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Values and Semivalues on Subspaces of Finite Games’

By D. Mondearer?

Abstract: It is proved that every value or semivalue on 2 linear symmetric subspace of finiie games
is the restriction to this subspace of a semivalue on the space of all finite garmes,

The theorem is proved for the space of all finite games on a fixed finite set of plavars, and for
the space of all games with a finite support on an infinite set of plavers (the universe of players).

Introduction

Let 7y be the space of all games in characteristic form on N = {1, 2, .., n}, and let
A be the subspace of Gy consisting of all additive games. A semivalue on Gy is
(following {21) an operatar ¢ : Gy =+ A p which is a linear symmetric positive projec-
tion on Ay . A value on Gy is an efficient semivalue. A complete characterization of
semivalues is given in [2]: An operator ¥ @ Gy > Ay is a semivalue iff there exist

i L 1 B
constants {pg -4 s.t.pg 0 forevery 0<k<<n—1, £ p =1 and:
k-0 oy PRk

go@y= Z pp Z SUDN-v(S)), vEGy, I<i<n. (*}
k=0 SCNNE

ISi=k

Moreover, the correspondence ¥ < (py Jezg is linear and 1-1.

1 This version is a revised version of Working Paper No 11286 of the Open University of Israel.
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As for values, there exists 2 unique value — the Shapley value, which is obtained

by letting py = ————1——7in {*). Given a single game v € (7, one may look for 2 concept
-1
k

of solution for ¥ which depends only on v, or on games very similar to v, or on games
generated by v and not on all the games in . Such an approach was already taken in
[3]. It is proved there that the potential axiom determines the Shapley value on the
set cosnsiting of v and all its subgames. In this paper we characterize values and semi-
values on the smaliest linear symmetric space which contains a given game or, more
generaily, on every Hnear symimetric subspace of Gy

The notions of values and semivalues on subspaces of ) are yvet to be defined,
No problem arises in the case of a subspace  containing 4. For such a subspace
these notions may be defined exactly as for . But when § D 4, the projection
axiom is meaningless. Of course, it has an apparently natural generalization: Yu = u,
uE QN Ay However, the concept of soiution this generalized projection axiom leads
to was found nonsatisfactory. Instead we suggest the Milnor axiom (see [4]): A player
can’t get more than its maximal marginal contribution or less than its minimal marginal
contribution. We define a semivalue on an arbitrary subspace of ¢y as a linear sym-
metric Milnor operator. We shall prove that if 0 D Ay then : 0 Ay is a linear
Milnor operator iff it is a linear positive projection, That is, our definition of a semi-
value coincides in this case with the natural one.

We shall also prove that linear Milnor operators have the extention property: a
linear Milnor operator on a subspace of Gy can be extended to a linear Milnor opera-
tor on &y, This result serves alsc in the proof of the main theorem of Chapter 1.
Every semivalue on a subspace of 5, can be extended to a semivaiue on G . This is
proved by a symmetrization process on the Milnor extentions of the given semivalue.
The main thecrem may be explained from another point of view: Let  : Gy ~ Ay
Be a semivalue. Let Oy = {vE€ Gy : Yo(¥) =v(NV)}. Obviously, for every 0 C O,
Y 1 @Ay is a value. By the main theorem, every value on a subspace of G is ob-
tained in this manner.

In Chapter 2 we interpret a finite game as a game with a finite support on an
infinite set of players {the universe of players) and prove our main theorem in this
context.

The definition of a Milnor operator, as well as the proof of the extention property,
are quite easy {one just has to use Zorn’s Lemma instead of an induction process). The
symmetrization process is, however, less trivial since the group of symmetries is an
infinite one. We overcome this difficulty by using compactness arguments.

