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The Stochastic Chaice Problem:
A Game-Theoretic Approach

Dov MONDERER -

Faculty of Indusirial Engineering and Management,
Technion—Israel Institute of Technology

The stochastic choice problem is formulated as a problem in the theory of values for
cooperative games. The new formulation yields an independent proof of a conjecture of Block
and Marschak (1960), which has been already proved (to be true) by Falmagne (1978). The
game-theoretic approach gives a new insight and provides new tools to deal with the related
binary stochastic choice problem, which is still opet.  © 1992 Academic Press; Inc.

1. INTRODUCTION

Let N be a finite set of n alternatives. Consider a choice experiment, where an
individual is presented with various subsets of N, each of which is presented to him
a large number of times. Given such a subset, he is asked to choose the most
preferred alternative in it. Typically, individuals do not stick to a fixed ranking over
N in their choices. Such a phenomenon may be explained by a stochastic model,
where the individual's choices are governed by a probability distribution over the
set of ! rankings on N, and not necessarily by a fixed deterministic ranking.

Suppose the choice experiment results in a function B, where for ie TS N, f(i, T)
denotes the frequency of choosing the alternative 7/ out of T, In order to be able to
test our stochastic model hypothesis, we want to find a simple mechanism that can
determine whether # can be rationalized by a probability distribution over the set
of rankings on N (such § will be called consistent ). Actually, for a given N we need
many much mechanisms, one for each class of observed subsets 7. The stochastic
choice problem is the one in which T ranges over all subscts of ¥. The binary
stochastic choice problem is the one in which 7 ranges over all 2-element subsets
of N.

The term “simple mechanism” has yet to be defined. In this paper we take the
commoniy used definition: An expiicit finite set of linear conditions on p that are
necessary and sulficient for the consistency of f. The existence of such a finite set
of linear conditions can be easily proved. The main difficulty is, therefore, stating
them explicitly. '
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Block and Marschak {1960} presented a set of necessary conditions for the
stochastic choice problem (known today as the Block-Marschak conditions) and
conjectured that the conditions are also, sufficient.

Their conjecture was proved to be true by Falmagne (1978). Barbera and
Pattanaik (who were unaware of Falmagne's proof) reproved it in 1986 (see
Barbera & Pattanaik (1986) with the editorial note}.

In this paper we give a game-theoretic formulation to the stochastic choice
problem:

To every choice experiment, whose result is a function § as described above, we
associate a solution function for cooperative games. We prove that § is rationalized
by a probability distribution iff the associated solution function is a guasivalue {sce
Weber (1988) and Section 3 of this paper for the definitions). We then use the
characterization theorem of Weber for quasivalues in order to prove Falmagne’s
result,

We want to emphasize that in this paper -we discuss just the technical rela-
tionships between the stochastic choice problem and value theory. The potential
conceptual relations are yet to be explored.

Unlike the stochastic choice problem, the binary stochastic choice problem is still
open {for n>35). For recent results as well as many previous references the reader
is refered to Fishburn (1988), Fishburn and Falmagne (1989), Gilboa ({1989),
Cohen and Falmagne (1990}, and Koppen (1990).

In.the second part of this paper we provide a game-theoretic formulation for the
binary stochastic choice problem. For this problem, though, the new formulation
has not yielded a solution. However, it exposes a new potential way to deal with
this stubborn problem, as can be seen in Gilboa and Monderer (1990}, where new
results were obtained using the game-theoretic approach.

2. THE StocHASTIC CHOICE PROBLEM

Let N= {1, 2, .., #} be the set of alternatives. Let 2 be the set of ali one-to-one
functions 6: N — N. Interpret every 0e# as a ranking on N; i is prefered to j
according to- 8 iff 8(i) > 6(j).

Let B =f(i, T);. re v be & vector of numbers. We say that f is consistent, if there
exists a probability distribution Pr on # such that f(i, T) is. the probability that i
is the most prefered element in 7. That is,

B(i,.T) = y Pri®)y. forall ieTEN 2.1
1000 = 0/¥je T\{i)} ..
Obvious necessary conditions for the consistency of § are _

B(i, Ty=0  forall 7 @ and for all ie T, (2.2)

and
Z B, =1 for all T'# &, : (2.3}

ieT
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Another set of necessary conditions was given by Block and Marschak (1960):
For each S5 N and for each i¢ § define

-1
A9=T (o paroi), 24)
Pe=s S re
i7] =
where 5= (5],
The Block-Marschak conditions are conditions (2.2), (2.3), and

2(S)20 forall ScNandiés. (2.5)

The necessity of (2.5) is clear as one can easily verify thdt if {2.1) holds, then 2(5)
is precisely the probability that i is prefered to Jj €5 and that k is prefered to ¢ for
all ke (NM\S)\{i}. In the next section we develop the game-theoretic tools needed
for the proof of the sufficiency of the Block-Marschak conditions.

