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2 Glossary

A social choice function: A function that determines a social choice according to players’
preferences over the different possible alternatives.

A mechanism: a game in incomplete information, in which player strategies are based on their
private preferences. A mechanism implements a social choice function f if the equilibrium strategies
yield an outcome that coincides with f.

Dominant strategies: An equilibrium concept where the strategy of each player maximizes her
utility, no matter what strategies the other players choose.

Bayesian-Nash equilibrium: An equilibrium concept that requires the strategy of each player
to maximize the expected utility of the player, where the expectation is taken over the types of the
other players.

VCG mechanisms: A family of mechanisms that implement in dominant strategies the social
choice function that maximizes the social welfare.



3 Definition of the Subject and its Importance

Mechanism design is a sub-field of economics and game theory that studies the construction of social
mechanisms in the presence of rational but selfish individuals (players/agents). The nature of the
players dictates a basic contrast between the social planner, that aims to reach a socially desirable
outcome, and the players, that care only about their own private utility. The underlying question
is how to incentivize the players to cooperate, in order to reach the desirable social outcomes. A
mechanism is a game, in which each agent is required to choose one action among a set of possible
actions. The social designer then chooses an outcome, based on the chosen actions. This outcome
is typically a coupling of a physical outcome, and a payment given to each individual. Mechanism
design studies how to design the mechanism such that the equilibrium behavior of the players will
lead to the socially desired goal. The theory of mechanism design has greatly influenced several
sub-fields of micro-economics, for example auction theory and contract theory, and the 2007 Nobel
prize in Economics was awarded to Leonid Hurwicz, Eric Maskin, and Roger Myerson “for having
laid the foundations of mechanism design theory”.

4 Introduction

It will be useful to start with an example to a mechanism design setting, the well-known “public
project” problem (Clarke [8]): a government is trying to decide on a certain public project (the
common example is “building a bridge”). The project costs C' dollars, and each player, ¢, will
benefit from it to an amount of v; dollars, where this number is known only to the player herself.
The government desires to build the bridge if and only if ), v; > C. But how should this condition
be checked? Clearly, every player has an interest in over-stating its own v;, if this report is not
accompanied by any payment at all, and most probably agents will understate their values, if asked
to pay some proportional amount to the declared value. Clarke describes an elegant mechanism
that solves this problem. His mechanism has the fantastic property that, from the point of view
of every player, no matter what the other players declare, it is always in the best interest of the
player to declare his true value. Thus, truthful reporting is a dominant-strategy equilibrium of the
mechanism, and under this equilibrium, the government’s goal is fully achieved. A more formal
treatment of this result is given in Section 6 below.

Clarke’s paper, published in the early 70’s, was part of a large body of work that started to
investigate mechanism design questions. Most of the early works used two different assumptions
about the structure of players’ utilities. Under the assumption that utilities are general, and that
the influence of monetary transfers on the utility are not well predicted, the literature have produced
mainly impossibilities, which are described in section 5. The assumption that utilities are quasi-
linear in money was successfully used to introduce positive and impressive results, as discussed
in detail in sections 6 and 7. These mechanisms apply the solution concept of dominant-strategy
equilibrium, which is a strong solution concept that may prevent several desirable properties from
being achieved. To overcome its difficulties, the weaker concept of a Bayesian-Nash equilibrium
is usually employed. This concept, and one main possibility result that it provides, are described
in section 8. The last important model that this entry covers aims to capture settings where the
players’ values are not fully observed by the each player separately. Rather, each player receives
a signal that gives a partial indication to her valuation. Mechanism design for such settings is
discussed in section 9.



One of the most impressive applications of the general mechanism design literature is auction
theory. An auction is a specific form of a mechanism, where the outcome is simply the specific
allocation of the goods to the players, plus the prices they are required to pay. Vickrey [28] initiated
the study of auctions in a mechanism design setting, and in fact perhaps the study of mechanisms
itself. After the fundamental study of general mechanism design in the 70’s, in the 80’s the focus
of the research community returned to this important application, and many models were studied.
The reader is referred to the entry on auction theory for a detailed discussion on this subject. The
entry on Implementation Theory is also very much related to the subjects discussed here.

5 Formal Model and Early Results

A social designer wishes to choose one possible outcome/alternative out of a set A of possible
alternatives. There are n players, each has her own preference order »=; over A. This preference
order is termed the player’s “type”. The set (domain) of all valid player preferences is denoted
by V;. The designer has a social choice function f : Vi x --- x V,, — A, that specifies the desired
alternative, given any profile of individual preferences over the alternatives. The problem is that
these preferences are private information of each player — the social designer does not know them,
and thus cannot simply invoke f in order to determine the social alternative. Players are assumed
to be strategic, and therefore we are in a game-theoretic situation.

To implement the social choice function, the designer constructs a “game in incomplete infor-
mation”, as follows. Each player is required to choose an action out of a set of possible actions A;,
and a target function ¢g : A; x --- x A, — A specifies the chosen alternative, as a function of the
players’ actions. A player’s choice of action may, of-course, depend on her actual preference order.
Furthermore, we assume an incomplete information setting, and therefore it cannot depend on any
of the other players’ preferences. Thus, to play the game, player i chooses a strategy s; : V; — A;.

A strategy s;(-) dominates another strategy s;(-) if, for every tuple of actions a_; of the other
players, and for every preference =,€ V;, g(s;(>;),a—;) =; g(a;,a—;)), for any a; € A;. In other
words, no matter what the other players are doing, the player cannot improve her situation by
using an action other than s;(>;).

A mechanism implements the social choice function f in dominant strategies if there exist
dominant strategies s1(-), ..., sn(-) such that f(>=1,....,=n) = g(s1(=1), .-, Sn(>n)), for any profile
of preferences >=1,...,=,. In other words, a mechanism implements the social choice function f
if, given that players indeed play their equilibrium strategies (in this case the dominant strategies
equilibrium), the outcome of the mechanism coincides with f’s choice.

The theory of mechanism design asks: given a specific problem domain (an alternative set
and a domain of preferences), and a social choice function, how can we construct a mechanism
that implements it (if at all)? As we shall see below, the literature uses a variety of “solution
concepts”, in addition to the concept of dominant strategies equilibrium, and an impressive set of
understandings have emerged.

The concept of implementing a function with a dominant-strategy mechanism seems at first too
strong, as it requires each player to know exactly what action to take, regardless of the actions the
others take. Indeed, as we will next describe in detail, if we do not make any further assumptions
then this notion yields mainly impossibilities. Nevertheless, it is not completely empty, and it may
be useful to start with a positive example, to illustrate the new notions defined above.

