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CHAPTER 15

Values of smooth nonatomic games: the
method of multilinear approximation

Dov Monderer and Abraham Neyman

1 Introduction

In their book Values of Non-Atomic Games, Aumann and Shapley [1]
define the value for spaces of nonatomic games as a map from the space of
games into bounded finitely additive games that satisfies a list of plausible
axioms: linearity, symmetry, positivity, and efficiency. One of the themes
of the theory of values is to demonstrate that on given spaces of games this
list of plausible axioms determines the value uniquely. One of the spaces
of games that have been extensively studied is pNA, which is the closure of
the linear space generated by the polynomials of nonatomic measures.
Theorem B of [1] asserts that a unique value ¢ exists on pNA and that
l¢||= 1. This chapter introduces a canonical way to approximate games
in pNA by games in pNA that are “identified” with finite games. These are
the multilinear nonatomic games—that is, games v of the form v = F o
(Uy,la, - . . ,Uy,), where Fis a multilinear function and py, 4, . . . , 4,
are mutually singular nonatomic measures.

The approximation theorem yields short proofs to classic results, such
as the uniqueness of the Aumann - Shapley value on pNA and the exis-
tence of the asymptotic value on pNA (see [1, Theorem F]), as well as
short proofs for some newer results such as the uniqueness of the u value
on pNA(u) (see [4]). We also demonstrate the usefulness of our method by
proving a generalization to pNA of Young’s characterization [6 and
Chapter 17 this volume] of the Shapley value without the linearity axiom,
and by generalizing Young’s characterization [ 7] of the Aumann-Shapley
price mechanism. In the last chapter we use the ideas behind the multilin-
ear approximation in order to supply an elementary proof to a classic
result in analysis: the Weierstrass approximation theorem.

This work was supported by National Science Foundation Grant DMS 8705294, and by
Israel - US Binational Science Foundation Grant 8400201.
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2 Preliminaries

We follow basically the terminology and notations of Aumann and Shap-
ley [1]. Let (1,€) be a fixed standard measurable space (i.e., a measurable
~ space isomorphic to ([0,1],98), where % denotes the Borel field in [0,1]). A
game is a real-valued function v on € with v(@) = 0. A game v is mono-
tonic if v(SU T) = v(S) for all S and T in 6. A game v has a bounded
variation if it is the difference of two monotonic games. The variation ||v]|
of such game is||v|| = inf{w(I) + u(I)}, where the infimum ranges over all
monotonic games # and w for which v = w — u. The space BV of all games
with bounded variation is a Banach algebra (see [1, sect. 4]). The space of
all finitely additive games in BV is denoted by FA, and the subspace of all
nonatomic measures in FA is denoted by NA. The closed Banach algebra
generated by NA is denoted by pNA. Equivalently, pNA is the closed
linear subspace of BV generated by the powers of the nonatomic probabil-
ity measures. Let O be a subset of BV. The set of monotonic gamesin Qs
denoted by Q. A map of Q into BV is called positive if it maps Q% into
BV*. An automorphismof (1,4 ) is a 1-1 map 6 of I onto itself such that for
every SC I, S € € iff 6(S) € €. The group of all automorphisms is de-
noted by 9. Each #in ¢ induces a linear map 8, of BV onto itself, defined
by (6,0)(S) = v(6S). A subset Q of BV is called symmetricif 6,0 C Q for
all 0 € 4. A map ¢ of a symmetric subset Q of BV into BV is called
symmetric if, forevery 0 € 4, 0, c ¢ = ¢ © 0,. A map ¢ of a subset Q of
BV into BV is called efficient if, forevery v € Q, (pv)(I) = v(I). Let Qbea
symmetric subspace of BV. A value on Qis alinear, positive, efficient, and
symmetric map of Q into FA. Let Q be a subspace of BV. Q1is an internal
space if for every v € Q and every € > 0 there exist u, w € @ with v =
w— u and ||v|| = w(I) + u(I) — €. The importance of internal spaces in
the theory of values follows-from [1, Propositions 4.7,4.12], where it was
proven that every linear, positive, efficient map of an internal subspace of
BV into FA is continuous and that the closure of an internal space is
internal. These results provide a very efhicient tool for deriving unique-
ness theorems. One of the fundamental results of the theory of values of
nonatomic games [1, Theorem B] is the existence-of a unique value on
PNA. The uniqueness of the value on a dense subspace of pNA follows
from [1, Proposition 6.1], and the uniqueness on pNA is obtained by
showing that pNA is an internal space.