3. GaMmESs AND QUASIVALUES

Let N={1,2, ., n}. Members of N will be called plavers and subsets of N will
be called coalitions. A game on N is a function v : 2% - R with () =0, where 2V
is the set of coalitions and R is the set of real numbers. o(S) will be called the weorth
of the coalition S, it is interpreted as the amount that the players in § can obtain
for themselves if they form a coalition. The space of all games will be denoted by
G. G is a linear space of dimension 2" — 1. We now introduce a linear base for G-

For each T # (% define

1, if I'es
Wr(S)= {0, if I'cs
It s well known (see, e.g., Owen (1982)) that {Wy: T+ @} is a linear base for G.
The game W, represents a situation where a decision can be carried out iff each of
the members of T votes for it. A game v is additive if {8 Ty=0(S)+o(T) for all
S~ T=¢4. The space of all additive games will be denoted by 4. Every ae 4 is
uniquely characterized by the worth it associates to the I-element coalitions,
because

a(8)= 3 a, Y S¢ N,
ie§
where a,=a({i}) for all ie N. '

A solution is a function  : G— A. If Y(v)=a and a;=a({i}), then a, may be
interpreted as the index of power of Player i in the game v. Many other interpreta-
tions are available in the literature of game theory (see, ¢.g, Owen (1982} and Roth
{1988)). .
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Let i be a solution.

Jr is Jinear {or v satisfies the linearity axiom) il yr{ow -+ fu) = oy (v) + fyfr(u) for all
u,veG and for all o, fe R

W is efficient (or y satisfies the efficiency axiom) if Y (¢)}(N)=u(N) for all ve G.

y/ is a projection (ot W satisfies the projection axiom) if Y(a)=q for all as A.

For the next axiom we need more notation: Recall that # is the set of all one-to-
one functions # : N — N. Bach 0 is interpreted as a change of names for the players.
For gach fe & and ve @ define a-game v by

(B0)(S)=2(H(S}) forall SN,

where 0(S)= {6(i}: ie S}.
W is symmetric (or yr satisfies the symmetry axiom) if

W(O0) (i) = yolBi)

for all ve G, ieN, and Pe A

A game v is monotonic if v{S)<v(T) whenever S T.

W is positive {or y satisfies the positivity axiom) if y(v) is monotonic whenever
v is monotonic.

A value is a-solution that satisfies the axioms of linearity, efficiency, symmetry,
and positivity and is also a projection. A guasivalue is a solution that satisfies the
axioms of a value except, possibly, the symmetry axiom. For further discussions on
the various types of solutions the reader is referred to Owen (1982) and Roth
(1988). We now define a special type of solution, due to Weber (1988).

For each fe # and ie N denote

Q= 1{jeN: 8j<bil.

Let Pr be a probability distribution over %. Define the solution V., as follows: for
each l-element set {i},

Yeo({ip)= ¥ ((QF U {i})—o(Q)) Pr(8), (3.1)

G

A solution y is a random order value if there exists a probability distribution £r on
# such that =, . :
The following theorem relates the theory of quasivalues to that of social choice:

THEOREM 3.1 (Weber 1988).  Let ¢ be a solution. Then i is a quasivalue iff it
is a random order value.

We can finally formulate the sufficiency result:

THEOREM A, Let = (B(i, T));o» be a vector satisfying the Block—Marschak con-

ditions (2.2}, (2.3), and (2.5), Then f is consistent. That is, there exisis a probability
distribution Pr on # such that (2.1} holds.
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Proof. We need the following lemma:

Lemma 3.1, Let fi=((i, T)),., be a vector of real humbers. Let a={a(S)q 5
be the vector defined by (2.4). Then

Bli, Y= ¥ a'(Sy  forall ieT<N. {3.2)

{8\ {1 S=M\{i}}

Proof of Lemma 3.1. It suffices to prove that the claim holds for a linear base
for the space of all vectors f#=(B(i, T)),., Let {B.r TSN, ieT?} be such a linear
base, where
1, f i=ijand T=T,

0, otherwise,

Bunli )=

Note that by (24), for f=p, - o(S)=0 i i#i, or Sg/ Tov{ip}, and
™Sy = (=1} 1SR, To)if S To\{iy}, where 1,=|T,| and 5= 3.

The result follows now from an obvious direct computation utilizing the fact that
formz1

m

(M) o
£ (k I

We now return to the proof of Theorem A.
Define a solution ¥ as follows:

yu({ity= 3 (W(Su{i})=~o(S) ai{(S). (3.3)
S N\{4} :

We claim that it suffices to show that ¢ is a quasivalue. Indeed, if Yisa quasivalue
then by Theorem 3.1 there exists a probability distribution Pr on % such that

lilmwpr‘
By (3.3) for every ie T W,

YW (i) = ) x(S).

{F:{ilsssmii}
Therefore, by Lemma 3.1
YW i) = i )
On the other hand by {3.1)
YW (D)= o Weli)=Pr(i=j YjeT\{i}),

where i >j denotes the event that J is preferred to .
Therefore (2.1) holds.
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So, all we have to show is that i is a quasivalue.
¥ is obviously linear. It is positive because of (2.5). We proceed to prove that i
is a projection. Let g 4 be given. Then

ya({i})=al{i}) 3 «(S)
Se N

By Lemina 3.1 we have
2 alS)=pBG, (i),
S Ny

and by (2.3) (i, {i})=1. Therefore ya=a.