Consider a voting scenario, where the society needs to choose one out of two candidates. Thus,



the alternative set contains two alternatives (“candidate 1”7 and “candidate 2”), and each player
either prefers 1 over 2, 2 over 1, or is indifferent between the two. It turns out that the majority
voting rule is dominant strategy implementable, by the following mechanism: each player reports
her top candidate, and the candidate that is preferred by the majority of the players is chosen.
This mechanism is a “direct-revelation” mechanism, in the sense that the action space of each
player is to report a preference, and g is exactly f. In a direct-revelation mechanism, the hope
is that truthful reporting (i.e. s;(>;) =>;) is a dominant strategy. It is not hard to verify that
in this two candidates setting, this is indeed the case, and hence the mechanism implements in
dominant-strategies the majority voting rule.

An elegant generalization for the case of a “single-peaked” domain is as follows. Assume that
the alternatives are numbered as A = {ay, ..., ay}, and the valid preferences of a player are single-
peaked, in the sense that the preference order is completely determined by the choice of a peak
alternative, a,. Given the peak, the preference between any two alternatives a;, a; is determined
according to their distance from a,, i.e. a; =; a; if and only if |j — p| < |i — p|. Now consider the
social choice function f(p1,...,pn) = median(py, ..., pn), i.e. the chosen alternative is the median
alternative of all peak alternatives.

Theorem 1 Suppose that the domain of preferences is single-peaked. Then the median social choice
function is implementable in dominant strategies.

PROOF (SKETCH): Consider the direct revelation mechanism in which each player reports a peak
alternative, and the mechanism outputs the median of all peaks. Let us argue that reporting the
true peak alternative is a dominant strategy. Suppose the other players reported p_;, and that the
true peak of player ¢ is p;. Let p,,, be the median index. If p; = p,, then clearly player ¢ cannot gain
by declaring a different peak. Thus assume that p; < p,,, and let us examine a false declaration
p; of player i. If p/ < py, then p,, remains the median, and the player did not gain. If p, > p,,
then the new median is p, > pm, and since p; < pp,, this is less preferred by i. Thus, player ¢
cannot gain by declaring a false peak alternative if the true peak alternative is smaller or equal to
the median alternative. A similar argument holds for the case of p; > p,,. B

In a voting situation with two candidates, the median rule becomes the same as the majority
rule, and the domain is indeed single-peaked. When we have three or more candidates, it is not
hard to verify that the majority rule is different than the median rule. In addition, one can also
check that the direct-revelation mechanism that uses the majority rule does not have truthfulness
as a dominant strategy.

Of-course, many times one cannot order the candidates on a line, and any preference ordering
over the candidates is plausible. What voting rules are implementable in such a setting? This ques-
tion was asked by Gibbard [12] and Satterthwaite [27], who provided a beautiful and fundamental
impossibility. A domain of player preferences is unrestricted if it contains all possible preference
orderings. In our voting example, for instance, the domain is unrestricted if every ordering of the
candidates is valid (in contrast to the case of a single-peaked domain). A social choice function is
dictatorial if it always chooses the top alternative of a certain fixed player (the dictator).

Theorem 2 ([12, 27]) Every social choice function over an unrestricted domain of preferences,
with at least three alternatives, must be dictatorial.



The proof of this theorem, and in fact of most other impossibility theorems in mechanism design,
uses as a first step the powerful direct-revelation principle. Though the examples we have seen
above use a direct revelation mechanism, one can try to construct “complicated” mechanisms with
“crazy” action spaces and outcome functions, and by this obtain dominant strategies. How should
one reason about such vast space of possible constructions? The revelation principle says that one
cannot gain extra power by such complex constructions, since if there exists an implementation to
a specific function then there exists a direct-revelation mechanism that implements it.

Theorem 3 (The direct revelation principle) Any implementable social choice function can
also be implemented (using the same solution concept) by a direct-revelation mechanism.

PrROOF:  Given a mechanism M that implements f, with dominant strategies s!(-), we con-
struct a direct revelation mechanism M’ as follows: for any tuple of preferences == (=1, ..., =),
g (=) = g(s*(>)). Since s}(-) is a dominant strategy in M, we have that for any fixed »_;€ V_;
and any =;€ V;, the action a; = s;(>;) is dominant when i’s type is =;. Hence declaring any
other type =, that will “produce” an action a; = sf(%l), cannot increase i’s utility. Therefore the
strategy =; in M’ is dominant. H

The proof uses the dominant-strategies solution concept, but any other equilibrium definition
will also work, using the same argumentation. Though technically very simple, the revelation
principle is fundamental. It states that, when checking if a certain function is implementable, it
is enough to check the direct-revelation mechanism that is associated with it. If it turns out to
be truthful, we still may want to implement it with an indirect mechanism that will seem more
natural and “real”, but if the direct-revelation mechanism is not truthful, then there is no hope of
implementing the function.

The proof of the theorem of Gibbard and Satterthwaite relies on the revelation principle to
focus on direct-revelation mechanisms, but this is just the beginning. The next step is to show
that any non dictatorial function is non-implementable. The proof achieves this by an interesting
reduction to Arrow’s theorem, from the field of social choice theory. This theory is concerned
with the possibilities and impossibilities of social preference aggregations that will exhibit desirable
properties. A social welfare function F' : V — R aggregates the individuals’ preferences into a
single preference order over all alternatives, where R is the set of all possible preference orders over
A. Arrow [3] describes few desirable properties from a social welfare function, and shows that no
social choice function can satisfy all:

Definition 1 (Arrow’s desirable properties)

1. A social welfare function satisfies “weak pareto” if whenever all individuals strictly prefer
alternative a to alternative b then, in the social preference, a is strictly preferred to b.

2. A social welfare function is “a dictatorship” if there exists an individual for which the social
preference is always identical to his own preference.

3. A social welfare function F satisfies the “Independence of Irrelevant Alternatives” property
(ITA) if, for any preference orders R, R € R and any a,b € A,

a>F(R)bandb>F(R)a =di: a>Ribandb>Ria



(where a > g, b iff a is preferred over b in R;). In other words, if the social preference between
a and b was flipped when the individual preferences were changed from R to R, then it must
be the case that some individual flipped his own preference between a and b.

Arrow’s impossibility theorem holds for the unrestricted domain of preferences, i.e. when all pref-
erence orders are possible:

Theorem 4 ([3]) Assume |A| > 3. Any social welfare function over an unrestricted domain of
preferences that satisfies both weak pareto and Independence of Irrelevant Alternatives must be a
dictatorship.

Gibbard and Satterthwaite’s proof reveals an interesting and important connection between the
concept of implementation in dominant strategies, and Arrow’s condition of ITA. The proof shows
how to construct, from a given implementable social choice function f, a social welfare function,
F', that satisfies ITA and weak pareto. In addition, F' always places the alternative chosen by f
as the most preferred alternative. By Arrow’s theorem, the resulting social welfare function must
be dictatorial. In turn, this implies that f is dictatorial. The construction of F' from f is the
straight-forward one: the top alternative is f’s choice to the original preferences, say a. Then a
is lowered to be the least preferred alternative in all the preferences, and f’s new choice is placed
second, etc. etc. The interesting exercise is to show that the implementability of f implies that
I satisfies Arrow’s conditions. In fact, as the proof shows that any implementable social choice
function f entails a social welfare function F' that “extends” f and satisfies Arrow’s conditions, it
actually provides a strong argument for the reasonability of Arrow’s requirement — they are simply
implied by the implementability requirement.

