v1, . . . , vi−1, vi+1, . . . , vn) that excludes i’s valuation.
Similarly V−i =

∏
j 6=i Vj .

A (direct revelation) mechanism consists of an allocation rule (that is, an algorithm) f : V 7→ A,
and a pricing scheme pi : V 7→ R for each player i. Each player i reports a type vi (possibly
deviating from his true type), and the mechanism computes the outcome f(v) and charges price
pi(v) to player i. Throughout we use vi to denote the true type of player i. The utility that the player
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i derives by declaring type vi is vi(f(vi, v−i)) − pi(vi, v−i) , and each player aims to maximize
his own utility. A desirable property for a mechanism to satisfy is truthfulness, wherein each player
maximizes his utility by reporting his true type.

Definition 2.1 (Truthfulness) A deterministic mechanism (f, p) is truthful if for any player i, any
v−i ∈ V−i, and any vi, v′i ∈ Vi we have vi(f(vi, v−i))−pi(vi, v−i) ≥ vi(f(v′i, v−i))−pi(v′i, v−i).

We will be interested in approximating the (optimum) social welfare with respect to the players’
true types, which is defined as maxa∈A

∑
i vi(a). An important component in our constructions

is the VCG family of mechanisms [Vickrey 1961; Clarke 1971; Groves 1973], which shows that
if the allocation rule chooses the social-welfare-maximizing outcome from among a (fixed) subset
A′ ⊆ A of outcomes, then there always exist prices that when combined with f yield a truthful
mechanism. We include a short description of this classic result for completeness. Formally, suppose
that f(v) = arg maxa∈A′

∑
i vi(a). Player i’s payment function pi : Vi 7→ R is then defined by

pi(v) = −
∑
j 6=i vj

(
f(v)

)
+ hi(v−i), where hi : V−i 7→ R can be any function.

Theorem 2.1 ([Vickrey 1961; Clarke 1971; Groves 1973]) The VCG mechanism (f, p) defined
above is truthful.

PROOF. Fix any player i, any v−i ∈ V−i, and any vi, v′i ∈ Vi. Suppose that f(vi, v−i) = a∗ and
f(v′i, v−i) = a′. By definition, we have that vi(a∗) +

∑
j 6=i vj(a

∗) ≥ vi(a′) +
∑
j 6=i vj(a

′). So

vi
(
f(vi, v−i)

)
− pi(vi, v−i) = vi(a

∗)−
(
−
∑
j 6=i

vj(a∗) + hi(v−i)
)

≥ vi(a′)−
(
−
∑
j 6=i

vj(a
′) + hi(v−i)

)
= vi

(
f(v′i, v−i)

)
− pi(v′i, v−i).

In the specific context of combinatorial auctions, a common choice for hi is as follows. Sup-
pose that A′ = A is the set of all allocations. Let T−i = {T−ij }j 6=i be an allocation that max-
imizes

∑
j 6=i vj(T

−i
j ); that is, T−i is the allocation that would be chosen (by f ) if player i does

not participate, or equivalently, if he reports a zero value for all subsets of items. Then, we set
hi(v−i) =

∑
j 6=i vj(T

−i
j ). So letting S∗ = (S∗1 , ..., S

∗
n) denote the allocation that maximizes the

social welfare
∑n
i=1 vi(Si), player i’s payment is given by

pi(vi, v−i) =
∑
j 6=i

vj(T
−i
j )−

∑
j 6=i

vj(S
∗
j ).

Notice that these prices can be computed efficiently if f can be computed efficiently. Moreover,
these prices have the additional property that a player’s utility is always nonnegative if he reports
his true value (individual rationality), and that pi(vi, v−i) ≥ 0 for every i (players never receive
money). Thus, if the algorithmic winner-determination problem (WDP) for CAs (i.e., the problem
of maximizing social welfare given the players’ reported types) can be solved exactly and efficiently,
then the VCG mechanism yields an efficient truthful mechanism that optimizes social welfare. How-
ever this algorithmic problem is often NP-hard, and it is known that an approximation algorithm for
this problem need not necessarily give a truthful mechanism. Nevertheless, our construction shows
that VCG can still be leveraged using approximation algorithms and randomization.

A randomized mechanism can flip coins to determine f(v) and pi(v), in which case f(v) and
pi(v) are random variables, and a player’s utility is also a random variable. For randomized mecha-
nisms, we can consider the notion of truthfulness in expectation [Archer and Tardos 2001].

Journal of the ACM, Vol. 9, No. 4, Article 39, Publication date: March 2010.



Truthful and Near-Optimal Mechanism Design via Linear Programming 39:7

Definition 2.2 (Truthfulness in expectation) A randomized mechanism (f, p) is truthful in expec-
tation if for any player i, any v−i ∈ V−i, and any vi, v′i ∈ Vi, E

[
vi(f(vi, v−i)) − pi(vi, v−i)

]
≥

E
[
vi(f(v′i, v−i))− pi(v′i, v−i)

]
.

Thus, if a mechanism is truthful in expectation then the expected utility of a player is maximized
when he declares his true type vi (regardless of what others declare). A randomized algorithm is
often viewed as specifying a probability distribution over deterministic algorithms. It will be useful
to view a randomized mechanism in a similar way. For an outcome set A, define the unit simplex
∆A = {λ ∈ R|A| :

∑
a∈A λa = 1 and λa ≥ 0 for all a}. If we identify A with the collection

{ea ∈ RA}a∈A unit vectors, where ea is the vector with 1 in the a-th coordinate, then ∆A is simply
the convex hull of this set. Given any randomized mechanism MR = (fR, pR) with outcome set A,
we can define a deterministic mechanism MD with outcome set ∆A, which outputs the probability
distribution ofMR, and charges prices that are the expected prices ofMR. To defineMD precisely,
we need to extend the domain Vi to include values for outcomes in ∆A. We do this in the obvious
way: for any vi ∈ Vi, define vi({λa}a∈A) =

∑
a∈A λavi(a). We abuse notation and use vi to

denote both a valuation in Vi and its corresponding extension. Now we can define MD as follows:

(1) Allocation rule: Define the function fD by fD(v) = {λa}a∈A where λa = Pr[fR(v) = a],
(2) Pricing scheme: For each player i, and valuation vector v, set pDi (v) = E

[
pRi (v)

]
.

We callMD the deterministic support mechanism ofMR. Observe that the criterion for truthfulness
of MD is exactly the criterion for the truthfulness in expectation of MR.

Claim 2.3 A randomized mechanism MR is truthful in expectation iff its support mechanism MD

is truthful.

The above claim gives a characterization of randomized mechanisms that are truthful in expec-
tation which we use to argue the truthfulness in expectation of the randomized mechanisms we
construct.