To prove that v is efficient, it suffices to show that ¢ W (N} == W ,.(N) for every
T+ 7. Indeed, we have already shown that YW {i)=8(i, T) for ieT. For i¢T,
WaSu{i})— W(S)=0 for all ScN\{i}. Hence, YW, {i})=0. Therefore by
(2.5),

n

YWNy= Y yWrlil= Y yWrl)= ¥ B T)=1.

iel ue T

As W, (N)=1 the result foilows. §

4, THE BINARY STOCHASTIC CHOICE PROBLEM AND QUASIVALUES

Recall that the binary stochastic choice problem is defined as follows:

Given a vector = (f(i /)., (where B(i, j) is short for B{i, {i,j})) find a finite
number of necessary and sufficient conditions on 8 for the existence of a probability
distribution Pr on # such that

Bl jy=Pr(i>j)  Vi#j (4.1)
Obvious necessary conditions are

i )=z0  and B )+ B D=L (4.2)

We now proceed to formulate a problem in the theory of quasivalues, which is
equivalent to the binary stochastic choiee problem. Let @, be the Hnear space of
games spanned by the additive games and all games W, ,,, i5#/. A typical game v
in (J, has the form

v=oa-+ Z 5{,-“’,‘} W{j‘j}, (43)
: {7}

where a€ 4, and &, ;, are real numbers.
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Let = (f(i, j}); ., satisfy (4.2). Define  : Q, — A as follows:

. l!/ (a+ Z 5{?‘,]’) W{i,j}) (l)zxi'f' Z 5“!]}[3(!’,]) (44)
i

{47 Ji

Lemma 4.1, o is a quasivalue on Q.

Proof. 1t is easily verified that y is well defined, linear, efficient, and a projec-
tion. We still have to show that y is positive. Suppose that the game v given in {4.3)
is monotonic. Let ieN. We will show that yu(i)=0. For each S<N\{i},
o{SU {i}}—v(8)=0. Therefore

a;+ 3. 8,20 (4.5)

je s

Denote 4, =4, , for all je N\{i}. Then (4.5) implies that

Y, b= a (4.6)

je N i}
for every z = (z;),c y () Which is a vertex of the unit cube D of R¥ ("), Hence (4.6)
holds for every z in the unit cube, and in particular it is true for z = (BTN e vy
Therefore (i) = 0. As yve A4, then Yu(iy 20 for all ie N implies the monotonicity

of yro. §

It 1s now clear that the binary stochastic choice problem is equivalent to the
following problem:

Problem A.  Find a finite number of conditions on a quasivalue 1 : 0, A that
are necessary and sufficient to ensure that it can be extended to a quasivalue on the
space of all games.

The literature about extending solutions that are defined on Jinear subspaces is
not rich. Hart and Mas-Colell (1989), and Neyman (1989) implicitly deal with
extensions of a value to a value, and Monderer (1988} deals with extensions of
values and semivalues to semivalues (where a semivalue is a solution that satisfies
all the axioms of the value except, possibly, the efficiency axiom), However, in view
of the equivalence theorem formulated in this section, it seems to us that a deep
Investigation about the extension property of quasivalues on subspaces may shed
some light on the binary stochastic choice problem and related topics.

3. CONCLUSIONS.
In this paper we established technical relationships between stochastic choice

problems and game theory (value theory),
Roughly speaking, to each experiment’s result §, we associated a solution
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function for cooperative games. We then proved that § is consistent with a
stochastic choice model iff the associated solution is reasonable.

The above result enabled us to use the existing game-theoretic tools in order to
provide an independent proof for Falmagne’s resuli on the stochastic choice
problem. It also enabled us to point out a new potential way to deal with the open
binary stochastic choice problem.
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We provide an equivalence theorem for the binary stochastic choice problem, which may
be thought of as an implicit characterization of binary choice prebabilities which are
consistest with a probability over linear orderings. In soms cases this implicit characterization
is very vseful in derivation of explicit necessary conditions. In particular, we present a new set
of conditions which generalizes both Cohen and Falmagne’s and Fishburn’s conditions.
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1. INTRODUCTION

The binary stochastic choice problem is the following: given a set N of
alternatives and numbers, { Pyts jen i terpreted as “the probability that ; will
be preferred to j,” when is there a probability distribution Pr on the Hnear
orderings of N, {R™}™' "such that

=13

py= 3y Pr(Rm™)?

{m i iR™}

(In this case, {p,} will be called consistent.) _ _

We will not expatiate here on the motivation, background, or history of the
problem. We refer the reader to Block and Marschak {1960), McFadden and
Richter (1970), Falmagne (1978), Cohen and Falmagne (1990), Dridi {1980}, Souza
(1983), McLennan (1984), Barbera {1985), Barbera and Pattanaik (1986),
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Evanston, [L 60208,
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Fishburn (1988), Fishburn and Falmagne (1988), Marley (1989), Gilboa (1990},
and Koppen {1990}

While it is known that for every n = |N| there are finitely many linear inequalities
in {p,}, which fully characterize the consistent binary choice probabilities, there is
no set of explicit conditions which are necessary and sufficient for all n. Several
necessary conditions are, however, known, and they are quoted in Section 2.