In view of these strong impossibility results, it is natural to ask whether the entire concept of
a mechanism can yield positive constructions. The answer is a big yes, under the “right” set of
assumptions, as discussed in the next sections.

6 Quasi-linear Utilities and the VCG Mechanism

The model formalization of the previous section ignores the existence of money, or, more accurately,
the fact that it has a more or less predictable effect on a player’s utility. The quasi-linear utilities
model takes this into account, and players are assumed to have monetary value for each alternative.

Formally, the type of a player is a valuation function v; : A — R that describes the monetary
value that the player will obtain from each chosen alternative (as before v; is taken from a domain
of valid valuations V; and V' =V} x --- x V},). Note that the value of a player does not depend on
the other players’ values (this is termed the private value assumption). The mechanism designer
can now additionally pay each player (or charge money from her), and the total utility of player 4
if the chosen outcome is a and in addition she pays a price P; is v;(a) — P;. A direct mechanism for
quasi-linear utilities includes an outcome function f : V' — A (as before), as well as price functions
pi : V. — R for each player i. (the definition of an indirect mechanism is the natural parallel
of the definition of the previous section; the revelation principle holds for quasi-linear utilities as
well, and we focus here on direct mechanisms). The implicit assumption is that a player aims to
maximize her resulting utility, v;(f(vi,v—;)) — pi(vi,v—;), and this leads us to the definition of a
truthful mechanism, that parallels that of the previous section:



Definition 2 (Truthfulness, or Incentive Compatibility, or Strategy-proofness) A direct
revelation mechanism is “truthful” (or incentive-compatible, or strategy-proof) if the dominant strat-
egy of each player is to reveal her true type, i.e. if for every v_; € V_; and every v;, v} € Vi,

0 (f(visv—3)) — pi(vi, v—3) > vi( f(v), 7)) — pi(v], v—)

Using this framework, we can return to the example from section 4 (“building a bridge”), and
construct a truthful mechanism to solve it. Recall that, in this problem, a government is trying
to decide on a certain public project, which costs C' dollars. Each player, ¢, will benefit from it to
an amount of v; dollars, where this number is known only to the player herself. The government
desires to build the bridge if and only if >, v; > C. Clarke [8] designed the following mechanism.
Each player reports a value, 0;, and the bridge is built if and only if ), 9; > C. If the bridge is not
built, the price of each player is 0. If the bridge is built then each player, i, pays the minimal value
she could have declared to maintain the positive decision. More precisely, if >, £ Vit 2 C then she
still pays zero, and otherwise she pays C' — zi,# V.

Theorem 5 Bidding the true value is a dominant strategy in the Clarke mechanism.

PROOF (SKETCH): Consider the truthful bidding for player i, v;, vs. another possible bid o;
(fixing the bids of the other players to arbitrarily be v_;). If with v; the project was rejected then
v; <C =>4 2 V7. In order to change the decision to an accept, the player would need to declare
v; > C — Zi,# Oy. In this case i’s payment will be C — Zi,# vy which is smaller than v;, as
observed above. Thus, ¢’s resulting utility will be negative, hence bidding 9; did not improve her
utility.

On the other hand, assume that with v; the project is accepted. Therefore the player’s utility
from declaring v; is non-negative. Note that the price that the player pays in case of an accept
does not depend on her bid. Thus, the only way to change #’s utility (if at all) is to declare some
v; that will cause the project to be rejected. But in this case ¢’s utility will be zero, hence she did
not gain any benefit. B

Subsequently, Groves [13] made the remarkable observation that Clarke’s mechanism is in fact
a special case of a much more general mechanism, that solves the welfare maximization problem on
any domain with private values and quasi-linear utilities. For a given set of player types v1, ..., Up,
the welfare obtained by an alternative a € Ais ), v;(a). A social choice function is termed a welfare
mazimizer if f(v) is an alternative with maximal welfare, i.e. f(v) € argmax,c4{ > i vi(a)}.

Definition 3 (VCG mechanisms) Given a set of alternatives A, and a domain of players’ types
V=V x...xV,, a VCG mechanism is a direct revelation mechanism such that, for anyv € V,

1. f(v) € argmaz,ea{ 35z, vi(a) }.

2. pi(v) = = 3254 vi(f(v)) + hi(v—;), where h; : V_; — R is an arbitrary function.

Ignore for a moment the term h;(v_;) in the payment functions. Then the VCG mechanism has
a very natural interpretation: it chooses an alternative with maximal welfare according to the
reported types, and then, by making additional payments, it equates the utility of each player to
that maximal welfare level.



Theorem 6 ([13]) Any VCG mechanism truthfully implements the welfare maximizing social choice
function.

PrROOF: We argue that s;(v;) = v; is a dominant strategy for i. Fix any v_; € V_; as the declara-
tions (actions) of the other players, any v, # v;, and assume by contradiction that v;(f(v;,v_;)) —
pi(vi,v—;) < vi(f(vi,v_;)) — pi(v),v_;). Replacing p;(-) with the specific VCG payment function,
and eliminating the term h;(v—;) from both sides, we get: v;(f(vi,v—:)) + >_;; vi(f(vi,v—)) <
vi(f(vi,v=4)) + 32,2 0i(f(vj,v—;)). Therefore it must be that f(v;,v—;) # f(vj,v—;). Denote
f(vi,v—;) = aand f(vj,v—;) = b. The above equation is now v;(a)+>_;; vj(a) < vi(b)+>_; ;v (b),
or, equivalently, > 7" | v;(a) < >, v;(b), a contradiction to the fact that f(v;,v_;) = a, since f(-)
is a welfare maximizer. H

Thus, we see that the welfare maximizing social choice function can be always be implemented,
no matter what the problem domain is, under the assumption quasi-linear utilities. The VCG
mechanism is named after Vickrey, whose seminal paper [28] on auction theory was the first to
describe a special case of the above mechanism (this is the second price auction; see the entry on
auction theory for more details), after Clarke, who provided the second example, and after Groves
himself, that finally pinned down the general idea.

Clarke’s work can be viewed, in retrospect, as a suggestion for one specific form of the function
hi(v—;), namely hi(v—;) = >, ;vi(f(v—;)) (this is a slight abuse of notation, as f is defined for
n players, but the intention is the straight-forward one — f chooses an alternative with maximal
welfare). This form for the h;(-)’s gives the following property: if a player does not influence the
social choice, her payment is zero, and, in general, a player pays the “monetary damage” to the
other players (i.e. the welfare that the others lost) as a result of i’s participation. Additionally,
with Clarke’s payments, a truthful player is guaranteed a non-negative utility, no matter what the
others declare. This last property is termed “individual rationality”.