Converting a support mechanism to a randomized mechanism.. Our algorithms will actually con-
struct a deterministic support mechanism. We show how to construct, from a (deterministic) sup-
port mechanism MD, a corresponding randomized mechanism MR (whose support mechanism is
MD) that preserves various properties of MD. Let MD have outcome set ∆A, so MR will have
outcome set A. The allocation rule is easy to specify: fR(v) ∈ A is a random variable with dis-
tribution fD(v), i.e., we output fR(v) = a with probability λa where fD(v) = {λa}a∈A. So
E
[
vi(f

R(v))
]

= vi(f
D(v)) for any player i, any true type vi ∈ Vi and any v ∈ V . Since the

prices pRi (v) will be set so that E
[
pRi (v)

]
= pDi (v) (because MD has to be the support mecha-

nism of MR), the expected utility of player i is also preserved in going from MD to MR. One
obvious way to set the prices is to deterministically set pRi (v) = pDi (v) for every v, but the re-
sulting randomized mechanism could violate individual rationality. Individual rationality requires
that for every player i, i’s utility be non-negative when he declares his true type, regardless of
the other players’ declarations. A randomized mechanism, satisfies individual rationality if for ev-
ery coin toss, the utility of every player i is non-negative when he declares his true type. Setting
pRi (v) = pDi (v) may violate individual rationality even if MD is individually rational, since there
could be coin tosses where a player receives nothing but pays a positive amount. Perhaps the easiest
way to maintain individual rationality is to set price pRi (v) = vi(a) · pDi (v)

vi(fD(v))
if vi(fD(v)) > 0 and

outcome a results (i.e., fR(v) = a), and set pRi (v) = 0 if vi(fD(v)) = 0 (= pDi (v)). Observe that
pRi (vi, v−i) ≤ vi(f

R(vi, v−i)) for any coin toss since pDi (vi, v−i) ≤ vi(f
D(vi, v−i)), and clearly

E
[
pRi (v)

]
= pDi (v).
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The above construction of MR from MD preserves truthfulness (in expectation) by Claim 2.3,
individual rationality, and the expected value received by a player. Thus we get the following theo-
rem.

Theorem 2.2 Given an individually rational, truthful, deterministic support mechanism that com-
putes an α-approximation to the social welfare and has only polynomially many λas that are pos-
itive, one can obtain in polynomial time an individually rational randomized mechanism that is
truthful in expectation, and computes an α-approximation to the social welfare in expectation.

Given the above theorem, we now focus on the design of a deterministic support mechanism that
outputs a probability distribution and prices, with the desired properties. The support mechanism we
construct will be mechanism in the VCG family. That is, our allocation rule (which will be efficiently
computable) will choose the social-welfare-maximizing outcome from among a subset ∆′ ⊆ ∆A,
and the prices will be the VCG prices (and hence, also efficiently computable; see Theorem 2.1 and
the following discussion). Since the outcome set ∆′ here corresponds to a collection of distributions
over A, such a support mechanism (and the corresponding randomized mechanism) is sometimes
called a maximal-in-distributional-range (MIDR) mechanism in the literature (see [Dobzinski and
Dughmi 2009]).

3. A GENERAL TECHNIQUE FOR CONSTRUCTING TRUTHFUL, APPROXIMATION
MECHANISMS

In this section we describe a general technique to obtain randomized mechanisms that are truthful
in expectation, and achieve approximation guarantees for the social welfare that, in several cases,
match the guarantees that are achieved without worrying about truthfulness. To make our results
concrete, we describe our technique for the specific setting of combinatorial auctions (CAs), al-
though our results also hold for other packing problems when the polytope is public knowledge
and the objective function is linear. In Section 4, we consider a variety of applications and use our
methods to obtain truthful (in expectation) mechanisms that approximate the social welfare.

We can formulate the combinatorial auction problem as an integer program (IP) where we have
a variable xi,S ∈ {0, 1} for each player i and set S 6= ∅ that indicates if i receives set S. Relaxing
the integrality constraints to xi,S ≥ 0 gives the following LP relaxation.

max
∑
i,S 6=∅

vi(S)xi,S (CA-P)

subject to
∑
S 6=∅

xi,S ≤ 1 for each player i (1)∑
i

∑
S:j∈S

xi,S ≤ 1 for each item j (2)

xi,S ≥ 0 for each i, S.

Here vi is i’s reported valuation which satisfies vi(S) ≤ vi(T ) whenever S ⊆ T (and implicitly
vi(∅) = 0). Constraints (1) state that each player is assigned at most one set, and (2) ensures that
each item j is given to at most one player.

Our approximation guarantee depends on the “integrality gap” of (CA-P), which is “verified”
by an α-approximation algorithm, as follows. Let P denote the feasible region of (CA-P), and
Z(P) ⊆ P be the set of integer solutions of (CA-P). The integrality gap of P is the maximal ratio
between the values of the optimal fractional and integer solutions, i.e.,

IGP = sup
v=(v1,...,vn)

maxx∈P
∑
i,S vi(S)xi,S

maxx∈Z(P)
∑
i,S vi(S)xi,S
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where the vis are valuations with vi(∅) = 0, vi(S) ≤ vi(T ) for S ⊆ T . An α-approximation
algorithm “verifies” an integrality gap of (at most) α if, for any valuation vector v, the algorithm
produces an integer solution of value at least 1

α times the fractional optimum of (CA-P).
We emphasize that the supremum is taken over all valuations v (satisfying monotonicity and

normalization) in evaluating the integrality gap, and an algorithm that verifies this gap must conse-
quently work for all valuations. To clarify this further, consider the structured class of submodular
valuations. Various approximation algorithms for submodular valuations are known where the ap-
proximation guarantee is proved with respect to the optimum of (CA-P) (e.g., the 2-approximation
algorithm in [Lehmann et al. 2006]). However, the integrality gap is defined with respect to all
monotone valuation functions, and an integrality-gap-verifier must consequently work for all such
valuation functions. Thus, an approximation algorithm that proves a guarantee only for a specific
valuation class using the fractional optimum as an upper bound does not suffice to bound or verify
the integrality gap IGP ; in order to exploit the structure of a valuation class, we need to design
a new LP which encodes this structure into the polytope P (and give an integrality-gap-verifying
algorithm for this new LP). We explain the exact technical reason for this after Lemma 3.4 below.

Our main theorem is as follows.

Theorem 3.1 Given an α-approximation algorithm that proves an integrality gap of at most α for
(CA-P), one can construct a randomized, individually rational, α-approximation mechanism that is
truthful in expectation.

As we demonstrate in the sequel, this theorem and our construction in fact hold for any LP that
satisfies the following “packing property”: if x ∈ Z(P) and y ≤ x is integral then y ∈ Z(P). The
proof for an arbitrary packing LP is essentially the same as the proof we give below for (CA-P).

We give an overview of the construction before the formal proof. As mentioned previously, the
versatile VCG mechanism, which is the classic positive result in mechanism design for social-
welfare maximization problems, forms a crucial component of our construction. We move to a
fractional domain and consider a fractional mechanism that is allowed to return a fractional feasible
solution to (CA-P). With this outcome set, one can solve WDP exactly in polynomial time since one
can solve (CA-P) (see Section 4.1), and therefore use VCG to obtain a truthful fractional mechanism
MF which returns allocation x∗, the optimal solution to (CA-P), and prices pF . Since we are in
a fractional domain, we can scale down both the allocation and prices by some α ≥ 1 without
affecting truthfulness. We give a procedure that takes an α-approximation algorithm that proves an
integrality gap of α for (CA-P), and returns in polynomial time a convex decomposition of x

∗

α into
polynomially many integer solutions, i.e., λl values such that x

∗

α =
∑
l∈I λlx

l, where {xl}l∈I is
the set of all integer solutions to (CA-P), λl ≥ 0,

∑
λl = 1 (with only polynomially many λl > 0).