Let IT be a finite subfield of €. The set of all atoms of T is denoted by 7.
The power set 2™ of 7 is identified naturally with I'l, and thus a finite game
on the players’ set n is identified with a function w:I1— R, with
w(@) = 0. The restriction of v € BV to Il is denoted by vy. An admissible
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sequence of finite fields is an increasing sequence (I1,)5_, of finite sub-
fields of € such that US_, I, generates 4. For every game w of finitely
many players, we denote by ww the Shapley value of w considered as a
measure on the set of players. A game v has an asymptotic value if there
exists a game ¢v such that, for every admissible sequence of finite fields
(IT,)5-, and every S in I}, lim,_.yvp (S) exists and equals ¢po(S). It
follows that ¢vis finitely additive, and it is called the asymptotic value of v.
The set of all games in BV having an asymptotic value is denoted by
ASYMP. Aumann and Shapley [1, Theorem F] have shown that ASYMP
is a linear, symmetric, closed subspace of BV, and that the operator ¢ that
associates to each v its asymptotic value is a value on ASYMP with
norm 1.

3 Multilinear nonatomic games and finite games

For every finite field IT C € we denote by nthe set of atoms of I1. Let G(IT)
be the space of all finite games on the players’ set 7. The power set 2* of 7 is
naturally identified with Il. Thus, a game w in G(I1) is identified with a
function w:I1 — R satisfying w(&J) = 0. The space of all additive games
in G(IT) is denoted by AG(II). The set of all monotonic games in a subset
H of G(IT) is denoted by H*. Let w € G(II). Define w*and w™in G(IT)*
such that w = w* — w™ in the following way:

wt(S) =max > max(w(SoU S U -+ US)
i=1

—w(SUS U - - - US;_),0},

where 7 is the number of elements in 7, S, = &, and the outer maximum
ranges over all possible orders S,, S;, . . ., S,of {TE€n:TCS). The
variation norm of w € G(I1) is given by ||w|| = inf{w,(I) + w,(I)}, where
the infimum ranges over all w,, w, € G(II)* for which w=w, — w,.
Actually, ||w||= w*(I) + w=(I). Let Tz be the map from the set of all
games into G(I1) given by T;v = vy, where vy is the restriction to IT of v.
Note that 7y is linear, efficient, positive, and || 7Tyv|| =< ||v| for every
vE BV.

A carrier of agame visa set I’ in € such that v(S) = v(S N I’) for every
S € €. Let A be a probability measure in NA. The set of all games vin pNA
having the property that every carrier of A is a carrier of v is denoted by
pNA(A). Equivalently, pNA(A) is the closed algebra generated by NA(A),
where NA(1) denotes the space of all measures in NA that are absolutely
continuous with respect to A.

Given a nonatomic probability measure A and a finite field IT C € with
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the set of atoms 7 = (S5,,S,, . . . .S} (1 =i<j=n=§;#S,), denote
the restriction of A t0 S;, 1 =i =< n, by A5, = A;. Let ML(A,II) be the set of
all games v having the form v = F ¢ (4,,4,, . . . ,4,), where Fis a multi-
linear function (see [3, and Owen Chapter 10 this volume]) on
17 ,[0,A(S;)]-the range of the vector measure (4,4,, . . . ,4,). Note
that ML(4,I1) is a linear space of games and that every game v € ML(4,IT)
1s a polynomial in the A;’s; therefore ML(A,IT) C pNA(A) C pNA. Also
note that, for every u, v € ML(AI1), u = v iff Tqu = Thov. That is, Tp is
1-1 on ML(A,IT). Let G,(I1) be the set of all games w in G(IT) having the
property that w(S) = w(7T) whenever A(S A T') = 0, that is, every atom in
7 thatis a null set for Ais a null player for w. The space of all additive games
in G,(IT) is denoted by AG,(IT). For every game w in G,(I1) there exists a
unique game v € ML(A,IT) with To = w (just take F to be the multilin-
ear function for which F(4,(S), . . . ,A4,(S)) = w(S)forall § € I1). Thus,
the map Ty from ML(AIT) onto G,(IT) has an inverse T*:G,(IT) —
ML(A,IT). Moreover, v € ML(AIT)* iff Thv € G,(I1)*. Therefore T4 is
also positive. Thus, both Tp; and T are linear, positive, efficient opera-
tors. Let v € ML(AIT) and set w= Tpv. Because w= w* — w™ with
Iwl|= wt(I) + w=(I), we have v = THw*) — THw"™), which implies that

loll= TAw NI + THw)T) = wrI) + w=() =|Iwll = || Tnoll.

Because we also have|| Tv|| < ||v||, we get that Ty, and therefore, 74, is an
isometry. Finally, because we have shown that |jv||= TAwHI) +
THw™)(I), ML(A,II) is an internal space.