7 The Importance of the Domain’s Dimensionality

The impressive property of the VCG mechanism is its generality with respect to the domain of
preferences — it can be used for any domain. On the other hand, VCG is restrictive in the sense
that it can be used only to implement one specific goal, namely welfare maximization. Given the
possibility that VCG presents, it is natural to ask if the assumption of quasi-linear utilities and
private values allows the designer to implement many other different goals. It turns out that the
answer depends on the “dimensionality” of the domain, as is discussed in this section.

7.1 Single-dimensional domains

Consider first a domain of preferences for which the type v;(-) can be completely described by a
single number v;, in the following way. For each player i, a subset of the alternatives are “losing”
alternatives, and her value for all these alternatives is always 0. The other alternatives are “winning”
alternatives, and the value for each “winning” alternative is the same, regardless of the specific
alternative. Such a domain is “single dimensional” in the sense that one single number completely
describes the entire valuation vector. As before, this single number (the value for winning), is
private to the player, and here this is the only private information of the player. The public project



domain discussed above is an example to a single-dimensional domain: the losing alternative is the
rejection of the project, and the winning alternative is the acceptance of the project.

A major drawback of the VCG mechanism, in general, and with respect to the public project
domain in particular, is the fact that the sum of payments is not balanced (a broader discussion
on this is given in section 8 below). In particular, the payments for the public project domain may
not cover the entire cost of the project. Is there a different mechanism that always covers the entire
cost? The positive answer that we shall soon see crucially depends on the fact that the domain is
single-dimensional, and this turns out to be true for many other problem domains as well.

The following mechanism for the public project problem assumes that the designer can decide
not only if the project will be built, but also which players will be allowed to use it. Thus, we now
have many possible alternatives, that correspond to the different subsets of players that will be
allowed to utilize the project. This is still a single-dimensional domain, as each player only cares
about whether she is losing or winning, and so the alternatives, from the point of view of a specific
player, can be divided to the two winning/losing subsets. The following cost-sharing mechanism
was proposed by Moulin [20] in a general cost-sharing framework. The mechanism is a direct-
revelation mechanism, where each player, 4, first submits her winning value, v;. The mechanism
then continues in rounds, where in the first round all players are present, and in each round one
or more players are declared losers and retire. Suppose that in a certain round x players remain.
If all remaining players have v; > C/x then they are declared winners, and each one pays C/x.
Otherwise, all players with v; < C'/z are declared losers, and “walk out”, and the process repeats.
If no players remain then the project is rejected.

Clearly, the cost sharing mechanism always recovers the cost of the project, if it is indeed
accepted. But is it truthful? One can analyze it directly, to show that indeed the dominant
strategy of each player is to declare her true winning value. Perhaps a better way is to understand
a characterization of truthfulness for the general abstract setting of a single-dimensional domain.
For simplicity, we will assume that we require mechanisms to be “normalized”, i.e. that a losing
player will pay exactly zero to the mechanism. Now, a mechanism is said to be “value-monotone”
if a winner that increases her value will always remain a winner. More formally, for all v; € V; and
v_; € V_;, if i is a winner in the declaration (v;,v_;) then ¢ is a winner in the declaration (v}, v_;),
for all v; > v;. Note that a value-monotone mechanism casts a “threshold value” function v} (v_;)
such that, for every v_;, player ¢ wins when declaring v; > v}(v_;), and looses when declaring
v; < v (v—;). Quite interestingly, this structure completely characterizes incentive compatibility in
single-dimensional domains:

Theorem 7 A normalized direct-revelation mechanism for a single-dimensional domain is truthful
if and only if it is value monotone and the price of a winning player is v} (v_;).

PROOF: The first observation is that the price of a winner cannot depend on her declaration, v;
(only on the fact that she wins, and on the declaration of the other players). Otherwise, if it can
depend on her declaration, then there are two possible bids v; and v} such that ¢ wins with both
bids and pays p; and p), where p, < p;. But then if the true value of ¢ is v; then bidding v instead
of v; will increase 4’s utility, contradicting truthfulness.

We now show that a truthful mechanism must be value-monotone. Assume by contradiction
that a declaration of (v;,v_;) will cause i to win, but a declaration of (v}, v_;) will cause i to lose,
for some v, > v;. Suppose that i pays p; for winning (when the others declare v_;). Since we
assume a normalized mechanism, truthfulness implies that p; < v;. But then when the true type



of a player is v}, her utility from declaring the truth will be zero (she loses), and she can increase
her utility by declaring v;, which will cause her to win and to pay p;, a contradiction.

Thus a truthful mechanism must be value-monotone, and there exists a threshold value v} (v_;).
To see that this defines p;, let us first check the case of p; < v}(v_;). In this case, if the type of 4
is v; with p; < v; < v}(v_;), she will lose (by the definition of v}(v_;)), and by bidding some false
large enough v} she can win and get a positive utility of v; — p;. On the other hand, if p; > v} (v_;)
then with type v; such that p; > v; > v’ (v_;) a player will have negative utility of v; — p;) from
declaring the truth, and she can strictly increase it by losing, again a contradiction. Therefore it
must be that p; = v} (v_;).

To conclude, it only remains to show that a value-monotone mechanism with a price for a win-
ner p; = v;(v_;) is indeed truthful. Suppose first that with the truthful declaration ¢ wins. Then
v; > v (v—;) = p; and i has a positive utility. If she changes the declaration and remains a winner,
her price does not change, and if she becomes a loser her utility decreases to zero. Thus a winner
cannot increase her utility. Similarly, a loser can change her utility only by becoming a winner,
i.e. by declaring v} > v} (v_;) > v;, but since she will then pay v} (v_;) her utility will now decrease
to be negative. Thus a loser cannot increase her utility either, and the mechanism is therefore
truthful. W

This structure of truthful mechanisms is very powerful, and reduces the mechanism design
problem to the algorithmic problem of designing monotone social choice functions. Another strong
implication of this structure is the fact that the payments of a truthful mechanism are completely
derived from the social choice rule. Consequently, if two mechanisms always choose the same set of
winners and losers, then the revenues that they raise must also be equal. Myerson [21] was perhaps
the first to observe that, in the context of auctions, and named this the “revenue equivalence”
theorem.

As a result of this characterization, one can easily verify that the above mentioned cost-sharing
mechanism is indeed truthful. It is not hard to check that the two conditions of the theorem
hold, and therefore its truthfulness is concluded. This is just one example to the usefulness of the
characterization.