Following Monderer (1992), which uses a game-theoretic approach to derive
Block—Marschak conditions for the (non-binary) stochastic choice problem, this
paper uses a similar approach to derive an equivalence theorem which may be
considered as an implicit characterization, Although it falls short of an explicit one,
ie., it does not provide explicit formulae for finitely many linear inequalities, it
may be used to derive necessary conditions. In Section 3 we state and prove the
equivalence theorem, and Section 4 shows how it can be used to derive some
known conditions.

These proofs show that in some cases the equivalence theorem is a useful tool in
proving necessity of conditions, which is more technical and requires less imagina-
tion than direct combinatorial proofs. Indeed, the proofs in Section 4 suggested
natural genéralizations, and in Section 5 we present a new set of necessary
conditions, which unifies and generalizes the Cohen Falmagne conditions on one
hand and the Fishburn conditions on the other. We also present another new set
of conditions, which was also developed by Koppen (1990).

However, we also have some bad news. In trying to obtain the diagonal
inequality, which is a generalization of the Cohen-Falmagne conditions, we were
not very successful at utilizing the equivalence theorem. It seems that in this case
the direct combinatorial proof is significantly simpler than the one using the
theorem. In Section 6 we discuss the diagonal inequality and provide a new
combinatorial proof of it, which may be insightful by itself, as well as the additional
computations needed to formally employ the equivalence theorem.

Finaily, Section 7 concludes this paper with a remark on the insufficiency of the
known conditions.

2. KnownN NECESSARY CONDITIONS

2.1. The Triangle Inequality
This conditions, which is to be found in Block and Marschak (1960), is a direct
implication of transitivity. It says that for every i, j, ke N
Pyt Pt Ps2
2.2. Cohen and Falmagne’s Inequality

In Cohen and Falmagne (1990), we find the following condition: for every two
sequences, A= {dy, dy, ... a;) and B=(by, by, .., by), where {a,}7_,n {b}I_ =,

. L. k
S pan— Y PapSkle—2)+1.

LNl isisisk} i=1
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(Here and in the sequel, a “sequence” refers to a- seguence of distinct elements
of N.) : :

2.3. Fishburn’s Condition

Fishburn (1988) provides the following necessary conditions:. for every two
sequences, A =(ay, a;, ., a;) and B=(b,, by, .., by), with {a,}_, (b} =&
and k=2{—1,

k k k
Z Pap+ Z Py Z Papy <32,

i=1 Pl i=1

where the addition operation on indices is done mod k.

It should be mentioned at this point that McLennan’s paper includes two
conditions which are very similar to Cohen and Falmagne’s and to Fishburn’s
conditions, respectively,

2.4. The Diagonal nequaliry

Gilboa (1990) proved the following to be a necessary condition: for any two
sequences, 4 =(ay, a,, .., a,) and B=(b,, b,, ... b,) (not necessarily disjoint), and
every I<r<k—1,

&
Papy =T %, Papy Sklk — 1) —rk + r(r + 1)/2.
i=1

(Lt lsisjgh) =

This condition is identical to Cohen and Falmagne’s in the case = 1 and disjoint
sequences. With 4 = (i, j) and B=(j, k) it is equivalent to the triangle inequality
(assuming, w.lo.g. (without loss of generality), that p,+p,=1 and sefting p, =0
for all ie N). '

3. Tue EQUIVALENCE THEOREM

We first introduce some game-theoretic definitions. Given a finite and nonempty
set (of players) N, we define a game v on N to be a set function p: 2™ - R with
()= 0. (Subsets of N are interpreted as coalitions.) For any (7 # T< N, we define
vr to be the unanimity game on T by

1 S=T
0 otherwise,

or(5)=]
It is well known that {v;},_, ;. o 18 a basis for the linear space of games on N
(endowed with the natural linear operations 1 :
Given a game v, and a player {, we define s maximal marginal contribution in v
to be

vF=max{v(Su {i}}—v(S)| SE N, i¢S}.
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A convenient abuse of notation is to identify a player i with the singleton {i},
and we will enthusiastically do so whenever possible.
We can now formulate:

THE EQUIVALENCE THEOREM. Given a finite and nonempty set N, and numbers
{Piti janin the following are equivalent:

(i) {py} are consistent,

(1)  For every {Qy}, ;o n.in; and every game u,

Z Ay Py Z (UE‘”)?“*‘“(N):

LjeENi¥j e N

where

vi= Y a4
IAPL
Before proving this theorem, we would like to compare this result to the
following:

THE CHARACTERIZATION THEOREM. iven a finife and nonempty set N, and
numbers {pyt. ;o w. iy, the following are equivalent:

(i) {py} are consistent;

(i) for every {“rj}f__jeN,zaej’

Y oy p;<max ooy
i J R ir
(where the max Is taken over all linear ovderings R of N).

The characterization theorem basically says that a point (p,) is in the convex
hull of other points (the 0-1 probabilities which correspond to the linear orderings)
if and only if it satisfies every linear inequality satisfied by these points. This fact,
which is well known by now, dates back to Weyl (1935) at the latest. In the context
of the binary choice problem, see McFadden and Richter (1970) and Kishburn
(1988).