This is obtained by strengthening the decomposition technique of Carr and Vempala [2002]. This
is the crucial step, using which we convert the truthful fractional mechanism MF to a truthful
deterministic support mechanism MD that outputs {λl}l∈I as the allocation and pF

α as the prices,
while losing a factor of α in the social welfare (and maintaining individual rationality). Now we
use Theorem 2.2 to obtain a randomized, truthful in expectation mechanism that achieves an α-
approximation to the social welfare. We summarize the construction below.

The truthful α-approximation support mechanism.. Given valuations v1, . . . , vn; an α-
approximation algorithm A for WDP that shows an integrality gap of α for (CA-P).

(1) Use VCG to get a truthful fractional mechanism MF that outputs allocation fF (v) = x∗(v),
the optimal solution to (CA-P), and prices pF (v).

(2) Use A to obtain the convex decomposition x∗

α =
∑
l∈I λlx

l with only polynomially many
positive λl.

(3) Return the support mechanism MD = (fD, pD) with fD(v) = {λl}l∈I and pD(v) = pF (v)
α

(and use Theorem 2.2 to get the desired randomized mechanism).
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Thus we show that any approximation algorithm for maximizing social welfare, that also shows an
integrality gap guarantee, can be plugged in to get a randomized truthful mechanism with the same
approximation guarantee. Thus, we are able to combine the versatility of VCG as a mechanism
design tool for devising truthful mechanisms, and the computational tractability of approximation
algorithms.

3.1. The fractional mechanism
Recall that P denotes the feasible region of (CA-P), and Z(P) ⊆ P is the set of integer solutions of
(CA-P). We define a fractional mechanism with outcome set P , and extend the domain Vi to assign
values to fractional solutions x ∈ P: for any vi ∈ Vi, we define vi(x) =

∑
S vi(S)xi,S . We again

abuse notation and use vi to denote both the original valuation and its extension. We now define
precisely the fractional VCG mechanism which is simply VCG in this fractional domain.

The fractional VCG mechanism MF = (fF , pF ) is defined as follows: the allocation rule
is given by fF (v) = x∗(v) where x∗(v) is an optimal solution to (CA-P) for valuation v =
(v1, . . . , vn); the prices are pFi (v) =

(
−
∑
i′ 6=i vi′(S)x∗i′,S + hi(v−i)

)
, where hi(v−i) is any func-

tion that does not depend on vi.

As usual with VCG mechanisms, one can set hi(v−i) =
∑
i′ 6=i vi′(S)y∗i′,S above, where y∗ is the

optimal fractional solution when we constrain xi,S = 0 for all S, so as to ensure that that players
have non-negative utility (individual rationality), and players always have a non-negative payment
(they never receive money). We will assume these prices from now on. As shown in Theorem 2.1,
the VCG mechanism (family) is truthful. For any α ≥ 1, we can define an α-scaled fractional VCG
mechanism that outputs the outcome fF (v)

α and prices pF (v)
α . For any v ∈ V and vi ∈ Vi, since

vi
( fF (v)

α

)
= vi(f

F (v))
α (because vi(x) is linear in x), the α-scaled fractional VCG mechanism is

also clearly truthful.
Suppose that we can express x∗(v)

α as a convex combination
∑
l∈I λl(v)xl of integral solutions

where λl(v) ≥ 0,
∑
l λl(v) = 1. (Observe that α must be at least IGP since such a decomposition

of x∗(v)
α implies that there exists an integer solution xl of value at least 1

α ·
∑
i vi(x

∗(v)).) One
then obtains a deterministic support mechanism MD with allocation rule fD(v) = {λl(v)}l∈I
and prices pDi (v) =

pFi (v)
α . Before detailing the decomposition procedure, we show that MD is a

truthful, α-approximation mechanism.

Lemma 3.1 Mechanism MD is truthful and computes an α-approximation to the social welfare.

PROOF. Essentially, we show that MD is equivalent to the α-scaled fractional VCG mechanism
and retains all its properties. For any declared valuation v = (v1, . . . , vn), the value player i gets
in MD is exactly vi(f

F (v))
α since vi(fD(v)) =

∑
l∈I λl(v)vi(x

l) by definition, which is equal to
vi(
∑
l∈I λl(v)xl) = vi

(x∗(v)
α

)
= vi(x

∗(v))
α . Since the prices are also scaled by α, truthfulness

follows from the truthfulness of MF . Truthfulness also then implies the approximation guarantee
since

∑
i vi(x

∗(v)) is an upper bound on the optimum. Note thatMD satisfies individual rationality
and no player is paid by the mechanism.

Using Theorem 2.2 we can move from MD to a randomized mechanism, while maintaining
truthfulness, the approximation ratio, and individual rationality. Thus we obtain Theorem 3.1. The
crucial property that we require here is that for any vi ∈ Vi, and any v ∈ V ,

∑
l∈I λl(v)vi(x

l) =
vi(x

∗(v))
α . A sufficient condition for this is that vi(x) be a linear function of x and that x∗(v)

α be
decomposable as

∑
l∈I λl(v)xl, which is what we use in our construction.
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It is instructive to note that our deterministic support mechanism MD (or the randomized mech-
anism constructed from it) is in fact a maximal-in-distributional-range (MIDR) mechanism.3 To see
this, let PI denote the convex hull of integer points in P (i.e., Z(P)). (Observe that the outcome
of any support or randomized mechanism corresponds to a point in PI .) Our decomposition lemma
(Lemma 3.4) shows that P/α ⊆ PI ; also, we can efficiently optimize over P/α since this is equiv-
alent to optimizing over P . Thus, our support (or the equivalent randomized) mechanism (which
returns the optimum over P/α as its outcome) is simply VCG over the outcome-set P/α. And
the α-approximation ratio follows since the optimum value over P/α is within an α-factor of the
optimum over P . (The subtle difference between the α-scaled fractional VCG mechanism and the
support mechanismMD (which are essentially identical) is in how they specify the optimal outcome
in P/α: the support mechanism is required to specify this point by decomposing it into a convex
combination of points in Z(P) (which Lemma 3.4 shows can be done efficiently), whereas there
is no such requirement in the α-scaled fractional mechanism.) Thus, in essence, our construction
uses an α-integrality-gap-verifying approximation algorithm to exactly optimize the social welfare
efficiently over a subset of the convex hull of integer solutions, and hence, implement VCG over a
suitable (fixed) outcome set.

3.2. Decomposing the fractional solution
We now prove the main decomposition lemma: we show that an α-approximation algorithm A
that proves an integrality gap of α for (CA-P) can be used to express any fractional solution to
(CA-P), scaled down by α, as a convex combination of integer solutions. The proof is based on the
method outlined in [Carr and Vempala 2002] where it is shown that for minimization problems, if
the integrality gap is β ≥ 1, then for any fractional solution, one can obtain a convex combination of
integer solutions such that β times the fractional solution dominates (i.e., is component-wise greater
than) the convex combination. We need to modify their argument so as to ensure that we get an exact
decomposition (for our maximization problem), which is crucial for our truthfulness argument to
hold. For general maximization LPs, one cannot necessarily get such an exact decomposition of the
scaled fractional solution, but only one that dominates the scaled solution. We leverage the packing
structure of the problem to get an exact decomposition. Recall that P denotes the feasible region
of (CA-P) and Z(P) = {xl}l∈I is the set of all integer solutions to (CA-P) where I is an index set
for the integer solutions. We exploit the following property, which we call the “packing property”:
if x ∈ Z(P) and y ≤ x is integral then y ∈ Z(P).