H



Values and Semivalues on Subspaces of Finite Games 303

I Values and Semivalues on Subspaces of G

Let N¥={1,2,..,n} be the players’ set which will be fixed throughout this chapter.
Denote by G the space of all games in characteristic form on &, and denote by 4
the subspace of G consisting of all additive games. We will identify 4, with the n-
dimensional Euclidean space R", That is, for every u in R” and every S C N, u(S)=

2 u;. A game 0 € Gy is 2 monotomic game if v(S) < v(T) for every § C T'C N, For
ies

every M C G, M* will denote the set of all monotonic games in M. For every u and
vin Gy we will write u 2> v or v<u if u — vis a monotonic game. Clearly, for every A
and pin Ay, A2 piff A2 u (thatis, ; > ,u:: for every 1 <<i <\ n). For every 0 € Gy we
define 9* and v« in A, as follows:

v*(i) = max (0§ Vi)~ o8
STNN

()= min (SUN—-vS), 1<i<n
SCTN\I

That is ©*({) and p{) are the maximum marginal contributions of player i, respective-
ly. It is clear that 4, with its usual order is a complete lattice. That is, every non-
empty stbset of A, which is order bounded from above has a least upper bound
(l.w.b.} and every nonempty subset of 4, which is order bounded from below has a
greatest lower bound (g.lb.). Indeed, if ¢ # M C Ay is bounded from above then h =
Lub, (M) is the following additive game:

NEsup o, Isisa
neEM

By standard argurnents using properties of max, min, Lub, and gl.b., we have;

Lemma 1.1: Tetu and vbe in G and u € A, then
Lo v*2> 02> 0y
2. v*=glb. (AEAy Al

3. ve=lub. {A€4y A <]
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4, (~py=—2y and (0} =-0F

5. (oY =av* and (a0)s, a=0.

6. (wruy<p*+u® and (@t u)s 2 Vst s
ToopF=p= s

8. (w+pf=v*+u and (D+u)e =vst+u 0

The group of all symmetries of N will be denotes by Hp. For every 6 in Hy we define
a linear operator 85 : Gy ~» Gy as follows:

(040)(8) = v(8S), SCN and vEGy.

Clearly the following holds.

(9 *’U)* = 9*’0*
(12)

(9*@)* = G aVx.

A set M C Gy is a symmetric set if for every 8 € Hy and v EM, 8.0 EM We will
deal mainly with operators ¢ : ¢ -~ A4, where O is a linear symmetric subspace of
Gy . Recall that y is a positive operator if Yyv= 0 whenever v 2> Oand thatif 0 2 Ay
then y safisfies the projection axiom if Yy =y for every u € 4,

Definirion 1.3: let ( be a linear symmetric subspace of Gy s.t. @ D Ay and let ¢
@ Ay. ¥ is 2 semivalue if it is a linear, symmetric positive projection. ¥ is a value if
it is an efficient semivalue.

We now wish to extend the above definition to operators defined on subspaces of
Gy not necessarily containing 4 . For that matter we present:

Milnor axiom:

Uy = YOS DR,
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We remark that for linear operators the Milnor axiom is equivalent to both the upper
Milnor axiom (v < ¢*}and the lower Milnor axiom {(Yv = vy).

Lemma 1.4: Let W : = Ap be a linear operator, where (2 is a linear subspace of Gy
5.t. @ D Ay Then o satisfies the Milnor axiom iff 1/ is a positive projection.

Proof: Assume first that  satisfies the Milnor axiom. By Corollary 1.1 for every
uEAy.

U= S s u® =,

Therefore ¢ is a projection.

¥ is also positive, for if v &€ 0", then since 20 and 0 €4y, Lemma 1.1 yieids
that v 2 0. Thus by the Milnor axiom, Yo 2 vg 2 0. As for the converse:

Assume ¥ is positive prbjection and let v€ Q. By Lemma 1.1 o> vy. Therefore
by the positivity and projection axioms,

\Jf’(’) = i,D'v* = Ux.
Hence  satisfies the lower Milnor axiom and since  is linear, the result follows. [J
By Lemma 1 4 the following is a generalization of Definition 1.3:

Definition 1.5: Let Q be a linear symmetric subspace of Gy, andiet ¢ : @ — 4 n. Then:
Y is 4 sermivelue if it is linear, symmetric and satisfies the Milnor axiom.