While both the characterization and the equivalence theorems provide implicit
characterizations of consistent probabilities, they tend to be quite different in
practical use: suppose one is given coefficients {;} and one would like to compute

B=max ¥ o,
STY

ie., the tightest necessary condition involving these {x,}. Every game u may be
plugged into the equivalence theorem to generate a necessary condition, which does
not have to be the tightest one. Thus, it provides an upper bound on f. On the other
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hand, every linear ordering R can be used to compute a lower bound on . {Note,
however, that the resulting condition will typically not be a necessary one as it may
be too strict.) : :

Thus, the following procedure suggests itself: Choose a set of coefficients {a}.
(This part, alas, requires imagination regardless of the theorem one chooses to
work with.} Find games u and orderings R until the upper bound implied by u
(via the equivalence theorem) equals the lower bound implied by R (via the
characterization theorem).

Sections 4 and 5 provide several cxampies of this method (we omit the computa-
tion of the lower bound for known conditions, which are also known to be tight.)
In these examples, the proof that a certain condition is necessary will be greatly
simplified by the equivalence theorem, which basically reduces it to the
computation of

2 (' —u)F+u(N). (*)

fae N

Indeed, a certain amount of originality may be required for the specification of the
appropriate u, just as it is required for the choice of the ordering R to be used in
the characterization theorem. Yet the proof may be much simpler (and shorter)
than a proof which relies on one of the theorems alone: one need not show that gny
other game, «', cannot yield a lower value for (*), nor that any other ordering R’
cannot provide a higher value for 2iry %

It is interesting to note, though, thaf if one fails to find the appropriate » and R,
applications of the equivalence and characterization theorems become equivalent.
As will be clear from the proof, the “best” game u is given by

wS)=max Y g,
R R jes

and it satisfies
(v —u}F =0.

Hence, one can always compute g by

L )+ u(N) = u(N) =max ¥ o,

e R iy

-In Section 6 we provide a new proof of the diagonal inequality, which we find
interesting. However, from the point of view of the equivalence theorem, Section 6
is a report of a failure: we were not imaginative enough to find appropriate » and
R. Hence, we resorted to a direct computation of max & 2oin; %y As explained
above, this computation may be viewed as an application of either the equivalence
theorem or the characterization theorem. It is precisely the failure to use both
theorems: zogerher that necessitates a direct combinatorial proof.
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We now proceed to prove the equivalence theorem. As a matter of fact, it is a
special case of Theorems A and B in Gilboa and Monderer (1991). For the sake of
completeness, however, we provide here a proof as well:

(a) (i)=>(ii). Suppose {«,} and u are given. It suffices to show that for
every given linear ordering R on N the probabilities {p} defined by

pr={l R
v 0 otherwise

satisfy (ii). W.Lo.g, assume that N= {1, 2, .., n} and that R is the natural ordering.
We therefore need to show that

Soays Y (v - u)F +u(N),
i=j i
For each i, let S'= {;| j<i}. By definition of the * operation,
(v =¥ 2 (0 —u) (ST i)~ (v —u)(S)
= [0S U —2(81)] = [u(ST U i)~ u(SH].

As v{TY =31, msjer oy i 76T, and v(Ty=01f i¢ T, we obtain
p{STu = Y ay
{jii=i}
and
(8§ =0,
Hence,

Y (vi—u)F +u(N)

=Y Y ey LSO —w(S) ]+ u(N)

i {j | f<= i} ¥
= Z e
J=i
We now wish to show the converse.

(b} ()= (i). Tn view of the characterization theorem, it suffices to show that
for given {a,},; there is a game u such that X, (' —u)F+u(Ny=pf=
max , 3, &y (Where o' are defined as in the statement of the theorem). Define a
game u by

7

u(S) = max Yooy

iR 6, je S
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Condition (ii) implies that

Z OC_,J.‘DU.{__Z (vimu)?_‘ +M{N):

i
where v’=§:{j‘j¢f} Oyt o and w(N)=f Hence, all we need to show is that
(B —uyF=0
for all 7e N. However, v'(i) = u(i} = 0, so that (t'—u)¥ =0 is obvious. To show the

converse inequality we have to convince ourselves (and the reader) that for every
SS N and every id S

V(S Ui — v (S) SulSwi)— u(S).
Note that
WSV~ (S)= T o,
JjeS

Let R be a linear ordering such that

u(§) = Y .

{k.je 81 kRgj}

Let R’ be a linear ordering which agrees with Rg on S and satisfies iR/, Jfor jes.
Then

u(Sui)z ¥ ay=u(S}+ Y o,
{LhjeSuiiRgs} jes

which completes the proof.

4. DERIVATION OF KNOWN CONDITIONS

In order to get used to the game-theoretic machinery and illustrate its
applicability, we devote this section to the derivation of some knowsn conditions.

4.1, The Trivial Conditions

It is usually assumed that the binary probabilities {p,} satisfy p,, -+ pr=1 and
py=0. Since this was not explicitly assumed in the equivalence theorem, we
conclude that these linear conditions are also derived from it. Indeed, let us first
choose for some i, je N (i # j) ay=1 and ay, =0 for (k, I} # (i, j). Letting u=0 we
obtain

vi=o, =0 Yk
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and

pi= 2, %Py (vHF=1.
sk f ;

Next let us take a;=a;=1 and «,,=0 for {k, I} # {i, j}, with u=v, . Then
vlev/=0, »  v*=0  Vk#ij
and
(W —uw)F=0  VkeN,
whence one obtains
Pyt pssl

Similarly, ay=o,= ~1 with w= -p, , yields p,+p;=1 which implies
pi+p,;=1and also p;=0.