Altogether, the following proposition holds.

Proposition 1.

(1) ML(AIT) C pNA(A).

(1) Ty:ML(AII) — G,(I1) is a linear, efficient, positive isometry.

(iii) T*:G,(IT) = ML(AIT) is a linear, efficient, positive isometry.

(iv) Ty e T*istheidentity map on G,(IT),and T# o Tfis the identity
map on ML(A,II).

(v) ML(AII) is internal. Moreover, every v € ML(A,II) is the differ-
ence of two monotonic games v, and v, in ML(4,I1) with ||v]| =
v,(I) + v,(I).

Observe that 74 maps 4G,(IT) into NA N ML(A,IT). Therefore for
every function f: ML(A,I1) —= NA N ML(A,IT) there exists a unique func-
tion g: G,(T1) — AG,(I1) that makes diagram (D1) commutative:
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ML(4,IT) == NA N ML(A,IT)
T4 T l Tq
G, —=  AG(I) (D1)

Thatis, g= T fo T

By (iv) we also get that for every g: G,(I1) = AG,(IT) there exists a
unique f:ML(A,IT) = NA N ML(A,IT) that makes (D1) commutative.
That is, f= T#*° go Ty. Alternatively, f is the unique function that
makes diagram (D2) commutative:

ML(4,IT) £ NA N ML(A,IT)
Ny o
G,(II) ——  AG,(I) (D2)

Let ¢ denote the Aumann - Shapley value on pNA, and let i denote
the Shapley value for finite games. Itis easy to verify that ¢ maps ML(4,1T)
into NA N ML(A,II), that ¥ maps G,(IT) into AG,(II), and that the dia-
grams (D1) and (D2) are commutative with f= ¢ and g = y (e.g., use [5]
and [1, note 1 on p. 166]). This gives us a very efficient tool to derive
uniqueness theorems.

Proposition 2. Let q.‘; : pPNA — FA be a function that maps ML(A,IT) into
NA N ML(A,IT), where A is a nonatomic probability measure and I1 C €
is a finite field. Define v : G,(IT) = AG,(IT) such that (D1) will be com-
mutative with f = ¢ and g = 7. Then if 7 is the Shapley value on G,(I1), ¢
equals the Aumann -Shapley value on ML(A,IT).

Given any finite field IT C € and a nonatomic probability measure 4,
we denote by E4 the map from pNA(L) onto ML(4,IT) given by Efjv =
THTqgv). Note that Ef; is a linear, efficient, positive projection onto
ML(A,II), and ||E4|| = 1. In particular, diagram (D3) (in which i denotes
the identity map) is commutative:

PNA) —> Gy(IT)

N

ML(A,IT) — ML(A,IT) (D3)
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4 The approximation theorem

We start with an inequality that holds in any normed algebra (X, || ||); that

is, |lxyll = ||x|{ |yl for every x, y, € X. Let x;, x5, . . . , X, be fixed ele-
ments in X. For every J = (J;, /2, - . - ,Ji) €{1,2, ,h}* denote the
product ., x; = x; x;, . . ., x;, by x(J). It follows that
(xp+x,+ - Fx )= > x().
Je(2, ..., nlk

Let D be the set of all JE (1,2, . . . ,n)}* such that for every 1 =i <
m =k, j; # j.,and let BbethesetofallJ € (1,2, . . . ,n)*thatare notin
D.

Lemma 3. For every x,, X,, . . . , X, 1n a normed algebra and for every

integer k > 1 the following holds:

k
(£ -2
i=1 JGD

k n k—1
=< <2> ( max |Ixl) (2 le,-ll) :
=1 n =1

.....

x(J ) “
JEB

Proaf: Forevery | =/=<nlet
={JeB:Al=i<m=kst.j=j,=1).

Then B=ULB,. For every 1=i<m=k let By"=(JE B,:j,=

Jm =1}. Then

n k—2

> x

i=1

> X(J)“ = |Ix?

JeBm

n k—2

Therefore,
> Xi

X(J)H ()lllel2
JEB, i=1

30| =(5)
JEB,

Hence,

k=2 n

>, Xl
i=1

n

3 x

i=]

e
JEB
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Because

n
2 X

i=1

T (2 um)kuz

i=1

2 lxd?=( max |Ix) 3 llx|l and
3 n i=1

.....

The result follows. &

Theorem 4. Let (I1,);—, be an admissible sequence of finite fields. Then
for every v € pNA(A), lim,_..E}; v = v (in the bounded variation norm).