7.2 Multi-dimensional domains

In the more general case, when the domain is multi-dimensional, the simple characterization from
above does not fit, but it turns out that there exists a nice generalization. We describe two
properties, cyclic monotonicity (Rochet [26]) and weak monotonicity (Bikhchandani et. al. [7]),
that achieve that. The exposition here also relies on [14]. It will be convenient to use the abstract
social choice setting described above: there is a finite set A of alternatives, and each player has
a type (valuation function) v : A — R that assigns a real number to every possible alternative.
vi(a) should be interpreted as i’s value for alternative a. The valuation function v;(-) belongs to
the domain V; of all possible valuation functions.

Our goal is to implement in dominant strategies the social choice function f: Vi x---xV,, — A.
As before, it is not hard to verify that the required price function of a player ¢ may depend on her
declaration only through the choice of the alternative, i.e. that it takes the form p; : V_; x A — R,
for every player i. For truthfulness, these prices should satisfy the following property. Fix any
v_; € V_;, and any v;, v} € V;. Suppose that f(v;,v_;) = a and f(v,v_;) = b. Then it is the case
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that:
vi(a) — pi(a,v_;) > v;(b) — pi(b,v_;) (1)

In other words, player i’s utility from declaring his true v; is no less than his utility from declaring
some lie, v}, no matter what the other players declare. Given a social choice function f, the
underlying question is what conditions should it satisfy to guarantee the existence of such prices.

Fix a player ¢, and fix the declarations of the others to v_;. Let us assume, without loss of
generality, that f is onto A (or, alternatively, define A’ to be the range of f(-,v_;), and replace A
with A’ for the discussion below). Since the prices of Eq. 1 now become constant, we simply seek
an assignment to the variables {pg}qeea such that v;(a) — v;(b) > ps — pp for every a,b € A and
v; € V; with f(v;,v—;) = a. This motivates the following definition:

dap = inf{vi(a) —v;(b) | vi € Vi, f(vi,v—y) = a} (2)

With this we can rephrase the above assignment problem, as follows. We seek an assignment to
the variables {p,}sca that satisfies:

Pa — Db S 5a,b Va, be A (3)

By adding the two inequalities pq, — py < 045 and py — py < 4 We get that a necessary condition
to the existence of such prices is the inequality 0,5 + 9y, > 0. Note that this inequality is com-
pletely determined by the social choice function. This condition is termed the non-negative 2-cycle
requirement. Similarly, for any & distinct alternatives ap,...ax we have the inequalities

Pay — Pas S 5(11,(12
Paj_1 = Pay, < 5%717%
Paj, = Pay = 5%411

and we get that any k — cycle must be non-negative, i.e. that Zle da;,
It turns out that this is also a sufficient condition:

aip1 = 0, where agy1 = ay.

Theorem 8 There exists a feasible assignment to 3 if and only if there are no negative-length
cycles.

One constructive way to prove this is by looking at the “allocation graph”: this is a directed
weighted graph G = (V| F) where V = A and £ = A x A, and an edge a — b (for any a,b € A) has
weight d,p. A standard basic result of graph theory states that there exists a feasible assignment
to 3 if and only if the allocation graph has no negative-length cycles. Furthermore, if all cycles are
non-negative, the feasible assignment is as follows: set p, to the length of the shortest path from «a
to some arbitrary fixed node a* € A.

With the above theorem, we can easily state a condition for implementability:

Definition 4 (Cycle monotonicity) A social choice function f satisfies cycle monotonicity if
for every player i, v_; € V_;, some integer k < |A|, and v},...,v¥ € V,

v/ (az) —v!(aj1)] > 0

k
=1

J

J

where aj = f(v],v—;) for 1 < j <k, and ag41 = ai.
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Theorem 9 f satisfies cycle monotonicity if and only if there are no negative cycles.

Corollary 1 A social choice function f is dominant-strategqy implementable if and only if it satisfies
cycle monotonicity.

This interesting structure implies, as another corollary, the fact that the prices are uniquely
determined by the social choice function, for every connected domain (this was discussed above for
the special case of single-dimensional domains). Very briefly, from the above, it follows that any
two alternatives with 04y + dpq = 0 have p, — pp = dab = —dp,. Thus, determining the price of one
alternative completely determines the price of the second alternative. A short argument that we
omit shows that the connectedness of the domain implies that for any two alternatives a and b,
there’s a path ay, ..., ap (with a1 = a and ay = b) such that d4; 4,,, +0a;,,,0; = 0 for every 1 <i < k.
Thus, fixing the price of one alternative completely determines the prices of all other alternatives.
In particular, if there exists one alternative whose price is normalized to be (always) zero, then all
other prices have also been completely determined by the d,5’s weights (who in turn are completely
determined by the function f).

Cycle monotonicity satisfies our motivating goal: a condition on f that involves only the prop-
erties of f, without existential price qualifiers. However, it is quite complex. k could be large, and
a “shorter” condition would have been nicer. “Weak monotonicity” (W-MON) is exactly that:

Definition 5 (Weak monotonicity) A social choice function f satisfies W-MON if for every
player i, every v_;, and every v;,v; € V; with f(vi,v_;) = a and f(vj,v_;) = b, vi(b) — v;(b) >
vi(a) —vi(a),

In other words, if the outcome changes from a to b when ¢ changes her type from v; to v} then i’s
value for b has increased at least as i’s value for a in the transition v; to v;. W-MON is equivalent to
cycle monotonicity with k& = 2, or, alternatively, to the requirement of no negative 2-cycles. Hence
it is necessary for truthfulness. As it turns out, it is also a sufficient condition on many domains.
Very recently, Monderer [19] shows that weak monotonicity must imply cycle monotonicity if and
only if the closure of the domain of valuations is convex. Thus, for such domains, it is enough to
look at the more simple condition of weak monotonicity.

7.2.1 The implementability of non-welfare-maximizing social goals

Now that the conditions for implementability are completely understood, it should be asked what
forms of social choice functions satisfy them. We already saw that the welfare-maximizer function
satisfies them, for any domain, and we ask what other implementable functions exist? For the single-
dimensional case, we saw another example of a truthful mechanism, and the literature contains many
more. For the multi-dimensional case, “interesting” examples are more rare, and a beautiful result
by Roberts [25] shows that when the domain has full dimensionality then only weighted welfare
maximizers are implementable. In other words, weak monotonicity implies welfare maximization.
More precisely, a function f is an “affine maximizer” if there exist weights ki, ..., k, and {Cy},ca
such that, for all v € V,
F(v) € argmax, 4 { Siykivi(a) + Oy }

Roberts [25] shows that, if |A| > 3 and V; = R for all 4, then f is dominant-strategy implementable
if and only if it is an affine maximizer.
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However, most interesting domains are restricted in some meaningful way, and for this wide
intermediary range of domains the current knowledge is rather scarce. One impossibility result that
extends the result of Roberts to a restricted multi-dimensional case is given by Lavi et. al. [16],
who study multi-item auctions. In a multi-item auction, one seller (the mechanism designer) wants
to allocate items to players (i.e. an alternative is an allocation of the items to the players). [16]
show that every social choice function for multi-item auctions, that additionally satisfy four other
social choice properties, must be an affine maximizer.