Fix any x∗ ∈ P such that E = {(i, S) : x∗i,S > 0} has size polynomial in m,n. Any basic
solution to (CA-P) (or extreme point of P) satisfies this since by standard polyhedral theory the
number of non-zero variables in an extreme point is at most the number of constraints in the LP
(which is m + n in our case). Also, it is well known that if an LP with nonnegative variables has
an optimal solution, then there is an extreme point that is an optimal solution (and such an extreme
point can be found efficiently); a detailed discussion of these issues can be found in any textbook on
linear programming (see, e.g., [Chvátal 1983]). The linear program (P) given below yields a convex
decomposition of x∗.

3This also implies the polynomial-time construction of individually-rational and truthful prices, as noted in [Dobzinski and
Dughmi 2009]. More specifically, if every distribution in the support of an MIDR mechanism has only polynomially many
sets (this is true for the algorithms constructed in this paper, as explained below), then there exists a pricing scheme that can
be computed efficiently. Roughly speaking, this can be done by dividing the expected payment proportionally among all sets
in the support, in a similar way to our price construction in section 2.
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min
∑
l∈I

λl (P)

s.t.
∑
l

λlx
l
i,S =

x∗i,S
α for all (i, S) ∈ E

(3)∑
l

λl ≥ 1 (4)

λl ≥ 0 for all l ∈ I.

max 1
α ·

∑
(i,S)∈E

x∗i,Swi,S + z (D)

s.t.
∑

(i,S)∈E

xli,Swi,S + z ≤ 1 for all l ∈ I

(5)
z ≥ 0

wi,S unconstrained for all (i, S) ∈ E.

The primal (P) has an exponential number of variables, so we consider its dual (D). The dual has an
exponential number of constraints and a variable wi,S for each constraint (3), and one can view w
as a valuation. We show that a separation oracle for the dual can be obtained by using algorithm A
with valuation w, so the ellipsoid method can be used to solve (D) and hence (P) (we also show that
the optimal value is 1). One potential problem encountered is that the wi,S values could be negative,
whereas A is only designed to handle non-negative valuations. However it is easy to argue that one
can instead useAwith the non-negative valuationw+ given byw+

i,S = max(wi,S , 0), and this yields
a separation oracle. (Alternatively, one could first compute λl values such that

∑
l∈I λlx

l ≥ x∗

α , so
the dual variables wi,S are now non-negative, and then use the packing property to modify these λl
values and get an exact decomposition.)

Claim 3.2 Let w = {wi,S}(i,S)∈E be any weight vector. Define w+ by w+
i,S = max(wi,S , 0).

Given any integer solution x̂ ∈ Z(P), one can obtain xl ∈ Z(P) such that
∑

(i,S)∈E x
l
i,Swi,S =∑

(i,S)∈E x̂i,Sw
+
i,S .

PROOF. Set xli,S = x̂i,S if wi,S ≥ 0 and 0 otherwise. Clearly,
∑

(i,S)∈E x
l
i,Swi,S =∑

(i,S)∈E x̂i,Sw
+
i,S . Since xl ≤ x̂ is integral, by the packing property xl ∈ Z(P).

Claim 3.3 For any weight vector w = {wi,S}(i,S)∈E , one can compute in polynomial time xl ∈
Z(P) such that

∑
(i,S)∈E x

l
i,Swi,S ≥ 1

α ·maxx∈P
∑

(i,S)∈E xi,Swi,S .

PROOF. Let O∗ = maxx∈P
∑

(i,S)∈E xi,Swi,S . Let w+ be as defined in Claim 3.2. Clearly
w+ is component-wise greater than w and

∑
i,S xi,Sw

+
i,S =

∑
(i,S)∈E xi,Sw

+
i,S for any x. If A

only expects a non-negative valuation as input, then we can simply run A on w+ to get an integer
solution x̂ such that

∑
(i,S)∈E x̂i,Sw

+
i,S ≥

O∗

α . But in our case A requires a valuation that satisfies
monotonicity, so we cannot directly feed it w+. However one can simply “monotonize” w+: for
each i define valuation ṽi by ṽi(S) = maxT⊆S:(i,T )∈E w

+
i,T where the maximum is 0 if there is no

T ⊆ S such that (i, T ) ∈ E. We useA on valuation ṽ to compute an α-approximate integer solution
x̃, so

∑
i,S x̃i,S ṽi,S ≥

O∗

α since ṽi,S ≥ w+
i,S for every (i, S). It is easy to transform x̃ to x̂ so that∑

(i,S)∈E x̂i,Sw
+
i,S =

∑
i,S x̃i,S ṽi,S . We set x̂i,S = x̃i,S if (i, S) ∈ E or x̃i,S = 0, otherwise set

x̂i,T ′ = 1 for T ′ = arg maxT⊆S:(i,T )∈E wi,T , and x̂i,S = 0. Finally, we use Claim 3.2 to convert x̂
to a solution xl ∈ Z(P), which gives the desired integer solution.

Lemma 3.4 One can obtain in polynomial time a decomposition x∗

α =
∑
l∈I λlx

l where λl ≥ 0
for every l (with only polynomially many positive λl) and

∑
l∈I λl = 1.
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PROOF. We first show that the optimal value of (D), and hence of (P) by strong duality, is ex-
actly 1. So an optimal solution to (P) yields the convex decomposition. Setting z = 1, wi,S =
0 for all (i, S) ∈ E gives a feasible solution with value 1. We claim that any feasible solution (w, z)
has value at most 1. Suppose 1

α ·
∑

(i,S)∈E x
∗
i,Swi,S + z > 1. Using Claim 3.3 one can find an

integer solution xl such that
∑

(i,S)∈E x
l
i,Swi,S ≥ 1

α ·
∑

(i,S)∈E x
∗
i,Swi,S > 1 − z, contradicting

the feasibility of (w, z).
The above argument shows that we can add the inequality 1

α ·
∑

(i,S)∈E x
∗
i,Swi,S + z ≥ 1 to the

dual program (D) without altering anything. We will run the ellipsoid method on (D) to identify a
dual program with a polynomial-size set of inequalities (5), that is equivalent to (D). These inequal-
ities will be the violated inequalities returned by the separation oracle during the execution of the
ellipsoid method, that are used to cut the ellipsoid. Taking the dual of this compact program gives a
primal program with a polynomial number of variables and constraints which we can solve to get λl
values that sum to 1; this gives the desired decomposition. The separation oracle that we use is as fol-
lows: at a point (w, z), if 1

α ·
∑

(i,S)∈E x
∗
i,Swi,S+z > 1, then we can find an xl and a corresponding

violated constraint using Claim 3.3; otherwise we use the half space 1
α

∑
(i,S)∈E x

∗
i,Swi,S + z ≥ 1

to cut the current ellipsoid.