W is a value if it is an efficient semivalue. O

In the following lemmas we deal with some extension properties of Milnot operators
defined on subspaces of Gy

Lemma 1.6: Let 0 be a linear subspace of Gy, and let  : - A be a linear operator
which satisfies the Milnor axiom. Then, ¥ can be extended to a linear positive projec-
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Proof: Define \I; tQ+ Ay > Ay as follows:

Yo+ p) = Yo+,

forpEQand u€4,.

In order to prove that @ is a well defined, linear positive projection it suffices to
prove that Yo+ p >0 whenever vE (), u €Ay and v+ u > 0. Indeed, if v+ > 0 then
v 2> —u. Thus by Lemma 1.1 vy 2 —. Hence,

\,{)'U = Dx = —i4,
which implies:
vt u<s0. i)

Lemma 1.7: 1et ) 2 A, be a linear subspace of Gy and let  : O — A be a linear
positive projection. Then i can be extended to a linear positive projection on Gy,

Proof: Obviously it suffices to prove that for every u € @, ¥ can be extended to a
linear positive projection on @ + ), where (u) is the linear space spanned by w.
Letu & Q. Define ¢ : Q +{u}— Ay as follows:

yf:(w +au) = yw + o,
where w € (, & is a real number and
A=lub. {yv:ve@andv<ul.

Since wx € and ux <u, the set {Yv:0<0 and v<u} is nonempty (it contains
Ylte = ux), and order bounded from avove by Jo* =u* Thus X is a well defined ele-
ment of Ay . (Recall that by Lemma 1.4 y satisfies the Milnor axiom.) Clearly 1,5 isa
linear projection and we have to prove that it is positive. Assume v + au > 0. If « >0

1 1

then u >_{“x- 9. Thus by the definition of A, A= ll)(”“"?)); which implies: Yo+ ad =0,
~ o

If <0, then ¥ <——o. Hence, for every win @ st.w<u, w< -;v. By the positive

1 1
of , yw < w(—&w). which yields that A < ‘P(“O“[’U)- Thus, yz+ad=0. O
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Theorem 1.8 {Main Theorem of Chapter 1): Every semivalue on a linear symmetric
supspace of G is the restriction to this subspace of some semivalue on Gpy.

Proof: Let . & — Ay be a simivalue, where ( is a linear symmetric subspace of G-
By Lemmas 1.6 and 1.7 ¢ can be extended toalinear positive projection ¢ : Gy = Ay
Define iy : Gy - Ay as follows:

1 -
b= T 0%'yf..

“n! GEH Ny
Clearly ¢4 is a semivalue on G and since ;5 is symmetric on Q, ¥, = gij =dong O

Corollary 1.9: Let ¢ : Q — Ay be a semivalue. Then there exist constants (pk)ﬁ;ﬁ s.t.
n—k

i ): 1, and for every v& Q and every

Nt
pp =0 for every 0<k<n—1, 2 pk(
k=0 A
[EN,

a1
vo)= T pp T (@SUDH-u(S)).
k=0 SC N\
[81=k

Proof: Combine Theorem 1.8 with the result of [2] mentioned in the introduction. [J

2 Games on the Universe of Players

Qur terminology will be similar to the one given in [1}and in [2]. Let U be an infinite
set of players (the universe of players). A set function v:2Y =R is monotonic if
v(S)< o(T) forall § € TC U. A game on Us a set function v : 2Y — R with v{(¢}) = 0,
which ig the difference of two monotonic set functions. The linear space of all games is
denoted by B¥{U). The space of all additive games in BV(U) is denoted by FA(U). For
every M C BV(U), M™ will denote the set of all monotonic games in M, and M will
denote the set of all # €M™ for which v{(I/) = 1. For every vE€BV(U) and TC U we
define v(S)=v(SNT), SCU A set TC U is a support of a game ¢ if v=vp, Let
M BV(U). The set of all vin M for which v =27 is dencted by My. A game vis a
finite game if it has a finite support. The space of all finite games is denoted by G, and
the space of all finite additive games is denoted by 4. That is, A = FA{I} N G, We will
identify 4 and the set of all functions 7 : U~ R with a finite support. More precisely:



308 D. Monderer

for every such 7 we associate | € 4 as follows:

pS)= Z (@), SCU,
N

HERal

where Vs a finite support of 7.