Before concluding the discussion on dominant-strategy implementation, we demonstrate the
necessity for non-welfare-maximizers by considering the following “scheduling domain”. A designer
wishes to assign n tasks/jobs to m workers, where worker ¢ needs ¢;; time units to complete job
taskj, and incurs a cost of ¢;; for its processing time (one dollar per time unit). Importantly, this
cost is private information of the worker, and workers are assumed to be strategic, each one selfishly
trying to minimize its own cost. The load of worker ¢ is the sum of costs of the jobs assigned to
her, and the maximal load over all workers (in a given schedule) is termed the “makespan” of the
schedule. The welfare maximizing social goal would put each task on the most efficient worker (for
that task), which may result in a very high makespan. For example, consider a setting with two
workers and n tasks. The first worker incurs a cost of 1 for every task, and the second worker
incurs a cost of 1 + € for every task. The social welfare is the minus of the sum of the costs of the
two workers, and the VCG mechanism will therefore assign all tasks to the first worker. This is a
very highly unbalanced allocation, which takes twice the time that the workers optimally need in
order to finish all tasks (roughly splitting the work among them).

Thus one may wish to consider a social goal different from welfare maximization, namely
makespan minimization. This goal aims to construct a balanced allocation, in order to minimize
the completion time of the last task. Such an allocation can also be viewed as being a more “fair”
allocation, in the sense of Rawls’ max-min fairness criteria. Due to the strategic nature of the
workers, we wish to design a truthful mechanism. While VCG is truthful, its outcome may be far
from optimal, as demonstrated above. Nisan and Ronen [23], who have first studied this problem in
the context of mechanism design, observed that VCG provides only an “m-approximation” to the
optimal makespan, meaning that VCG may sometimes produce a makespan that is m times larger
than the optimal makespan. More importantly, they have shown that no truthful deterministic
mechanism can obtain an approximation ratio better than 2. To date, the question of closing this
gap between m and 2 remains open.

Archer and Tardos [1], on the other hand, considered a natural restriction of this domain,
that makes it single-dimensional, and showed with this they can construct many possibilities (for
example, a truthful optimal mechanism). Thus, here too we see the contrast between single-
dimensionality and multi-dimensionality. Lavi and Swamy [17] suggest a multi-dimensional special
case, and give a truthful 2-approximation for the special case where the processing time of each
job is known to be either “low” or “high”. This special case keeps the multi-dimensionality of
the domain. The construction of this result do not rely on explicit prices, but rather use the
cycle-monotonicity condition described above, to construct a monotone allocation rule.

8 Budget Balancedness and Bayesian Mechanism Design

The previous sections portray a concrete picture of the advantages and the disadvantages of the
solution concept of truthfulness in dominant strategies. On the one hand, this is a strong and
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convincing concept, which admits many positive results. However, there are several problems to all
these results, that cannot be solved by a truthful mechanism. Among these, the budget-imbalance
problem was briefly mentioned, and this section looks again at this problem, as a motivation to the
definition of the Bayesian-Nash solution concept.

To recall the budget-imbalance problem of the VCG mechanism, let us consider a specific input
to the Clarke mechanism from section 6: suppose the cost of the project is $100, and there are 102
players, each values the project by $1. It is a simple exercise to check that the Clarke mechanism will
indeed choose to perform the project, and that each player will pay a price of zero (since the project
would have been conducted even if a single player is removed). Thus, the mechanism designer does
not cover the project’s cost. As described above, this problem, for this specific domain, can be
fixed by considering the cost sharing mechanism discussed in section 7. However, this mechanism
may sometimes choose not to perform the project although the society as a whole will benefit from
performing it (i.e. it is not “socially efficient”), and, even more importantly, it is a solution only
for the concrete domain of a public project. Is there a general mechanism (in the sense that VCG
is general) that is both socially efficient and budget-balanced? In this section we describe such
a mechanism, that was independently discovered by d’Aspremont and Ge’rard-Varet [10] and by
Arrow [2]. Its incentive compatibility will not be in dominant strategies. Instead, it is assumed that
player types are drawn i.i.d. from some fixed and known cumulative distribution function F' (the
assumption that the types are drawn from the same distribution is not important, and is made here
only for the ease of notation; the assumption that types are not correlated is important and cannot
be removed in general). The solution concept of a Bayesian-Nash equilibrium is a natural extension
of the regular Nash equilibrium concept, for a setting in which the distribution F' is known to all
players (this is termed the “common-prior” assumption), and where players aim to maximize the
expectation of their quasi-linear utility.

Definition 6 A direct mechanism M = (f,p) is Bayesian incentive compatible if for every player
i, and for every v;,v; € V;,

Ey_[oi(f(vi,v-4)) — pi(vi,v-3)] > Ey_, [0i(f (v}, v-4)) — pi(vf, v—)]

In other words, Bayesian incentive compatibility requires that a player will maximize her expected
utility by declaring her true type. An alternative formulation is that truthfulness in a Bayesian
incentive compatible mechanism should be a “Bayesian-Nash equilibrium” (where the formal equi-
librium definition naturally follows the above definition). This is an “ex-interim” equilibrium: the
type of the player is already known to her, and the averaging is over the types of the others.
A weaker equilibrium notion would be an “ex-ante” notion, where the player should decide on a
strategy before knowing her own type, and so the averaging is done over her own types as well.
A stronger notion would be an “ex-post” notion, where no-averaging is done at all, and the above
inequality is required for every realization of the types of the other players. It can be shown that
this stronger ex-post condition is equivalent to the requirement of dominant-strategy incentive com-
patibility. As a Bayesian-Nash equilibrium only considers the average over all possible realizations,
it is clearly a weaker requirement than dominant-strategy implementability.