Proof: Because all operators E4; are linear with norm 1, the space Q
consisting of all games v € pNA(4) for which E4;, v ———2 wvis a closed
subspace of PNA(A). Let y be a probability measure in ML(A4,IT,,). We will
show that forevery k= 1, y* € Q.

Because ML(4,11,,) C ML(A,I1,) for every n > m, y € ML(A,I1,) for
every n> m, so E}; y =y for every n > m, which proves our claim for
k=1.Asfork> 1, foreveryn>mand every J=(4,,4,, . . . ,A) €
nklet y(J) = I,y , where y , denotes the restriction of y to 4. Obviously,
7(J) € ML(A,11,) whenever 4; # A4; for every 1 =i < =< k. Because y =
2 4en, Y4, WE can use Lemma 3 to prove the existence of u, € ML(A,I1,)
such that

. k =k
17" = uall =1, ) (max |74l) > NIyl =\, ) maxy(4) =20,

A€E€m, AE€n, A€E€m,

because y 1s a nonatomic probability measure on a standard measurable
space.

Obviously u, € Q for every n> m (because Efyu,=u, for every
p = n). Therefore y* € Q for every k = 1.

Finally, since Us_,I1, is dense in €, then NA N (U5, ML(A,IT,)) is
dense in the space of all measures which are absolutely continuous w.r.t. A,
and since pNA(A) is a Banach algebra it is the closed algebra generated by
NA N (Us-,ML(A,I1,)). This completes the proof. B

5 Internality

Let A be a probability measure in NA, and let (I1,);..; be an admissible
sequence of finite fields. By (v) ML(A,II,) is internal for every n= 1.
Because ML(A4,I1,) D ML(A,I1,,) forevery n > m, U;_,ML(J,I1),is a lin-
ear space; and because the union of internal spaces is an internal space (if
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it is linear), Uz ML(A,IT,,) is an internal space [moreover, for every v in

= _1ML(AII,) there exist u, w € (U, ML(A,IT,))* such that v =w — u
and |jv||= w(l) + u(I)]. Theorem 4 implies that pNA(A) is the closure of
Ur_ML(4,I1,), and therefore pNA(A) is internal by [1, Proposition 4.12].
Alternatively, for every v € pNA(A) and every € > 0 construct a sequence
of games (V5= iIn ML(4,I1,, ) (where (n) is an increasing sequence) with
lv — ve]| < €27*~! for every k= 1. Let v, = 0. For every k=1 let v, —
Ug—1 = Wi — Uy, Where 4, and w; are monotonic games in ML(4,I1,, ) with
1o = Veryll = WilD) + uy(I). Let w=Zp_ 1w, and u= 2. u,. Then
u, we pNA)'T (because for every k> 1, w(I)+ wy(l)<e2™*+
€2~k+D) p=w — y, and

uhy+ w(l) =3 (wdl) + wdl)
k=1

= u (D) + wi) + S (D) + wiD)) =|lol] + e.
k=2

Because pNA = U; pNA(4), it is also internal.

6 The uniqueness of the value

The uniqueness of the Aumann-Shapley value on pNA is mainly the
consequence of the internality of pNA that was proved in the previous
section. However, the uniqueness of the A value on pNA(A), which cannot
be based on internality observations alone, can also be derived by the
methods developed here.

Let A be a nonatomic probability measure. A set Q of games is A-sym-
metric if 8,0 C Q for every automorphism 8 with 6,A=A. Let Q be a
A-symmetric set of games. A map ¢ from Q into BV is A-symmetric if
6, ° ¢ = ¢ o 0, forevery automorphism 6 that preserves A. It satisfies the
dummy axiom if ¢pv(S€) = 0 whenever S is a carrier of v.

Theorem (Monderer [4]). There exists a unique linear A-symmetric posi-
tive efficient operator ¢ : pPNA(A) — FA that satisfies the dummy axiom.
It is the restriction to pNA(4) of the Aumann-Shapley value ¢
on pNA.

Proof: Let Il C € be a finite field with A(4) = A(B) = 1/#n for every two
atoms A, B € n. Note that for every v € ML(A,II), 6,v =1 for every
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automorphism 6 of (1,4 ) that preserves the measure A and satisfies 65 = S
for every § € 7. Therefore, by a slight change in the proof of [1, Proposi-
tion 6.1] (using the A-symmetry of ¢b), we get that, forevery v € ML(AII),
(131) is a linear combination of the measures A,, A € n. Hence, ¢v €
NA N ML(A,IT). Let 7 : G,(IT) — AG,(T1) be the function that makes the
diagram D4 commutative:

ML(A,IT) -—¢—> NA N ML(A,II)
G(Il) —Y>  4G,() (D4)