Let Hibe the group of all symmetries of U A set TC U is a support of § € H if
§i =i for every i €T°. Let TC U The subgroup of # consisting of ail 4 which are
supported in " is denoted by ﬁT. The subgroup of 4 consisting of all symmetries with
a finite support is denoted by A Let J C H. Aset M C BV(U)is Jsymmetricif Qv EM
for every v €M and every 8 €J. It is symmetric if it is Hsymmetric. The notions of
Jsymmetry and symmetry are defined in an obvious manner also for operators defined
on Jsymmetric subspaces of BV(L/). Obviousty every H-symmetric subset of G is
symmetric and every H-symmetric operator on a symmetric subspace of G is sym-
metric. For every uy and uy in 4 we define:

(g v g Wo) = max (uq (1), pa (i)

(g A pp Y@ = min (g ), 1o (1)), (EU.

Clearly uy vy and gy A gy belong to 4 and they are the Lub. and glb. of {uy, ug }
respectively. That is, 4 is a linear lattice. For every uand vin G we write u <vorvZu
if vy isamonotonic game. Obviously,for g and X in 4, u 2 Nff u VA GEE pf) > MG
for all / in ). For every v < (G define:

= sup (S U - 2(H)
SC U\

v} = inf (p(SU)-ov(S), €U
SC U\

Clearly v* and vy are in 4 and for every support N of o, v* = (v%)y, Ua = (Vs)y and

vHi) = max (oS U - 0(5)
SN\

()= min (SUDN~v(8)), €N
SCN\D
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We now define Milnor operators, values and semivalues as in Chapter 1. Obviously
Lemmas 1.1, 1.4, 1.6 and 1.7 continue to hold in this context. (In Lemma 1.7 one has
to use Zorn’s Lemma instead of an induction process.)

A few more results are needed now. For every u €4 define ||ufi= éIU I

i

Obviously (4, llull) is a normed space. For every u; <p, in A the set B(uy, ty) =
{LEA 1y Su<py} is homeomorphic to the compact subset {x €RY : p, ()<
X; < py (i3} of the euclidean space RY  where N is a common finite support of u; and
. Therefore B is a compact set. By Tychonoff’s theorem the topological product

L= Il B(v4, v*}is a compact set too.
vEG

Let K be the set of all linear positive projections ¥ : & A endowed with the
topology of pointwise convergence, That is, for every directed set D, for every net
{Yu)eepin K and for every Y €K,

lim @ = ¥ iff lim [[Y,0— Yol =0 forevery vEG.

Sirce by Lemma 1 4 every € K satisfies the Milnor axiom, we can easily deduce that
the transformation ¥ — (Y ¥)p=¢ is a homeomorphism of K onto a closed subset of L.
Therefore: K is a compact topological space,

Theorem 2.1 (Main Theorem of Chapter 2}: Every semiivalue on a linear symmetric
subspace of ( is the restriction to this subspace of some semivatue on G.

Proof: Tet ¢ : Q —~ A be a semivalue, where ( is a linear symmetric subspace of G.
By Lemmas 1.6 and 1.7 ¢ can be extended to an element of K. Let K be the compact
subset of K consisting of all the extensions of ;. For every finite subset N of U
denote:

Ky=1{y €K : 07 W6y = for every 8 € Hy b

{Recall that Hy = {0 EH - 0(} =i V i ENC )
Obviously K, is a closed subset of K. We now show that it is not empty. Indeed,
choose ¥ € K and denote

-1
P 0%l
ey

where n = |V
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Clearly €K . Since for any finite number of finite subsets Ny, Ny, ..., N; of
I . ! .
U N Ky, =Ky, where N= 1 N; we can use the finite intersection property of K to
i=1 i=1

deduce that NK ~ # (. Obviously every Y5 in the intersection set is a semivalue on G
N

which extends ;- |
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