We will demonstrate the usefulness of this weaker notion by describing a general mechanism that
is both ex-post socially efficient and ex-post budget balanced, and is Bayesian incentive-compatible.
Define,

zi(v;) = Ev,i[z v; (f (Vi v—;))]
J#i
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The “budget-balanced” (BB) mechanism asks the players to report their types, and then chooses
the welfare-maximizing allocation according to the reported types (as VCG does). It then charges
some payment p;(v;,v_;) = —z;(v;) + hi(v—;), for some function h;(-) that will be chosen later on
in a specific way that balances the budget. But let us first verify that the mechanism is Bayesian
incentive compatible, regardless of the choice of the functions h;(-). Note that, for any realization
of v_;, we have that,

( Vi, U +ZUJ Uza z >U1( (Uz,‘vvfi))"i'zvj(f(vz V-

JFi JFi

as the mechanism chooses the maximal-welfare alternative for the given reports. Clearly, taking
the expectation on both sides will maintain the inequality. Therefore we get:

Ey_oi(f (vi,v-i)) = pi(vi, v4)] =

= By [oi(f(vi,v-i))] + Ev_ i[>0 05 (f (vi, vi))] +
Ey_[vi(f(vi,v=i))] + Eo_ 32205 (f (vi, v=))] +

= Ey_;[vi(f (vj, v-i)) — pi(vj, v-i)]

which proves Bayesian incentive compatibility. To balance the budget, consider the specific func-
tion, hi(v_;) = -1 >_j+i%j(vj). Notice that the term w; (v]) appears (n — 1) times in the sum
S°%  hi(v_;) for any j = 1,...,n. Therefore Y7 | h;(v_;) = -1+ doioi(n = Dxj(vy) = D70 @i(vi).
To conclude, we have > 0 | pi(vi,v_;) = Y iy hi(v—;) = > xi(v;) = 0, and the budget balanced-
ness follows.

It is worth noting that such an exercise cannot be employed for the VCG mechanism, as there
the “parallel” x;(-) term should depend on the entire vector of declarations, not only on ¢’s own
declarations. This is the exact point where the averaging of the others’ valuations is crucial.

In addition to the difference in the solution concept, one other important advantage of VCG, in
comparison with the BB mechanism, is the fact that VCG (with the Clarke payments) is ex-post
“individually rational”: if a player declares her true valuation, it is guaranteed that she will not pay
more than her value, no matter what the others will declare. Here, on the contrary, there is no reason
why this should be true, in general. Can the solution concept of Bayesian incentive compatibility be
used to construct a general budget-balanced and individually rational mechanism? In an important
and influencing result, Myerson and Satterthwaite [22] have shown that this is impossible: there
is no general mechanism that satisfies the four properties (1) Bayesian incentive compatibility, (2)
budget balancedness, (3) individual rationality, and (4) social efficiency. The proof uses a simple,
natural exchange setting, where two traders (one buyer and one seller) wish to exchange an item.
The seller has a cost ¢ of producing the item, and the buyer obtains a value v from receiving it.
Myerson and Satterthwaite show that there is no Bayesian incentive compatible mechanism that
decides to perform the exchange if and only if v > ¢, such that Bayesian incentive compatibility
and individual rationality are maintained, and the price that the buyer pays exactly equals the
payment that the seller gets. In particular, VCG violates this last property, while BB satisfies it,
but violates individual rationality (i.e. for some realizations of the values, a buyer may pay more
than her value, or the seller may get less than her cost).

Besides this disadvantage of the BB mechanism, there are also additional disadvantages that
result from the underlying assumptions of the solution concept itself. In particular, Bayesian in-
centive compatibility entails two strong assumptions about the characteristics of the players. First,

i[hi(v=3)]

+E
+ By [hi(v-i)]
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it assumes that players are risk-neutral, i.e. care only about maximizing the expectation of their
profit (value minus price). Thus, when players dislike risk, for example, and prefer to decrease the
variance of the outcome, even on the expense of lowering the achieved expected profit, the rational
of the Bayesian-Nash equilibrium concept breaks down. Second, the assumption of a common-
prior, i.e. that all players agree on the same underlying distribution, seems strong and somewhat
unrealistic. Often, players have different estimations about the underlying statistical characteristics
of the environment, and this concept does not handle this well. Note that the solution concept
of dominant-strategies does not suffer from any of these problems, which strengthens even more
its importance. Unfortunately, the classical economics literature mainly ignores these disadvan-
tages and problems. A well-known exception is the critique known as Wilson’s critique [29], who
raises the above mentioned problems, and argues in favor of “detail-free” mechanisms. Recently,
this critique gained more popularity, and detail-free solution concepts are re-examined. For some
examples, see [6, 11, 5].

9 Interdependent Valuations

Up to now, this entry described “private value” models, i.e. models where the valuation (or the
preference relation) of a player does not depend on the types of the other players. There are
many settings in which this assumption is unrealistic, and a more suitable assumption is that the
valuation of a specific player is affected by the valuations of the other players. This last statement
may entail two interpretations. The first is that the distribution over the valuations of a specific
player is correlated with the distribution over the valuations of the other players, and, thus, knowing
a player’s actual valuation gives partial knowledge about the valuations of the other players. This
first interpretation is still termed a private value model (but with correlated values instead of
independent values), since after the player becomes aware to the actual realization of her valuation,
she completely and fully knows her values for the different outcomes.

In contrast, with interdependent valuations, the actual valuation of a player depends on the
actual valuations of the other players. Thus, a player does not fully know her own valuation. She
only partially knows it, and can determine her full valuation only if given the others’ valuations
as well. A classic example is a setting where a seller sells an oil field. The oil, of-course, is not
seen on the ground surface, and the only way to exactly determine how much oil is there (and, by
this, determine the actual worth of the field) is to extract it. Before buying the field, though, the
potential buyers are only allowed to make preliminary tests, and by this to determine an estimation
to the value of the field, which is not completely accurate. If all the buyers that are interested in
the field have the same technical capabilities, it seems reasonable to assume that the true value of
the field is the average over all the estimations obtained by the different oil companies. Intuitively,
a player that participates in an auction mechanism that determines who will buy the field, and at
what price, has to act somehow as if she knows the value of the field, although she doesn’t. Clearly,
this creates different complications. Such a model is very natural in auction settings, and indeed
the entry on auctions handles the subject of interdependent valuations more broadly. Since this
issue is also very relevant to general mechanism design theory, we describe here one specific, rather
general result for mechanisms with interdependent valuations, to exemplify the definitions and the
techniques being employed.

In the formal model of interdependent valuations, player ¢ receives a signal s; € S;, which may
be multi-dimensional. Her valuation for a specific alternative a € A is a function of the signals
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51,0 8p, 1€ v 1 A X S1 x -+ x S, — R. The case where v;(a, 51, ..., 5n) = vj(a, s, ..., sp) for all
players ¢, j and all a, s1, ..., S, is termed the “common value” case, as the actual values of all players
are identical, and only their signals are different (as in the oil field example). The other extreme
is when ¢’s valuation depends only on i’s signal, i.e. v;(a, $1, ..., $p) = vi(a, s;), which is a return to
the private value case. The entire range in general is termed the case of interdependent valuations.
All the results described in the previous sections fail when we move to interdependent valuations.
For example, in the VCG mechanism, a player is required to report her valuation function, which is
not fully known to her in the interdependent valuation case. It turns out that the straight-forward
modification of reporting the players’ signals does not maintain the truthfulness property, and, in
fact, some strong impossibilities exist (Jehiel et. al. [15]). However, interdependent valuations may
also enable possibilities, and the classic result of Cremer and McLean [9] will be described here to
exemplify this. This result shows how to use the interdependencies in order to increase the revenue
of the mechanism designer, so that the entire surplus of the players can be extracted.