4.2. The Triangle Inequality

For given I, J, ke N (assumed distinct} we have to show that
Pyt P+ P €2,
This formulation naturally suggests

oy = oy =y == L,

{Here and in the sequel, coefficients whick are not specifically mentioned should be
taken to be zero.) : ‘
These coefficients, in turn, define

i J Ko
Ui=vg g USUpag o U=t
It only remains to choose
U=Vt 0 F kT s
It is easy to verify that
(' —u)F=0 vieN

and

whence the triangle inequality follows.
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4.3. Cohen and Falmagne’s Condition

Let there be given two disjoint sequences 4 = {ay, woay)and B={b,, ., b,) We
wish to prove that

&
) Papy = 2 Pan Sk(k—2)+ 1.
A L<i k) i1
Define «,, =1 for 1 <ist j<k and %4p,= —1 for 1 <i<k. Correspondingly,
0% = z U{a,., 81 DM, b

{Jli#nigjigk)

(and v =0 for all /).
Let us define u as follows

k

LS|

k
- Z Yo i s, o iy, b, Big Ly b} + LT Br}e

{=1

One may verify that

ko2 for 1gigk

(v —u)*

i

and

(V' —u)fF =0 for [é¢{a;}f

i=1"
Noting that u(N)=1 we obtain the desired result.

4.4. Fishburn's Condition

Given two disjoint sequences A=(ay, ay, ... a;) and B=(b,, b,, .. b.) with
k=21—~1 (e N), we wish to show that

k k k
Z Papt+ z Pary ™ Z'pafba+t‘<‘3!_2‘
f=1

i=1 f==]

Although the equivalence theorem guarantees the existence of a game u which
attains the exact bound on the right side, this game is quite complicated to
compute. Instead, we will use a simple game which will bring us close enough,

Naturally, we have

Lo = A, = 1 Laipr = — 1L visisk
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and

L&

PU=000 0t Ve T Ve biad)

for tisk (vV=07Tor j¢{a,}b_,.
Define '

k
U= Z Udai by, Bigst

i=1

k
- Z Utai by, bivt, brox)

F=1
k

+ }5 Z RPN L
i=1

It is readily seen that (v — w)# =1 (for all 1 i< k). The equality (—u),=0 (for
I <i<k) is slightly trickier but still correct. (For more details, see the proof of the
generalized condition in Section 5.} Thus one gets

4 k k
Z pa,*b,‘_i— Z pa,b,‘flm Z pﬂ‘,—f),"”
it

=t i=1
(2 — 1)+ ul(N)
= 2=+ (I~})=31-%

Now we have to resort to extraneous argument to complete the proof: since all
the |N|! extreme points of consistent {p,}, which are integer-valued, satisfy this
inequality, they also satisfy it with (3/— 2) in the right side. Hence this is also true
of every {p,} in their convex hull and this yields Fishburn’s inequality.

5. DERIVATION OF NEw CONDITIONS

The analysis presented above suggests additional necessary conditions. In
particular, we present here two sets of new conditions. The first unifies and directly
generalizes Cohen and Falmagne’s and Fishburn’s conditions. The second, which is
also to be found in Koppen (1990}, is a different generalization of Cohen and
Falmagne’s condition and, as pointed out in Koppen (1990}, can also be reduced
to Fishburn’s condition.’

! The coefficients {2} involved in the second ‘set of conditions appeared in an earlier version of this
paper. However, the upper bounds shown here were developed while we were already aware of Koppen's
(1990} results. We are also grateful to Mathieu Koppen who observed that the upper bound could
probably be improved. The first set of conditions seems to bé entirely new.
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5.1, Condition Set 1

Fishburn's condition may be presented as follows: for -disjoint sequences
A={(ay,..,a,)and B=(b,, .., b,) with k=2]- 1|,

ke

ke k
Z Paibi+i—l+ Z Pooy— Z pa:bf“‘<*3!ﬁ2

i=1 (| [

(by shifting the indices of the sequences B by (—1); as usual, all indices are
computed mod k).

That is, for every a,e 4, p,,, appears with a negative sign, while for the two b's
“across” from a,, b;., | and b, ,, the corresponding p's appear with a positive
sign,

We would like to generalize the “two” above and to note that when it becomes
(k—1} the expression on the left side is identical to that of Cohen and Falinagne’s
condition.

To be more specific, we have to deal separately with odd and even k. ie., the
number of elements in 4 and in B,

Assume, first, that k=2m+1. (Here and in the sequel, all variables denofe
integers unless otherwise specified.) For some 2<d<k, let g and r be the
nonnegative integers satisfying

k=gd+r

with 0 <r<d Choose s such that m—g+1<s<m. (Note that 2<d<k implies
I <g<m Hence, | <5< m lollows.)
Consider the left side:

k
S= Z Z Pabitmj= Z Pos;
i=1

Jf=—5-1

Trying to estimate the right side of the inequality, we first define

&
i
v = Z Usa, brvmesd  Yian b

= s+l
and

pPi=0

for 1<i<k. (Also, v*=0 for xe N\(4 U B).)