Note that w satisfies the Shapley value axioms on G,(I1), so, by Proposi-
tion 2, ¢ = ¢ on ML(A,IT). Therefore, ¢ = ¢ on Uz_;ML(A,IT,), where
(IT,)7=, 1s any admissible sequence of finite fields with A(4) = 1/#n,, for
every atom A of Il,. That is, ¢ and ¢ coincide on a dense subset of
DPNA(A). Because pNA(A) is internal and ¢ is linear and positive, q§ is
continuous and thus coincides with ¢ on all of pNA(A). W

7 The asymptotic value on pNA

In this section we will show that the asymptotic value exists in pNA. We
will show that the asymptotic value of each v € pNA equals its Aumann —
Shapley value. Let v € pNA, let (I1,);-, be an admissible sequence of
finite fields, and let 7 € I1,. We have to show that

lim (yon,(T) = ¢o(T)) = 0.

Note that there exists a probability measure A € NA for which v €
PNA(A). Also note that for every u € ML(A,I1,), wuy (S) = ¢u(S) for
every S € I1,,. In particular, yuy (T) = ¢u(T). Finally, recall that Ef;_
maps pNA(A) into ML(A,I1,,). Hence,

lwon, (T) — ¢po(T)| < |yoy (T)
— w(Ed, v (D 10EL o)(T) — do(T)|.

Because for every w € BV, |lwy_||<||w|| and |ly|| = ||¢||= 1, we deduce
from the approximation theorem that

lyon, (T) — (1) = 2|v — Eq, vl == 0.

nm—>wx
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8 Characterization of the Aumann - Shapley value without the
linearity axiom

The Aumann-Shapley value ¢ on pNA is the unique linear, positive,
efficient, and symmetric map from pNA to FA. It turns out that the value
satisfies additional desirable properties like continuity, ¢u = u for every
1 € NA, and stronger versions of positivity. One of the stronger versions
of positivity will be called strong positivity: Let Q C BV. A map

¢: Q —> FA is strongly positive if pv(S) = du(S) whenever u, v € Q and
o(TUS) —o(T) = u(TU S") — w(T)

for every S’ C S and T in €. Strong positivity is a desirable property for
values, and it is satisfied by the value on pNA as well as by any other
known nonpathological value. The following theorem asserts that strong
positivity and continuity can replace positivity and linearity in the charac-
terization of the value on pNA.

Theorem 5. Any symmetric; efficient, strongly positive, and continuous
map from pNA to FA is the Aumann-Shapley value.

Proof: Let (1; :pNA — FA be a map satisfying the conditions of the
theorem. Denote by ¢ the Aumann - Shapley value on pNA. In order to
prove that ¢ = ¢ it suffices to prove that they coincide on pNA(A) for
every probability measure A € NA. Let then A be a fixed arbitrary measure
in NA. Because ¢ and ¢ are continuous, it suffices to prove that ¢ = ¢ on
ML(A,IT) for every finite field IT C 4. Because ¢ is symmetric, it maps
ML(A,IT) into NA N ML(A,IT) (we have already proved a similar claim in
the proof of the theorem in Section 6). Let y: G,(IT) — AG,(I1) be the
function that makes diagram (D4) commutative. Obviously, ¥ is a sym-
metric and efficient map. We will show that

pu(A) = yw(A) (5.1)
for every atom A4 of I1 for which
u(SUA) — u(S) = w(SUA) — w(S) (5.2)

for every S € I1. Therefore, ¥ is strongly positive, and by Young’s charac-
terization [6, Theorem 2] it is the Shapley value y. By Theorem 2 we get
that = ¢ on ML(A,I).
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Let then u, w € ML(A,I1) satisfy (5.2). Note that for every v € G,(I1)
and every R € €,

TR = v(S)[ I1 lB(R)][ I« —XB(R))],

SeIl Ben;BCS Benr,; BCS¢c

where AZ(R) = A(R N B)/A(B) if A(B) >0, and A3(R)=0 if A(B)=0.
Therefore, for every A’ € €, A’ C A,

T*(RU A"y — T*(R) = (AR U A") — A(R)) 2 [ 11 KB(R)]

TeEI,ACT LBE®,BCT
' [ I1 (1 = 23(R)) | ((T U 4) — v(T)).
BEnr, BCTe; B#4

Thus (2) implies that
T*u(RUA) — T*u(R) = T*w(RU A") — T*w(R)

for every A’ C A and R in €. )
Hence, by the strong positivity of ¢, we have

Ju(d) = G(Tu)(A4) = (T w)A) = yw(4). MW

Corollary 6. Any A-symmetric, efficient, strongly positive, continuous
map from pNA(A) to FA is the Aumann-Shapley value.