With the full proof in mind, it is clear why we need the requirement that the algorithm A should
verify the integrality gap for all (monotone) valuation functions. In the dual LP (D), we have a
variable wi,S for every positive x∗i,S variable of (CA-P). These variables wi,S are viewed as a valu-
ation function and the “gap verifier” A is invoked on an input derived from these wi,S variables in
Claim 3.3 to find a violated constraint of (D). But since thewi,S variables are unconstrained,Amust
work for arbitrary valuation functions (nonnegativity and monotonicity are “manually” added using
the packing property of the domain). Thus, the integrality gap must be “verified” for all valuation
functions. To design a similar mechanism for a restricted class of valuations, one must design a new
LP that reflects the restricted structure.

4. APPLICATIONS
4.1. General and multi-unit combinatorial auctions
In multi-unit combinatorial auctions (MUCAs) we have m items with B copies of each item, and n
players, and each player desires at most one copy of an item. With B = 1 we get the regular combi-
natorial auction. The LP relaxation for MUCA is similar to (CA-P), but the RHS of constraints (2)
changes to B. The integrality gap of this relaxation is a function of B: (i) the integrality gap is
O(m

1
B+1 ) for any B ≥ 1; (ii) the integrality gap is (1 + ε) when B = Ω(logm) (more precisely

B ≥ c(ε)·logmwhere c(.) increases with 1
ε ) for any ε > 0. Moreover there are algorithms that “ver-

ify” this gap, e.g., the derandomization of “standard” randomized rounding [Raghavan 1988], the
rounding approach of [Kolliopoulos and Stein 2004], or the recent primal-dual algorithm of [Briest
et al. 2005].

We can use the above approximation algorithms to construct randomized, strategic, approxima-
tion mechanisms for CAs and MUCAs, with arbitrary valuation functions. There are two (linked)
issues here: (1) the representation of the input, and (2) the computational effort needed to solve
(CA-P). With general valuations, representation becomes an issue since the length of the valuation
can be exponential inm, which therefore also renders direct revelation mechanisms intractable. Two
ways to address this have been considered: (a) assuming that we have “short” valuations that can be
succinctly described (with a suitable bidding language), thus allowing for direct revelation mecha-
nisms; (b) assuming that we have some oracle access to the valuation, so the mechanism now needs
to be an iterative mechanism. It is well known in the economics literature that the issue of “one-
shot” vs. iterative mechanisms also affects truthfulness properties. To specify our results precisely
and address (1) and (2), we consider these two settings separately.
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Short valuations.. We first consider the case when the valuations are succinctly describable. An
important such valuation class is that of single-minded bidders where each player wants just one set
(or any superset) and specifies that set along with its value. More generally players could specify k ≥
1 subset-value pairs (S1, w1), . . . (Sk, wk), which yields two well-studied classes of valuations; (a)
an XOR valuation where the player desires one of these k subsets (the “k-minded case”), so v(T ) =
maxi:Si⊆T wi; (b) an OR valuation where the player is willing to receive any collection of disjoint
sets from S1, . . . Sk and the values add up, so v(T ) = max disjoint sets Si1

, . . . , Si`
⊆ T
(
v(Si1) + · · ·+

v(Si`)
)
. It is easy to see that for both these classes of valuations, one can devise a demand oracle for

the valuation from the above description with running time polynomial in k for an XOR valuation,
and exponential in k for an OR valuation. Hence, one can solve the LP (CA-P) in polynomial
time [Blumrosen and Nisan 2005] (see also “General valuations” below) in the following two cases:
(a) XOR valuations, when k = poly(m,n); and (b) OR valuations, when k = O

(
log(m + n)

)
. We

use “short” valuations below to encode both, succinctness of descriptions, and the requirement that
(CA-P) can be solved in time polynomial in m and n.

Theorem 4.1 For MUCAs with “short” valuations and B copies of each item, we obtain random-
ized, truthful in expectation mechanisms with the following approximation factors: (i) a factor of
O(m

1
B+1 ) for any B ≥ 1; and (ii) a (1 + ε)-guarantee for any ε > 0 when B = Ω(logm).

We obtain the first truthful mechanisms with non-trivial approximation guarantees for all values
of B, and with short valuations, improve upon the deterministic O(B ·m

1
B−2 )-approximation ratio

of Bartal et al. [2003] for general valuations. In particular, when B = Ω(logm) we get the first
truthful (in expectation) (1 + ε)-approximation mechanism for short multi-parameter valuations,
answering an open question in [Archer et al. 2003] about devising mechanisms for valuations more
general than the “known” single-minded case (i.e., the sets are public). More work has been directed
toward the single-minded case defined in [Lehmann et al. 2002] who gave a deterministic mecha-
nism with anO(

√
m) guarantee whenB = 1. Archer et al. [2003] obtained a (1+ε)-approximation

mechanism when B = Ω(logm), for the “known” single-minded case that is truthful both in ex-
pectation and with high probability. Recently, Briest et al. [2005] gave a deterministic O

(
m

1
B

)
-

approximation mechanism for the unknown single-minded case. We give a unified way to obtain
randomized, truthful in expectation mechanisms and get approximation guarantees that match the
known inapproximability results [Bartal et al. 2003].

General valuations.. We now consider the setting with general valuations with an oracle access
to the valuations. Two kinds of oracle access were considered by [Nisan and Segal 2006; Blumrosen
and Nisan 2005]: value queries, where the query asks for the value of a set S, and demand queries,
where the query specifies item prices p1, . . . , pm, and asks a player i to return a subset S that
maximizes vi(S) −

∑
j∈S pj . Demand queries are very natural from an economic perspective and

are known to be strictly more powerful than value queries [Nisan and Segal 2006; Blumrosen and
Nisan 2005]. Blumrosen and Nisan [2005] show that LP (CA-P) can be solved with a polynomial
number of demand queries using the ellipsoid method, since they yield a separation oracle for the
dual of (CA-P). This addresses issue (2).

As mentioned previously, direct revelation mechanisms become ineffective with general valua-
tions. Using Theorem 3.1 we can construct strategic, iterative mechanisms for general valuations
using demand queries. It is well known in the economics literature (see e.g., [Conitzer and Sand-
holm 2004]) that moving from direct-revelation to iterative mechanisms often leads to a weakening
of the solution concept, from dominant strategies to ex-post Nash equilibrium. Our mechanisms
yield truthfulness in expectation as an ex-post Nash equilibrium, which means the following: for
any player i, and any type profile v−i ∈ V−i of the other players, if the other players act accord-
ing to their types in this profile in the iterative mechanism, then i’s best response (for maximizing
expected utility) is to be truthful. In particular, this means that truthful revelation is a Nash equilib-
rium with no ex-post regret, that is, even if a player were told beforehand the types that the other
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players would use to act in the iterative mechanism, he would have no incentive to deviate from his
truth-telling strategy.4

Theorem 4.2 For MUCAs with “general” valuations and demand oracles, and B copies of each
item, we obtain randomized mechanisms for which truthfulness in expectation is an ex-post Nash
equilibrium, with the following guarantees: (i) an O(m

1
B+1 )-guarantee for any B ≥ 1; and (ii) a

(1 + ε)-guarantee for any ε > 0 when B = Ω(logm).

Very little is known about truthful and approximation mechanisms with general valuations. For
B ≤ 2 and general valuations, no strategic mechanisms were known previously. Bartal et al.
[2003] gave a deterministic, truthful O(B ·m

1
B−2 )-approximation for general valuations using de-

mand oracles, and Dobzinski et al. [2005] gave a deterministic, truthful O(
√
m)-approximation for

B = 1 and subadditive valuations using value oracles. We improve upon the performance guarantee
of [Bartal et al. 2003] for all B, and get the same guarantee as [Dobzinski et al. 2005] for general
valuations but using demand oracles, randomization, and a different solution concept.