For the game » we try to use the same ideas of Subsections 4.3 and 4.4 above:
for each a, we have the unanimity games of two sets—one including all b; such that
%5 = +1, and one including these as well as b, with a negative sign. This
construction guarantees that the maximal marginal contribution of each a; (to
{(v"—u}) is (25— 1), but then cach b; has a maximal contribution of 1 (to {-—u))
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So we would like to add to u as few as possible sets of b's that would efficiently
reduce their marginal contribution.
Thus, we define

U= Uy

{ai bicm_s 1y Bidtmast
1

0] o

i

k
- Z v{ai. Bitme st Ty om Pram+e By}
L

} i
+E E U{br,buq,bwzq-m. big(d—11g}"

i=1

For 1<i<k we indeed obtain (v — )% =2s~1.
As for { —u)¥, notice that b, can only have a positive contribution in the presence
Of {B, i1y Bismyst However, since s =m —g+ 1, if j satisfies

(j—ifmod k), (i— j)mod k) =g,

then &,€{b, . si1> o Piimss). This implies that there are exactly J indices
Vi, v Vy stch that

b,;E {bv,s bv{+qf e b\*,+(d—1)q} & {b,-+,,,75+}, sy bi+m+s}

Finally, u(N)=k/d, so we obtain
S<hk(2s— 1}y + k/d

As in the case of Fishburn’s condition, we recall that, since {a;} are integers, our
f is an integer as well, so we may write

k K &
Y Y Pabiyme™ N Pap Sk(25— 1}y | k/d . {5.1.1)

i=1 feoosal i=1

Alternatively, by using p,, = | — p,,, one obtains

k i 5
E pa,b,'—— Z z pb,+m+;ag"<\i...k/d_j=q'

el P=1 j= —s41

To see that this condition is the tighest necessary condition for this set of
coefficients, we resort to the characterization theorem and prove by an example
that the upper bound g can indeed by obtained. For instance, let us find a linear
ordering R such that '

b,Ra;

H H

forall O0<igg—1
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and
a;Rb, forall 0<i<k—1and 0</j<k—1 such that

7

(i j)mod k)2 q and (j—i)}(mod k)= q.
It is easy to see that these conditions do not contradict transitivity. Hence, such
relations R do exist. This concludes the proof for k= 2m -+ 1.
Let us now deal with the case k=2m. Let 2<d<k, k= gd+r with 0<r<d

Choose s such that m—g<s<m- 1 and define

k 5 i
§= Z Z pa;b;’g,m+.}‘m Z Vpajbl,,
] = — i=1

fom ] je= —

Correspondingly,
p¥ = Z v{r-',‘,Ir;'.L.m-j} TV an by
j= —s
and v =0 for x¢ A
Next define
-4

U= Z v Lty Bibm—ss s Bim 45}

i=]

k
- z U{all bfi-m—ss sy bii~rrl-=.-.is bl‘}

Fam]

1 & :
+2_:( }: U{b‘,b,'.;.q,...,bﬁfdfl)q}‘

i=1

Similar computations yield
(v —q)E=2s

(—u)g=0

u(NYy=k/d,

whence
SL2ks+1 kjd]=2ks+ g {5.1.2)

or

i k Ky
L Pab™ L L Phwese <

i=1 i=1 j=—s

Again, this inequality can easily be seen to be the tighest for this set of

coefficients.
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In the special case of k =2/~ 1=2m + 1, d= 2 means g=m, r= 1. This allows us
to choose s=12m—g+} and the expression on the left side of (5.1.1) reduces to
that of Fishburn’s condition. Indeed, the right side is

k(2s—~1)4g=k+g={(2—1)+(I~1)=31-2.

On the other hand, when k=2m+ 1, taking d =4k yields g=1, r=0, and s=m,
and the left side of (5.1.1) reduces to that of Cohen and Falmagne’s condition.
Finally,

k(25— 1)+ T=k(k-2)+1,
which is the corresponding right side.

Similarly, for k= 2m we take d=k again, ¢ =1, r=0, and 5 =m — 1. The left side
reduces to

k& &
Z z pa,bj—" Z pa,'h;
Fa b Ju i i=1
and the right side is (in 5.1.2)
s g=2km-1)+1=k(k—2)+ L

Hence, (5.1.1) and {5.1.2) generalize both Fishburn's and Cohen and Falmagne’s
conditions.

5.2, Condition Set 11
Amnother set of necessary conditions can be obtained by considering—again, for
disjoint 4= (a,, .., a;) and B= (b, .., b, )—expressions of the type
k w1 k k s
S= Z Z Doy Z Pup Z Z Paibi ;e
=1 jm —s i=1 i=1 j=1

Let us assume that k=g(s+ 1) +r withO<r<s+1, g2 1L

Set
0 = Z U{a,-, Biysh U{a;. B for i= I, ey k,
—sjEsfE0
o =) for xeN\A
and let
k
b= Z Uy br g Bigits o it Bty By 20 Bies)

i=1
&

- Z b{ﬂu Biess Byt wn Bio 1 Bl Brpy, o B s}

i=1

) Kk
FL+DT X vy b

i=1
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By considerations similar to those of Subsection 5.1 above, we obtain

(v¥ —u)k =25—1
(~1)3=0
u(N)=ki(s +1),
whence
SEk(2s—1)+Lk/Ms+ 1) |=k(2s~ 1) + 4.
Or, equivalently,

k& k K}
2 Pre— 2 Y Paa<g (5.2.1)

Fe=1 i=1 J= w5 j0

This condition can easily be seen to be the tighest one for these coefficients, as
there are linear orderings R satisfying

b, Ra, for i=1+ts+1),0<r5g—1
and

a,Rb forall I<i<kand —s<j<s, j£0.

i+

Note that changing the order of summation in (5.2.1) yields

k k 5
Z pb,a,“ Z Z pb;a,urjéqzi_k/{s“}" 1)..‘:

im=1 =1l j= —5 j30

which is identical to Koppen’s condition.