Proof: Let d;: PNA(4) — FA be a map satisfying the conditions of the
theorem. As in the proof Theorem 5, one can show that ¢ = ¢ on every
ML (A,IT) for which A(4) = 1/|x| for every atom A € 7.

Because for every probability measure A € NA* there exists an admis-
sible sequence of finite fields, each of them has the above property, the
proof of the theorem follows from the continuity of ¢. |

9 Characterizations of the value on pNA®

For every two games u and v, we say that v > u if v — u is a monotonic
game. Note that v = u iff (T U S) — o(T) =z w(T U S) — u(T) for every
S, T € €. Also note that for any two additive gamesu and y, u = yiffu = y.
The set of all games v for which there exists 4 € NA* such that —u <
v = p is denoted by AC,.. AC, is a linear symmetric subspace of BV that
contains NA. For every v € AC,, let

Il = inf{u(I): p € NAY, —pu < v =< u} + max{|v(S)|: S € €).
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It can be easily verified that (AC.,|| ||») 15 @ Banach algebra and that
Il 1= |l on AC. Also, for u € NA, ||u|l- = 2||u]|, which implies that the
two norms are equivalent on NA.

Lemma. Let Q D NA be a subspace of AC., and let ¢:Q — FA be a
positive map sat1sfy1ng cb(v +u) = d)(v) + u for every u € Q and every
1 € NA. Then ||¢v — dul| = |lv — ull. for every u, v € Q.

Proof: For every u € NA* for which —uy <v—u =<y, we have u — u <
v < u + u. Therefore, by the properties of @, (bu —u=dv=cdu+yu.
Hence, —u < ¢v — pu =< u, which implies that ||pv — qbu|| =< u(I). Be-
cause the last inequality holds for every u for which —u =< v —u =y, we
get [[pv — dul| = |lv — ull.. L

Let pNA,, be the || ||.-closed algebra generated by NA. pNA. is a|| |-
dense subspace of pNA that contains NA as well as any game v = F o
(g, . . . Uy, where u; € NA and F'is continuously differentiable on the

range of (uy, . . . ,U,).

Theorem 7. There exists a unique value on pNA... It is the restriction to
PNA.,, of the Aumann -Shapley value on pNA.

Proof: Let (ﬁ be a value on pNA... Because d; is symmetric and efficient,
¢u = uforevery u € NA. Because ¢ is linear, the previous lemma implies
that it is || ||.-continuous. By [1, Note 2 on p. 54] ¢ coincides with the
Aumann -Shapley value on the algebra generated by NA. Because ¢p and
the Aumann-Shapley value are || ||«-continuous, they coincide on all of
pNA,. R

We now turn to characterize the value on pNA,, without the linearity
and positivity axioms. Both axioms will be replaced by the strong positiv-
ity axiom. We will not need any continuity assumption (compare with the
analogous result in the previous chapter). Note that because Lemma 3
holds in any normed algebra, we can mimic the proof of Theorem 4 to get
lim,,.. Ef; v = (in the || ||, norm) for every probability measure A €
NA, every admissible sequence of finite fields, and every v € pNA,(A),
where pNA.(4) is the|| ||.-closed algebra generated by NA(A). Therefore if
d;: PNA. — FA is a symmetric, efficient, strongly positive map that satis-
fies (v + 1) = d(v) + p(u) for every v € pNA,, and for every u € NA,
then it coincides with ¢ (the Aumann-Shapley value) on a || ||.-dense
subspace of pNA.., and it i1s || ||.-continuous (by the lemma in this chap-
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ter); therefore, it coincides with ¢ on pNA.. As claimed, we have a
stronger result.

Theorem 8. Any symmetric, efficient, strongly positive map from pNA.,
to FA is the Aumann-Shapley value.

Proof: Let q,‘A) :pNA., — FA be a symmetric, efficient, strongly positive
map. As we have already mentioned, it suffices to prove that gg(v +u)=
¢(v) + u for all v € pNA, and for all u € NA.

Let v € pNA... The map G(u) = d(v + 1) — ¢(v) is a strongly positive
map of NA into FA. Therefore, G(u)(S) = G(us)(S) for all S€ €. As
(Us)se = Os. and G(0) = 0, G(us)(S) = G(0)(S) = 0. Hence, by the effi-
ciency axiom G(ug(S)) = u(S). Therefore (v + )= () +u. W

10 Application to cost allocation

A cost problem is a pair (f,a), where a € R% . and fisareal valued function
onD,={x &€ R%.0 = x =< g} withf(0) = 0. Foreach x € D, f(x)isinter-
preted as the cost of producing the bundle x = (x,, . . . ,x,) of commod-
ities or services and a is interpreted as the vector of quantities actually
produced.