4.2. General multi-unit auctions and multi-parameter knapsack
In a multi-unit auction, there are m identical items. and each player i has a value vi(j) for getting
j items, 1 ≤ j ≤ m, where the vi(.)s are non-decreasing functions. The goal is to distribute the
m items, allocating xi items to player i, so as to maximize

∑
i vi(xi). This problem is solvable in

time polynomial in m, so if each vi(j) is explicitly specified then one can implement VCG. We will
consider valuations that are specified more succinctly, e.g., step functions, piecewise linear functions
with a “small” number of pieces, XOR, OR valuations or their combinations etc., or valuations given
via an oracle access. We want mechanisms that run in time polynomial in n and the size of the
specification.

If all value functions are step functions (single-minded players), then this is exactly the knapsack
problem, for which Briest et al. [2005] gave a truthful FPTAS. Kothari et al. [2003] gave an “ap-
proximately truthful” FPTAS for the special case of “marginal decreasing valuations”. We obtain
the first truthful, approximation mechanisms for general multi-unit auctions (i.e., multi-parameter
knapsack problems). We consider the following natural LP relaxation for this problem:

max
∑
i,j

vi(j)xij (KN-P)

subject to
∑
j

xij ≤ 1 for each player i∑
i,j

j · xij ≤ m

xi,j ≥ 0 for each i, j.

Here variable xij indicates if player i gets j items. When the vi(.)s are step functions this LP
reduces to the standard LP relaxation for Knapsack, for which a simple greedy algorithm proves
an integrality gap of at most 2 (see, e.g., [Kellerer et al. 2004]). Lawler [1979] describes an al-
gorithm that bounds the integrality gap of (KN-P) by 2, which is attributed to d’Atri [1977]. We
give a somewhat simpler exposition of this algorithm as a greedy algorithm that generalizes the
2-approximation algorithm for Knapsack. Using this, we obtain the first truthful, approximation
mechanisms for non-single-minded players and get a guarantee of 2. Lavi et al. [2003] showed that
with two players, if all items must always be allocated, then with OR valuations, no deterministic
truthful mechanism can obtain an approximation ratio better than 2. As in Section 4.1, “short” valu-
ations will mean that the valuation is given succinctly and we can solve the LP in polynomial time.

4Recall the example given in the introduction, which considers the regular second-price auction with two players with an
iterative flavor.
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Since items are identical, a demand oracle here fixes a price p ≥ 0 and asks player i to return a
quantity j that maximizes vi(j)− p · j.

Theorem 4.3 There is a randomized, 2-approximation mechanism for multi-unit auctions, which
(i) is truthful in expectation for “short” valuations; and (ii) has truthfulness in expectation as an
ex-post Nash equilibrium for general valuations with demand oracles.

We now give the greedy algorithm which proves an integrality gap of 2 for (KN-P). Let OPT be
the value of the LP-optimum. Define the marginal value function of i given quantity j, vi(·|j), as
follows: for any x ≥ 0, vi(x|j) = vi(x+ j)− vi(j).

(1) Initialize M ← m. Each player i starts off with qi = 0 items. While M > 0 we repeatedly do
the following: (a) find i∗, j∗ that maximizes vi(j|qi)/j; (b) if j∗ ≤M , set qi∗ ← qi∗ + j∗ (i.e.,
allocate j∗ more items to i∗); (c) decrement M by j∗.

(2) Let Greedy =
∑
i vi(qi) be the value of this allocation, and let Max = maxi vi(m). If Max >

Greedy, allocate all items to the player with the maximum vi(m), otherwise return (q1, . . . qn)
as the allocation.

Lemma 4.1 The above algorithm finds an allocation with value at least OPT/2.

PROOF. We will exhibit a feasible dual solution with value at most twice the value obtained by
the algorithm, hence the claim will follow. The dual program is

min
∑
i

αi+m · β

subject to αi ≥ vi(j)− j · β for all i, j
β, αi ≥ 0 for all i.

Suppose the algorithm stops at the end of iteration s + 1, that is, after M it is decremented in
iteration s + 1, we have M ≤ 0. Let (il, jl) be the (i∗, j∗) pair in iteration l for l = 1, . . . , s + 1.
Recall that qi is the number of items allocated to player i. Let qi,k denote the quantity

∑k
l=1:i=il

jl,
and let pi = qi,s. So

∑s+1
l=1 jl =

∑
i pi + js+1 ≥ m. Note that pi ≤ qi, and it could be that pi < qi

— this can happen only if
∑s+1
l=1 jl = m and i = is+1, so qi = pi + js+1. We will exhibit a feasible

dual solution of value at most 2 max
{∑

i vi(pi),Max
}

. Define β = vis+1
(js+1|qis+1

)/js+1, and
αi = vi(pi)− pi · β for every i. Before verifying feasibility, we show that this proves the lemma:∑
i

αi+m·β ≤
∑
i

(αi+pi·β)+js+1·β =
∑
i

vi(pi)+vis+1(js+1|qis+1) ≤ 2 max
{∑

i

vi(pi),Max
}
.

Consider any iteration l = 1, . . . , s. Let i = il, q = qi,l−1 and i′ = il+1, q
′ = qi′,l. We claim

that vi(jl|q)/jl ≥ vi′(jl+1|q′)/jl+1. This is clear from the definition of (i∗, j∗) if i 6= i′, otherwise
this follows since q′ = q + jl, and vi(jl|q)/jl ≥ vi(jl + jl+1|q)/(jl + jl+1) =

(
vi(jl|q) +

v(jl+1|q′)
)
/(jl + jl+1).

Now fix any i. For j ≥ pi, by the definition of β we have β ≥ vi(j − pi|pi)/(j − pi) or
equivalently, αi ≥ vi(j)−j ·β. Consider the piecewise-linear function fi passing through the points(
qi,l, vi(qi,l)

)
, l = 0, . . . , s (where qi,0 = 0). By our earlier claim, fi(.) is a concave (increasing)

function, and each segment of fi(.) has slope at least β. These two facts imply that the line passing
through

(
pi, fi(pi)

)
with slope β lies above the fi(.) curve in [0, pi]. Also note that for any j ≤ pi,

fi(j) ≥ vi(j) since if j ∈ [qi,l, qi,l+1] for some l, then fi(j) = vi(qi,l) + (j − qi,l) · vi(jl+1|qi,l)
jl+1

≥
vi(qi,l) + (j − qi,l) · vi(j−qi,l|qi,l)j−qi,l = vi(j). Combining these facts, we get that for any j ≤ pi,
fi(pi)− (pi − j) · β ≥ fi(j) ≥ vi(j) which when rearranged gives αi ≥ vi(j)− j · β.
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4.3. Graph routing problems
We now consider two closely related problems, edge-disjoint-paths (EDP) and all-or-nothing multi-
commodity flow (ANF). In both EDP and ANF we have a graph G = (V,E) with capacities ue ≥ 1
on the edges. The players are (si, ti) source-sink pairs where si, ti ∈ V . Each player has a value
wi. Both (si, ti) and the value wi are private information; a special case is the “known” case where
the (si, ti) pairs are public and only wi is private. The social-welfare maximization problem is to
select a maximum-weight routable set. In EDP, a set is routable if each (si, ti) pair in the set can
be assigned an si-ti path and at most ue paths use edge e; in ANF, for each (si, ti) pair in the set
we need to route one unit of flow from si to ti respecting edge capacities, possibly splitting the
flow across several paths. For the mechanism-design problem, we define the outcome set carefully
to ensure that only players’ values for an outcome, and not the set itself, depends on his private
information. For EDP, an outcome is an allocation of edges (as paths) to players such that each edge
e is used at most ue times (and player i receives value wi if he is allocated an si-ti path); for ANF,
an outcome is a flow-vector allocation to each player, such that the total flow through each edge e is
at most ue (and player i receives value wi if his flow-vector sends one unit of flow from si to ti).