Remark. Koppen (1990) also notes that, wzth a proper permutatlon of indices,
Fishburn’s condition is a special case of (5.2.1). It is 1mportant to note that neither
the same permutation nor any other would reduce (5.1.1) {or (5.1.2)) to (5.2.1} in
general. (The case s=1 turns out to be a special case of both 5.1.1 and 5.2.1, but
setting s> 1 in either of them yields new conditions.}

6. THE DIAGONAL INEQUALITY

As opposed to the other known conditions, which could be derived from the
equivalence theorem relatively easﬂy, and even suggested some generalizations, the
diagonal inequality does not seem to be readily obtained by this method. Indeed,
the sufficiency proof is constructive enough to specify a game « for any given set
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of coefficients {o,}. However, the computation of the game « used in the proof is
more complicated than a direct computation of the right side f: we know that
p=u(N), so that computing f directly is tantamount to estimating © at one
coalition (rather than all coalitions).

However, actual computation of the game u provided by the theorem may be
insightful in some cases. In particular, we would like to compute it for the diagonal
inequality since the {(combinatorial) method of computation may be useful by its
own right.

We restrict our attention to the case of disjoint sequences 4 and B, although this
does not exhaust the richness of the diagonal inequality.

Let, then, A ={a, .., a,) and B= (b, ..., b,) be given with {a,}!_, n {b,}*_ =&,
and let a number 1 <r<k—1 be given. We define

“a;bjxl ]S_I%]ék

aa,-b,‘x —F 1 Slék,

which define, for ail 1 <i<k,

i—1 k
g:...._
Y, U gy ™t by F Y CIPEN

J=1 f=i+1i

(and v®=0).
The associated game w is defined by

w(S)=max Y

. i
{iR}: i, je §]

(where the max is taken over all linear orderings on N or, equivalently, on ).

Given a coalition 8, let us assume it contains exactly m pairs (a,, b;), [ elements
of A whose counterpart is in §° and ¢ elements of B whose counterpart is in S°.
(Thus, [Sn{a,}f f=m+L|Sn{b}f, |=m+q)

Let us compute a linear order R which maximizes 3,5, ;. sy ;- Consider an
element a, such that b€ <. Obviously, for every b,eS, a,Rb, has to hold for R to
be maximal. Similarly, for b, S with ¢, §¢ one has to have g, Rb for all ;e §. The
interesting part is, therefore the m pairs {u,, b,). Assume wlog that these are
{{a;, b;}}7_,. It is obvious that R may be defined arbitrarily over {b,}™ ,. W.Lo.g
assume b, Rb,R---Rb,,.

The main point in this direct computation method is the following: given the
order defined over {b;}, each a, may be separately located in the order R so as to
maximize its contrlbutlon to the expression ZJW Py, = F 2 Pty

Let us now distinguish between two cases: (i) m<rand (i) m>r. Um<r, it is
quite straightforward to verify that the maximal order R has to satisfy b,Ra,Rb,. |
{for 1 <i<m) In this case u(SY={m+ g) +mg + mim— 1)/2,
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As for case (ii), h,Ra,Rb,  , still has to hold for 1 <i<r, However; forr+1<
i<m, a;Rb, is a necessary condition for R’s optimality, In this case, one obtains

u(S)mZ(m+q}+(m—-r}_(m+g‘mr— 1)
+r(_m—~r+q;)+r(r~»~ };)/2. ,
It is also easy to verify that.for §=N we obtain m=k, =g =0, and
WN)y=klk—1)—rk+ r(r 4 1)/2.

(This proves the diagonal inequality directly and can also be considered an
application of the equivalence theorem if we recall that (v’ —u)¥=0 forall ieN
and u defined above.) ‘ :

Worthy of note is the fact that this method of computation of the game u {or of
u( N} directly) cannot be applied without some symmetry consideration that would
allow assuming an arbitrary order over the sequence B (or part of it). Trying to
apply it to Fishburn's condition, for instance, involves combinatorial argumients
which are tantamount to a direct proof.

7. A ReMARK REGARDING SUFFICIENCY

None of the explicit conditions mentioned in this paper-—the known and the new
ones— is sufficient, nor are they sufficient in conjunction. This may be proved by
the same example used in Gilboa (1990) to establish the insufficiency of the
diagonal inequality. This example involves probabilities p 7€ 13, 3}, and it is easy to
see that for such {p,} all conditions hold. Yet, it was proved that the specific set
of {p,} given there is not consistent.
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