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ABSTRACT

We study the problem of distributively traversing di-
rected networks, and constructing directed spanning
trees. New lower bound on the message complexity is
given. Then we present an algorithm whose message
complexity approaches that lower bound in some im-
portant cases. In the worst case this message complexity
is not worse than that of the known algorithm. Such an
algorithm is important for solving many problems in di-
rected networks. Among others are leader election (i.e.
mutual exclusion), and performing a broadcast, either
with or without acknowledgements. Such an algorithm
is also needed in radio networks in order to coordinate
transmissions.

Our algorithm also constructs two spanning trees.
The first consists of routes from the traversal initiating
node to all other nodes. The other spanning trce consists
of routes from all nodes to the traversal initialing node.
Such trees are needed for efficient routing in dirccted
networks, and thus are a basic communication tool in
communication networks. FExcept for their usage for
routing users’ mail, they can be used by distributed al-
gorithms and network’s managing programs. For exam-
ple- some papers which deal with the dectection of
distributed termination, assume (but do not construct) the
existence of some mechanism to collect information in
directed networks. Using our trees. such a mechanism
becomes straightforward.

The traversal algorithm is constructed in a systematic
way, step by step, starting from a very simple algorithm
to traverse directed rings. The algorithm is developed by
going on changing the assumptions on the graph, and
changing the algorithm as a result.

1. INTRODUCTION

Consider the graph theorclic problem of traversing
with no map a city of one way streets. In terms of dis-
tributed algorithms consider a network with processors
connected only by unidirectional links. A token is gen-
erated hy one node, and it is requircd to route that token
on a path which includes all the network’s edges. Sub-
section 1.1 gives the formal model and problem defi-
nition. Subsection 1.2 gives motivations, describes the
results of this paper and previous results, and outlines the

rest of the paper.

1.1 Formal Model and Problem Definition

‘The network is viewed as a directed graph G(V,E)
where [}l = n and |E] = m. The graph’s nodes represent
the network’s processors and a dirccted edge represents
an unidircctional link. Ncither n nor m are known to any
processor. T'ach node has a unique identity (denoted id)
known only to itself. Fach processor knows the lines
connected to itself and their directions, (but not the
identitics of its ncighbors).

Fvery processor executes a copy of the algorithm
presented in this paper. The algorithm executed by a
node, v, includes operations of (1) sending a message
over an ecdge directed out from v; (2) receiving a message
over an cdge directed to v and (3) processing informa-
tion in v's (local) memory. We assume that the messages
on each line arrive in a finite time, with no error, and are
kept until processed. TFach message contains O (log
maximum id). The complexity measurc is the number of
messages required.

A distributed algorithm A is covering on a class T of
graphs if for every graph G = (V,F) in T, and for every
execution of 4 on G, a message is sent over every edge
in F during this execution.

A rooted execution of an algorithm A is an execution
in which exactly one node was awakened spontaneously.
An algorithm A is serial if in every rooted execution of
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We develop the algorithm step by step, starting from
the very simple algorithm to traverse the simplest family
of strongly connected directed graphs: directed simple
cycles (i.e. rings). We argue that it is correct (but without
a completely formal proof). Next we start to revise the
algorithm to adapt it to more general types of graphs.
We moltivate each change, then we make the change
taking care s.t. the arguments for the correctness of the
previous step need only slight changes.

3.1 Traversing Directed Rings and 8-like Graphs
Ommitted.

3.2 Traversing Directed FEuler Graphs

An Euler graph consists of one or more edges disjoint
cycles. When there are more than one cycle, each cycle
is connected to some other cycles via nodes they share.
We have seen that when the algorithm to traverse a cycle
ends, it is known whether there are edges not on this cy-
cle. We change the algorithm such that, when such an
edge is encountered during retraversal of the first cycle
C, , the retraversal is postponed, and the algorithm is
recursively applied to the unused edge. Call the cycle
which is now discovered C,.

Definition: If the traversing of cycle C, started during the
retraversal of cycle C, then call cycle C, a descendant of
cycle C;, and C, an ancestor of C,. The descendants of
cycle C,; are also descendants of cycle Cj, and cycle C,
also their ancestor. The relations between the cycles thus
form a tree, the root of which is the first cycle. The leaves
of this tree are the cycles in the retraversal of which no
new cycle was discovered. (They have no descendants.)
See Fig. 2.

Consider a cycle, C, ', which is a a leaf in the cycles
tree. Assume that the traversal of cycle C, had started in
node 1, during the retraversal of some cycle, C;. Scc
Fig 2. Clearly the retraversal of cycle C, is never post-
poned and ends in node 1, Thus the retraversal of cycle
C;, which had been postponed in node u, , can be re-
sumed.

Remove from the graph any leaf cycle and the same
argument can be applied to cycles which has no de-
scendants in the new graph. Thus, eventually C, is
(recursively) traversed and retraversed. At that time the
token is again at node u,. Thus the postponed retraversal
of C, can be resumed. When the retraversal of the first
cycle is completed, the retraversal of all the graph is
completed. To summarize:

Algorithm 1 (for the token):
Traverse a cycle starting from some edge.
Retraverse the last cycle
Whenever during retraversal you encounter
an unused edge do
postpone the retraversal.
. Activate the algorithm recursively
for the unused edge.

When the recursive activation terminates,
resume the postponed retraversal.

The following arguments arc both the properties of
the algorithm, and the sketch for the proof of correctness.
Argument 1: The traversal of a cycle always ends in the
node from which it has started. Thus when the traversal
of a cycle ends, the retraversal of the cycle can start.
Argument 2: An unused cdge discovered during the re-
traversal of a cycle causcs the traversal of a descendant
cycle.

Argument 3:  Eventually a cycle is retraversed, from
which no new unused edges will he discovered. Thus its
retraversal terminates.

Argument 4: When the retraversal of a cycle ends, the
token is again in the node from which the traversal of
that cycle has started.

Argument S: When a retraversal of a cycle ends the
postponed retraversal of its immediate ancestor can be
resumed (from the same node).

Argument 6: A cycle, all of which descendant are re-
traversed, its retraversal can also be completed.
Argument 7: The retraversat of descendant cycles will
always be completed before the retraversal of their an-
cestors will be completed.

Argumcnt 8 When the retraversal of a cycle ends, all its
descendants are retraversed.

Argument 9: Fvery cycle which is traversed will be re-
traversed.

Argument 10: No unused edge emanates from a node
on a fully retraversed cycle.

Argument 11: Eventually the first cycle will be fully re-
traversed. al that time every edge in the graph will al-
ready be retraversed.

3.3 Using Paths Instead of Cycles

The first step is to replace the cycles by general simple
paths (simple in edges). Clearly arguments 1, 4, and S do
not hold any more. This can be corrected by some sub-
routine which will bring the token from the end of a path
hackward 1o the node from which the path starts. This
change has the effect of creating virtual circuits, each
consists of a traversed path, and of a second path which
closes the cycle. Passing an edge to closc a cycle will not
be considéred a part of the traversal. For example, the
edge will not change its mark (used, unuscd, traversed).
It can be said that a duplicate of the cdge is created and
used (for the closing path), and this duplicate does not
belong to the graph to be traversed. Once we have in-
troduced the method to find the closing paths, the cor-
rectness of the algorithm will follow from the correctness
of the algorithm for the Fulerian casc. (Subslitute the
word "cycle” in the arguments, by the word "path”.) The
formal algorithm is ommitled.

3.4 Partitioning a Path to several Paths

Coming to implement algorithm 2, we note the fol-
lowing. When a traversal of a path ends, the edges which
belong to the closing path may still be unused. As we
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