We apply our techniques to obtain two types of results for EDP and ANF. LetB = mine ue. First,
we observe that Theorem 4.1 yields a truthful (in expectation)O(m

1
B+1 )-approximation mechanism

for both problems. Next, we show that for the known case, we can translate the improved guarantees
of [Chekuri et al. 2005] for EDP and ANF on certain graph classes to the mechanism-design setting
to obtain truthful mechanisms with matching approximation guarantees for EDP and ANF (on the
appropriate graph classes).

Both EDP and ANF admit the following flow-path based LP relaxation. We use P below to index
the collection Path of all (simple) paths in G.

max
∑
i,P

vi(P )fi,P (Route-P)

subject to
∑
P

fi,P ≤ 1 for each player i∑
i

∑
P :e∈P

fi,P ≤ ue for each edge e ∈ E

fi,P ≥ 0 for each i, P.

Let Pathi denote the collection of si-ti paths. Here fi,P denotes the amount of flow on path P , and
vi(P ) = wi if P ∈ Pathi, and is 0 otherwise. It is easy to see that an integral solution corresponds to
an EDP solution, and a solution where

∑
P fi,P is integral for each player i corresponds to an ANF

solution. Observe that EDP is a structured MUCA with short valuations (since one can construct a
demand oracle for player i, given (si, ti;wi)), and (Route-P) is simply a specialization of (CA-P)
(where items are edges, and vi(S) = wi if S contains an si-ti path, and is 0 otherwise). Also, a
solution to EDP is also clearly a solution to ANF. Thus, Theorem 4.1 yields a randomized, truthful
O(m

1
B+1 )-approximation for both problems.

Chekuri et al. [2005] use the above LP to obtain approximation guarantees of (i) O(logm) for
EDP on planar graphs when B ≥ 2; and (ii) O(log2m) for ANF on general graphs, and O(logm)
for planar graphs. (The guarantees are stated forwi = 1, but it is implicit that the algorithms general-
ize to arbitrary wi.) Notice however that this does not imply analogous bounds on the integrality gap
of (Route-P) for these graph classes since the valuation functions arising in EDP and ANF are struc-
tured valuations. (In fact, it is not hard to cast MUCA as EDP, so the integrality gap of (Route-P)
with ue = B for all e is Θ(m

1
B+1 ).) However, we show that in the known case, our techniques can

be used to obtain matching approximation guarantees in the mechanism-design setting.
The key observation is that since each player i’s (true) value depends (linearly) only on the amount

of flow routed from si to ti (which are publicly known) and not on the actual flow-paths that are
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chosen, it suffices to obtain a “partial” decomposition such that the (total flow routed for an (si, ti)
pair by the convex combination) = (total flow routed for (si, ti) by the LP)/α. To see this formally,
recall that (see Lemma 3.1) to translate the fractional VCG mechanism to (a support mechanism,
and hence) a truthful-in-expectation mechanism, we require a convex combination

∑
l∈I λl(v)xl

that satisfies
∑
l∈I λl(v)vi(x

l) = vi(f
∗(v))/α for each player i, where vi(f) is the true value

of player i for a feasible solution f to (Route-P), and f∗(v) is an optimal solution to (Route-P)
for the valuation-profile v. In the known case, vi(f) = wi

(∑
P∈Pathi fi,P

)
, and so a “partial”

decomposition of f∗(v) suffices to yield this property; but if (si, ti) is private information, then
this is no longer true, and one needs to resort to a “complete” decomposition (which requires an
integrality-gap-verifying algorithm for (Route-P)).

We now argue briefly that an α-approximation algorithm for EDP or ANF based on the
LP (Route-P) can be used to obtain a partial decomposition (with the same α), enabling us
to translate the approximation guarantees of [Chekuri et al. 2005] to the mechanism-design
setting. Similar results are known with demands di when max di ≤ B and these also transfer
to the mechanisms. For notational convenience, given a solution f to (Route-P), we introduce
auxilliary variables xi :=

∑
P∈Pathi fi,P to denote the total flow routed for player i. The set of

“integer” solutions {(f l, xl)}l∈I that the decomposition uses is (i) the set of integer solutions to
(Route-P) for EDP; and (ii) the set of solutions to (Route-P) with integral xis for ANF. (Note
that for EDP, the corresponding set satisfies the packing property, and for ANF, the projection
of the set to the x-space satisfies the packing property.) To partially decompose a solution
(f∗, x∗), we solve the following primal and dual LPs.

min
∑
l∈I

λl (P’)

s.t.
∑
l

λlx
l
i =

x∗i
α for all i∑

l

λl ≥ 1

λl ≥ 0 for all l ∈ I.

max 1
α ·
∑
i

x∗i πi + z (D’)

s.t.
∑
i

xliπi + z ≤ 1 for all l ∈ I (6)

z ≥ 0

πi unconstrained for all i ∈ E.

Arguments that are almost identical to those in Section 3.2 apply to this pair of LPs. Their optimal
value is 1, and it is not hard to see that an LP-based α-approximation algorithm for EDP or ANF
can be used to find a violated inequality (6) when 1

α ·
∑
i x
∗
i πi + z > 1. So we obtain a separation

oracle for (D’) as before, and this can be used to obtain a compact dual LP, and hence, a compact
primal LP (with optimal value 1) whose solution yields the partial decomposition.

Previous truthful mechanisms for EDP were: for the “known” case, a deterministic O(
√
m)-

approximation when di = 1 using the greedy algorithm in [Lehmann et al. 2002], and a deter-
ministic O(m

1
B−1 )-approximation mechanism [Briest et al. 2005] when B > 1; in the “unknown”

case [Bartal et al. 2003] gave an O
(
B · ( m

min di
)

1
B−2

)
-approximation when B > 2. [Babaioff et al.