Let n = 1. The set of all cost problems ( f,a) for which a € R}, and f
1s continuously differentiable on D,isdenoted by ¥,. Let F = U %,. A
price mechanism is a function y: % — US_, R" such that y( f,a) € R" for
every (f,a) € %,. The i-th coordinate of w( f,a) will be denoted by w,(f,a).

A price mechanism y is cost sharing if

> vi(faa; = f(a). , (1)
i=1
for every n = 1 and for every (f,a) € %,,.
Letm=n=landletn =(S,,S,, . . . ,S,) bean ordered partition of
(1,2, . . . ,m). We define n*:R™ — R" by n¥(x) = Zesx; for every

XE R"and forevery 1 =i =<n.
A price mechanism y is consistent if for every m = n = 1, for every

be R?,, for every ordered partition 7=(S;,S, ...,S,) of
(1,2, . . . ,m) and for every (f,n*(b)) € ¥,
wi(fe n*b) = Wj(f;n*(b)) (2)
for every 1 = j = n and for every i € ;.
For each x, y€ R" denote x * y=(x,),, . . . ,X,V,) and for each
AE R%,_ denote A7 = (1/4,, . . . ,1/4,). Also, for each function fon R”

define (A * f)(x) = f(A * x) for all x € R".
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A price mechanism v is rescaling invariant if

w@Axf, A7 xa)=A*y(fa) (3)

forallAd,a€ R, and (f,a) e F
A price mechanism ¥ is strongly monotone if

an>;4mvmﬂ>=%um>%@m @

for every n = 1, for every (f,a), (g,a) € ¥, and forevery 1 <i=<n.
The Aumann-Shapley price mechanism ¢ was defined in [2] and [3]
by:

_ |t
QSi(ﬁa)“j(; ox,

for every n = 1, for every (f,a) € ¥, and for every 1 < i <n.

Theorem 9. There exists a unique price mechanism on % which is cost
sharing, consistent, rescaling invariant and strongly monotone. It is the
Aumann - Shapley price mechanism. i

Theorem 9 is a generalization of a result of Young [7], who proved that
the Aumann - Shapley price mechanism is the unique price mechanism
which is cost sharing, strongly monotone and aggregation invariant,
where aggregation invariance means that the price mechanism is covar-
iant under linear transformations. The following example shows that
consistency and rescaling invariance are weaker than aggregation invar-
1ance even in the presence of the cost sharing axiom.

Example 10. Forevery n = 1, foreverya € R%, , forevery(f,a) € ¥,,and
for every 1 = j =< n denote s¢(f) = max,cp, 9f/9x; (x). Define

vilfa) = siNf@ | S asif)

=1
whenever 27 ;a;5¢(f) # 0, and
vi(fia) = ¢b:(f,a)

otherwise.
It is easily verified that i is cost sharing, con51stent rescaling invariant
and not aggregation invariant.
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Proof of Theorem 9: We start with some definitions. Let n = 1. The space
ofallgameson {1, . . . ,n}willbedenoted by G(n). Leta € R}, . Theset
of all (f,a) in % will be denoted by %(a). The set of all (f,a) € ¥(a) for
which fis a multilinear function on D, will be denoted by ML(a). Let
T4:%(a) — G(n) be defined as follows: For every SC {1, . . . ,n}.

Te(f,a)S) =f(ls* a),

where (15);=1 Vi€ Sand (lg),=0Vié€¢S.

It is easily verified that the restriction to ML(a) of 7%1sa 1 - 1 function
onto G(n). Let T~%: G(n) — ML(a) be the inverse function of T {1 (). We
now turn to the proof.

Let y be a cost sharing, consistent, rescaling invariant, strongly mono-
tone price mechanism on %. For each n = 1 and for each a € R%, define
w?:G(n) — R" such that the following diagram will be commutative:

ML(aq) =% R"

~1 |

G(n) > R,

where i is the identity map of R”, and (a * w)(f,a) = a * (w(f,a)).

w*is efficient, symmetric, and strongly positive since y is cost sharing,
consistent and rescaling invariant, and strongly monotone respectively.
Therefore, by [6], w“ is the Shapley value. Hence by [5] v coincides with
the Aumann-Shapley price mechanism ¢ on ML(a). Thus we have
proven that ¥ and ¢ coincide on U, ,egt+ML(a).