[9] study an auction setting where there is one item for sale. n bidders have interdependent
values for the item, and it is assumed that the signal that each player receives is single-dimensional,
i.e. each player receives a single real number as her signal. The valuation functions are assumed
to be known to the mechanism designer, so that the only private information of the players are
their signals. It is also assumed that the valuation functions are monotonically non-decreasing in
the signals. For simplicity, it is assumed here that the signal space is discretisized to be S; =
{0, A,2A,...}. The last (and crucial) assumption is that the valuation functions satisfy the “single-
crossing” property: if v;(s;, s—;) > v;(s;, s—;) then vi(s; + A, s_;) > v;(s; + A, s—;). This says that
i’s signal affects ¢’s own value (weakly) more than it affects the value of any other player. This
last assumption is strong, but in some sense necessary, as it is possible to construct interdependent
valuation functions (that violate single-crossing) for which no truthful mechanism can be efficient
(i.e. allocate the item to the player with the highest value).

Consider the following CM mechanism for this problem: each player reports her signal, and
the player with the highest value (note that this may be different than the player with the highest
signal) receives the object. In order to determine her payment, define the “threshold signal” T;(s_;)
of any player i to be the minimal signal that will enable her to win (given the signals of the other
players), i.e. T;(s—;) = min{5; € S; | v;(5;,5—;) > max;.;v;j(5;,5—;) }. The payment of the winner,
i, is her value if her signal was T;(s_;), i.e. Pi(s—;) = v;(T;(s—;),s_;). Clearly, if all players report
their true signals, then the player with the highest value receives the item. Truthful reporting is
also an ex-post Nash equilibrium, which means the following: if all other players report the true
signal (no matter what that is) then it is a best response for i to report her true signal as well.

To verify that truthfulness is indeed an ex-post Nash equilibrium, notice first that each player
has a price for winning which does not depend on her declaration. Now, truthful reporting will
ensure winning (given that the others are truthful as well) if and only if the true value of the player
is higher than her price (i.e. iff winning will yield a positive utility). Thus, when a player “wants
to win”, truthful reporting will do that, and when a player “wants to lose”, truthful reporting will
do that as well, and so truthfulness will always maximize the player’s utility.

The notion of an ex-post equilibrium is stronger than Bayesian-Nash equilibrium, since, here,
even after the signals are revealed no player regrets her declaration (while in Bayesian-Nash equi-
librium, since only the expected utility is maximized, there are some realizations for which a player
can deviate and gain). On the other hand, ex-post equilibrium is weaker than dominant strategies,
in which truthfulness is the best strategy no matter what the others choose to declare, while here
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truthfulness is a best response only if the others are truthful as well.

As seen above, both for the VCG mechanism as well as for the BB mechanism, adding a
“constant” to the prices (i.e. setting P;(s_;) = P;+hi(s_;)) maintains the strategic properties of the
mechanism, since the function h;(-) does not depend on the declaration of player i. The correlation
in the values can help the mechanism designer to extract more payments from the players, as follows.
Consider the matrix that describes the conditional probability for a specific tuple of signals of the
other players, given i’s own signal. There is a row for every signal s; of i, a column for every
tuple of signals s_; of the other players, and the cell (s;,s_;) contains the conditional probability
Pr(s_;|s;). In the private value case, the signals of the players are not correlated, hence the matrix
has rank one (all rows are identical). As the correlation between the signals “increases”, the rank
increases, and we consider here the case when the matrix has full row rank. Let ¢;(s;,s—;) be an
indicator to the event that i is the winner when the signals are (s;,s—;). The expected surplus
of player i in the CM mechanism is U (s;) = >_, = Pr(s—ilsi) - (¢i(si,5-i) - vi(si, 5-1)) — Pi(5-i))-
(P;(s—;) is defined to be zero whenever i is not a winner). Now find “constants” h;(s_;) such that,
for every s;, >, hi(s—i) - Pr(s—|si) = U/(si). Note that such an h;(-) function exists: we have
a system of linear equations, where the variables are the function values h;(s_;) for all possible
tuples s_;, and the qualifiers are the probabilities and the expected surplus. Since the matrix of
qualifies has full row rank, a solution exists. It is now not hard to verify that, with prices 151-(~), the
expected utility of a truthful player is zero.

As mentioned above, truthfulness is still an ex-post equilibrium of this mechanism. It is not ex-
post individually rational, though, but rather only ex-ante, since a player pays her expected surplus
even if the actual signals cause her to lose. Thus this mechanism can be considered a fair lottery.
Also note that the crucial property was the correlation between the values, the interdependence
assumption was not important.

10 Future Directions

As surveyed here, the last three decades have seen the theory of mechanism design being developed
in many different directions. The common thread of all settings is the requirement to implement
some social goal in the presence of incomplete information — the social designer does not know the
players’ preferences for the different outcomes. We have seen several alternative assumptions about
the structure of players’ preferences, the different equilibria solution concepts that are suitable
for the different cases, and several positive examples for elegant solutions. We have also discussed
some impossibilities, demonstrating that some attractive definitions may turn out almost powerless.
One relatively new research direction in mechanism design is the analysis of new models for the
emerging Internet economy, and the development of new alternative solution concepts that better
suit this setting. A very recent example is the new model of “dynamic mechanism design”, where
the parameters of the problem (e.g. the number of players, or their types) vary over time. Such
settings become more and more important as the economic environment becomes more dynamic,
for example due to the growing importance of the electronic markets. Examples for such models
include e.g. the works by Lavi and Nisan [18] in the context of computer science models, and by
Athey and Segal [4] in a more classical economic context, among many other works that study such
dynamic settings.

The Internet environment also strengthens the question marks posed on the solution concept of
Bayesian incentive compatibility, which was the most common solution concept in mechanism design
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literature in the 80’s and throughout the 90’s, due to the accompanying assumption of a common
prior. Such an assumption seems problematic in general, and in particular in an environment like
the Internet, that brings together players from many different parts of the world. It seems that the
research community agrees more and more that alternative, detail-free solution concepts should be
sought. The description of more recently new solution concepts is beyond the scope of this entry,
and the interested reader is referred e.g. to the papers by [11, 6, 5] for some recent examples.

Another aspect of mechanism design that is largely ignored in the classic research is the com-
putational feasibility of the mechanisms being suggested. This question is not just a technicality
— some classic mechanisms imply heavy computational and communicational requirements that
scale exponentially as the number of players increase, making them completely infeasible for even
moderate numbers of players. The computer science community has begun looking at the design
of computationally-efficient mechanisms, and the recent book by Nisan et. al. [24] contains several
surveys on the subject.
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