2009] give a deterministic O(log2 wmax ·
√
m)-approximation mechanism for B = 1 under the

concept of undominated strategies.
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4.4. Covering problems
While we focus on packing problems, another broad class of optimization problems that has natural
game-theoretic aspects is covering problems. Our techniques can be adapted to yield some partial
results for this class of problems. As an illustrative example, consider the set cover problem, which
can be used to abstract the following setting. A buyer needs to compose a team of workers that
together cover a set of capabilities. Each worker offers some of these capabilities, and incurs a
certain cost if hired as part of the team. The optimization problem is to select a minimum-cost set of
workers that cover the required capabilities. In the mechanism-design setting (sometimes referred
to as a procurement auction), the workers’ costs and/or capabilities are private information, and one
therefore seeks to construct a truthful mechanism that achieves a “good” approximation ratio. (As in
the case of graph routing problems, we need to define the outcome set carefully so that only players’
values for an outcome and not the set itself depends on private information.) If the integrality gap of
the LP relaxation of the covering problem is α > 1 (as verified by an α-approximation algorithm),
then it is not hard to see that (by dovetailing the arguments in Section 3.2), given an LP-solution x,
one can decompose α · x into a convex combination of integer solutions where multiple copies of a
worker may be purchased. That is, these integer solutions (and hence, the random integer solution
specified by the convex combination) are only feasible for the original problem provided a worker
may be hired multiple times; in such cases our method yields an α-approximation, truthful (in
expectation) mechanism.

An example of such a setting is the multiset multicover problem with multiplicities, where each
capability must be covered a certain number of times, each worker’s private information is a vector
specifying the amounts of the different capabilities he offers, and there is no limit on how many
copies of a worker may be chosen. Another example is the class of network design problems, where
each worker owns edges of an underlying known graph: the identity of the edges owned and their
costs are private, and the goal is to select a minimum-cost edge-set satisfying certain connectivity
requirements, possibly with other side constraints such as degree bounds. Such network design
problems often come in two flavors, one where there is a bound on the number of times an edge
may be selected, and one where there is no such bound. Our technique yields truthful, approximation
mechanisms for the latter class of problems with guarantees matching that of the best known LP-
based (integrality-gap-verifying) approximation algorithm for the problem.

We also remark that for single-dimensional covering problems—e.g., network design problems
where each edge is a separate player and its cost is private information—we can adapt our proofs to
show that one can decompose min{α ·x,1} into a convex combination of feasible integer solutions
to the problem (that is, we no longer need to buy multiple copies). (Here 1 denotes the all ones vector
and min denotes component-wise minimum.) The resulting randomized mechanism then satisfies
value monotonicity, a necessary and sufficient condition for truthfulness, and we again get a general
result: given an LP-based α-approximation for a covering problem, one can get an α-approximation
truthful mechanism for the analogous single-dimensional mechanism-design problem. As an appli-
cation, we mention that this immediately yields the first truthful, approximation mechanisms for the
single-dimensional mechanism-design version of survivable network design (possibly with degree
constraints) with approximation guarantees matching those of the algorithmic problem.

A very interesting open problem is to design a truthful approximation mechanisms for multidi-
mensional covering problems when such multiplicities are not allowed.

5. CONCLUSIONS AND DISCUSSION
We have presented a general method for devising randomized, truthful-in-expectation mechanisms
for packing problems that allows one to exploit approximation algorithms and obtain matching ap-
proximation guarantees for the mechanism-design problem. Given an α-approximation algorithm
that also bounds the integrality gap of the LP-relaxation of a packing problem by α, we show how
to design a truthful mechanism with the same approximation ratio. Our method proceeds by decom-
posing the optimal LP-solution scaled down by α into a convex combination of integer solutions,
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which can then be viewed as a probability distribution over integer solutions. We show that the pay-
ments of the fractional VCG mechanism (whose outcome is the LP-optimum) can be modified and
combined with the above randomized algorithm to yield a randomized mechanism that is truthful
in expectation. We demonstrate the usefulness of our technique on a variety of problem domains:
combinatorial auctions, multi-unit auctions, multi-unit combinatorial auctions, and graph-routing
problems (edge-disjoint-paths (EDP), all-or-nothing multicommodity flow (ANF)). In many cases,
the approximation guarantees we obtain are the best possible if one requires polynomial-time com-
putation (unless P=NP).

It is instructive to note that our method can also be viewed as constructing a maximal-in-
distributional-range (MIDR) mechanism (see [Dobzinski and Dughmi 2009]). That is, instead of
presenting our method as one where we first obtain the fractional VCG mechanism and then trans-
late this to a randomized mechanism, we can view our construction as one that uses an α-integrality-
gap-verifying approximation algorithm to exactly optimize the social welfare over a subset of the
convex hull of integer solutions, and hence, implement VCG over a suitable (fixed) outcome set.
To see this, let PI denote the convex hull of integer points in P (i.e., Z(P)), where P is the poly-
tope of feasible solutions to the LP-relaxation of the packing problem. Observe that the outcome
of any randomized or support mechanism corresponds to a point in PI . Our decomposition lemma
(Lemma 3.4) shows that P/α ⊆ PI ; also, we can efficiently optimize over P/α since this is equiv-
alent to optimizing over P . Thus, our randomized (or deterministic support) mechanism (which
returns the optimum over P/α as its outcome) is essentially VCG over the outcome-set P/α. (And
the α-approximation ratio follows since the optimum value over P/α is within an α-factor of the
optimum over P .)

Subsequent to the publication of the conference version of this paper [Lavi and Swamy 2005],
various other solutions have been obtained for combinatorial auctions and multi-unit auctions. For
combinatorial auctions, [Dobzinski et al. 2006; Dobzinski 2008] obtain the same approximation
guarantees that we obtain but under the stronger solution concept of universal truthfulness. For
multi-unit auctions, [Dobzinski and Nisan 2007] give a deterministic truthful 2-approximation,
and [Dobzinski and Dughmi 2009] obtain an FPTAS that is truthful in expectation (also via an
MIDR mechanism). These mechanisms are however tailored to the specific problem considered;
in contrast, our method is the only (currently known) general method to convert approximation al-
gorithms to truthful mechanisms (with matching approximation guarantees) for multidimensional
problem domains. It is also worth noting that our mechanisms have remained the state-of-art for
other problem domains, most notably, multi-unit combinatorial auctions, where no other truthful
mechanism achieves similar approximation guarantees.

One of the insights to emerge from our work is that fractional truthful mechanisms combined
with a suitable rounding scheme can be an effective tool in truthful mechanism design even for
multidimensional domains, The versatility and usefulness of this approach has been reinforced in
various subsequent works, such as [Lavi and Swamy 2009; Golovin 2007; Dughmi and Ghosh
2010; Hoefer et al. 2011]. The latter three papers [Golovin 2007; Dughmi and Ghosh 2010; Hoefer
et al. 2011] all devise truthful-in-expectation mechanisms for their respective problems (stochastic
market planning, generalized assignment problem, secondary spectrum auctions) by first devising a
fractional truthful mechanism and then adapting our rounding ideas to convert this into the desired
randomized mechanism. Lavi and Swamy [2009] consider a special case of the minimum-makespan
scheduling problem on unrelated machines. In their case, constructing a fractional truthful mecha-
nism is non-trivial since makespan minimization is not a social-welfare-maximization problem, and
the rounding scheme is tailored to the problem at hand and different from the one proposed here.

ACKNOWLEDGMENTS

We thank Bruce Shepherd for very useful discussions about the results in [Chekuri et al. 2005]. We also thank the anonymous
referees for their useful suggestions.

Journal of the ACM, Vol. 9, No. 4, Article 39, Publication date: March 2010.



Truthful and Near-Optimal Mechanism Design via Linear Programming 39:21

REFERENCES
ARCHER, A., PAPADIMITRIOU, C., TALWAR, K., AND TARDOS, É. 2003. An approximate truthful mechanism for combi-
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