Let then n =1 and let a € R%,. We show that ¥ = ¢ on %(a). For

every k=1 let n(tk)=(S,, ... .,S, be the ordered partition of
(1,2, . . . ,kn}, where foreach 1 = p=<n

S,={(p—Dk+1(p— Dk+2, ... pk).
Also, denote a(k) = (a,(k),ax(k), . . . ,a(k)), where a;(k) = a,/k for

every j € S, and let f(k) = f ° n(k).
As y is consistent, for every 1 = p <nand every j € S,
w;(f(k),a(k)) = y,(fa). .1

For each fixed m =1 and for each b € R?,, the space C{(D,) of all
continuously differentiable functions g on D, with g(0) = 0 is a normed
algebra with the norm

% (%)
l

llgll = max|g(x)| + ), max by,

XED, I=1 xeD,
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and the polynomials that vanish at 0 are dense in C}(D,). Note that the
mapping f— f(k) is a linear isometry from Cy(D,) into C¢(D )

Let f& C{D,) and € > 0. Let g be a polynomial on D, with g(0) = 0
such that|| /' — g|| < e. Applying Lemma 3 to C (D) we deduce that fora
sufficiently large k, there exists a multilinear function y on D, such that
Iy — gkl <e. Aslig(k) — [ <llg — f1I, it follows that

Iy — (R < 2e. 9.2)
Let L be the linear function in C§(D,y,) that is given by,
&4 a(y — f(k)
L(z)= max |————= ()] z,. (9.3)
1‘21 xEDa(k) axl l

Asy + L and y — L are multilinear functions on D,,,
w(y + La(k)) = ¢(y £ L,a(k)). (9.4)
It follows from (9.3) that for every | = [/ =< kn,

o(y—L) _oftky _d(y+1L)
(9x, - Gx, N 6x1

on D, . Therefore, by (9.4), the consistency of both y and ¢, and the
linearity of ¢, we have:

apw/p(f:a) - d)p(./;a)l = 2 al(k)(‘//l(f(k)aa(k)) - (bl(f(k):a(k)))

I€S,

= ¥ ¢,2Lak)a,(k) < de.

IES,

Thus for every 1 = p < n and for every € > 0

aly(fia) — b (fa)l < 4e.
As a, > 0 it follows that y(f,a) = ¢(f,a). B

11 Bernstein’s polynomials

Let f be a continuous function on [0,1]. Bernstein’s theorem asserts that
the sequence of polynomials (B,(t)),-, converges to f(¢) uniformly on
[0,1], where

n

B(t)=73 (Z) 5k — )" *f(k/n).

k=0

It is easily verified that it suffices to prove the theorem for continuously
differentiable functions f. Let then f be a continuously differentiable
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function on [0,1]. For every n> 1 define f,on D,={x € R*.0 < x; <

IVI=i=nbyf(x)=f((x,+x,+ -+ + x,)/n). Let g, be the multi-
linear function on D, whose values on the vertices 15, S C {1,2, . . . ,n)
of D, are f,(15).

Let € >0 and let n be an integer large enough such that |f7(z,) —
f(t)| < € whenever |t, — t,| = 1/n. We will show that

184(X) — Ju(X)| = € Vx € D,. (1)

The theorem will follow by substituting x = (¢,¢, . . . ,t) in the last in-
equality. :

We now prove (1). For each x € D,, let N(x) be the number of the
indices i for which 0 < x; < 1. Obviously 0 = N(x) = n. We will prove by
induction on k that

|gn(X) — fu(X)| = ke/n

whenever N(x) = k.

For x € D, with N(x) =0, x= 14 for some SC (1,2, ... ,n} and
therefore g,(x) = f,(x). Assume the claim has been proven for 0 < k < n.
We now prove it for k+ 1. Let x& D, with N(x)=k+ 1. Let /€
(1,2, . . . ,nywith 0 <Xx,< 1. Since g, is a multilinear function,

8nlx) = x;8,(2") + (1 — x))8,(2°),

where Zo = ('xl; R ’Orx1+l I sxn) and
Zl = (xla L 9x1—1915x1+1a .. '.9xn)-

Observe that for i =0, 1, N(z') = k, and therefore by the induction
hypothesis

|8n(z") — fu(2")| = ke/n.
Hence,
|8n(x) — £l = ke/n + |x,(fuz") — £ux)) — (1 — X)(folx) — fu(2°D)]-
By the intermediate value theorem:
(fulz") = fuX)) = f(a)((1 — xp/n)
and
(ul¥) = ful2%) = f"(B)(xi/ ),
where |a — b| = 1/n. Hence,
|8(X) — fu¥)| = ke/n + (x/(1 — x))€/n = (k + 1)€/n

since x;(1—x)=1. 1
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