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Values of smooth nonatomic games: the
method of multilinear approximation

Dav M anderer and Abraham Neyman

1 Introd uction

In their book Values of Non-Atomic Games, Aumann and Shapley [1]
define the value for spaces of nonatomic games as a map from the space of
games into bounded finitely additive games that satisfies a list of plausible
axioms: linearity, symmetry, positivity, and efficiency. One ofthe themes
of the theory of values is to demonstrate that on given spaces of games this
list of plausible axioms determines the value uniquely. One of the spaces
of games that have been extensively studied is pNA, which is the closure of
the linear space generated by the polynomials of nonatomic measures.
Theorem B of [1] asserts that a unique value ~ exists on pNA and that

II~II = 1. This chapter introduces a canonical way to approxi1)1ate games
in pNA by games in pNA that are "identified" with finite games. These are
the multilinear nonatomic games- that is, games v of the form v = F 0

(111,112, . . . ,l1n),where F is a multilinear function and 111,112,. . . ,l1n
are mutually singular nonatomic measures.

The approximation theorem yields short proofs to classic results, such
as the uniqueness of the Aumann - Shapley value on pNA and the exis-
tence of the asymptotic value on pNA (see [1, Theorem F]), as well as
short proofs for some newer results such as the uniqueness of the 11value
on pNA(I1) (see [4D. We also demonstrate the usefulness of our method by
proving a generalization to pNA of Young's characterization [6 and
Chapter 17 this volume] of the Shapley value without the linearity axiom,
and by generalizing Young's characterization [7] of the Aumann-Shapley
price mechanism. In the last chapter we use the ideas behind the multilin-
ear approximation in order to supply an elementary proof to a classic
result in analysis: the Weierstrass approximation theorem.

This work was supported by National Science Foundation Grant DMS 8705294, and by
Israel- US Binational Science Foundation Grant 8400201.
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218 Dov Monderer and Abraham Neyman

2 Preliminaries

We follow basically the terminology and notations of Aumann and Shap-
ley [1]. Let (I,cg) be a fixed standard measurable space (i.e., a measurable

.

space isomorphic to ([0,1 ],9JJ),where 9JJdenotes the Borel field in [0,1 D. A
game is a real-valued function v on cf6with v(0) = O.A game v is mono-
tonic if v(S U T) > v(S) for all Sand Tin cfi.A game v has a bounded
variation if it is the difference of two monotonic games. The variation II vII

of such game is IIvii = inf{w(I) + u(/)}, where the infimum ranges over all
monotonic games u and w for which v = w - u. The space BV of all games
with bounded variation is a Banach algebra (see [1, sect. 4D. The space of
all finitely additive games in BV is denoted by FA, and the subspace of all
nonatomic measures in FA is denoted by NA. The closed Banach algebra
generated by NA is denoted by pNA. Equivalently, pNA is the closed
linear subspace ofBV generated by the powers of the nonatomic probabil-
ity measures. Let Q be a subset of BV. The set of monotonic games in Q is
denoted by Q+. A map of Q into BV is called positive if it maps Q+ into
BV+. An automorphism of(I,Cfi) is a 1-1 map 80fl onto itself such that for
every S c I, S E cf6iff 8(S) E cf6.The group of all automorphisms is de-
noted by W.Each 8 in Winduces a linear map 8

*
ofBV onto itself, defined

by (8*v)(S) = v(8S). A subset Q ofBV is called symmetricif8*Q C Q for
all 8 E W. A map ~ of a symmetric subset Q of BV into BV is called
symmetric if, for every 8 E W, 8*

0 ~ = ~ 0 8*. A map ~ of a subset Q of
BV into BV is called ejficientif, for every v E Q, (~v)(l) = vel). Let Qbe a
symmetricsubspace ofBV. A value on Qisalinear, positive, efficient, and
symmetric map of Q into FA. Let Q be a subspace ofBV. Q is an internal
space if for every v E Q and every E > 0 there exist u, w E Q+ with v =
w - u and IIvII> w(I) + u(I) - E. The importance of internal spaces in
the theory of values follows. from [1, Propositions 4.7,4.12], where it was
proven that every linear, positive, efficient map of an internal subspace of
BV into FA is continuous and that the closure of an internal space is
internal. These results provide a very efficient tool for deriving unique-
ness theorems. One of the fundamental results of the theory of values of
nonatomic games [1, Theorem B] is the existence. of a unique value on
pNA. The uniqueness of the value on a dense subspace of pNA follows
from [1, Proposition 6.1], and the uniqueness on pNA is obtained by
showing that pNA is an internal space.

Let fl be a finite subfield ofCf6.The set of all atoms offl is denoted by 7r.
The power set 21£of 7ris identified naturally with fl, and thus a finite game
on the players' set 7r is identified with a function w: fl ~ R, With
w(0) = O.The restriction of v E BV to fl is denoted by Vn.An admissible

.'<



Values of smooth nonatomic games 219

sequence of finite fields is an increasing sequence (TIn)~=l of finite sub-
fields of eg such that U~=lTIn generates eg. For every game w of finitely
many players, we denote by IfIWthe Shapley value of Wconsidered as a
measure on the set of players. A game v has an asymptotic value if there
exists a game cpv such that, for every admissible sequence of finite fields
(TIn)~=land every Sin TIl, limn-+oolflvnn(S)exists and equals cpv(S). It
follows that cpvis finitely additive, and it is called the asymptotic value of v.
The set of all games in BV having an asymptotic value is denoted by
ASYMP. Aumann and Shapley [1, Theorem F] have shown that ASYMP
is a linear, symmetric, closed subspace ofBV, and that the operator cpthat
associates to each v its asymptotic value is a value on ASYMP with
norm 1.

3 Multilinear nonatomic games and finite games

For every finite field TI c egwe denote by 7Cthe set of atoms ofTI. Let G(TI)
be the space of all finite games on the players' set 7C.The power set 21tof 7Cis
naturally identified with TI. Thus, a game win G(TI) is identified with a
function w: TI~ R satisfying w(0) = O.The space of all additive games
in G(TI) is denoted by AG(TI). The set of all monotonic games in a subset
H of G(TI) is denoted by H+. Let wE G(TI). Define w+ and w- in G(TI)+
such that w = w+ - w- in the following way:

n

w+(S)=max L max{w(SoUSl U ... US;)
i=l

- w(So U Sl U . . . U Si-l)'O},

where n is the number of elements in 7C,So = 0, and the outer maximum
ranges over all possible orders S}, S2, . . . , Sn of {T En: T c S}. The
variation norm ofw E G(TI) is given by IIwll= inf{w2(I) + Wl(I)}, where
the infimum ranges over all Wh W2E G(TI)+ for which w = W2 - WI.

Actually, IIwll = w+(I) + w-(I). Let Tn be the map from the set of all
games into G(TI) given by Tnv = Vn,where Vnis the restriction to TIofv.
Note that Tn is linear, efficient, positive, and II Tn vII <: IIvII for every
vEBV.

A carrier of a game v is a set l' in egsuch that v(S) = v(S n 1') for every
S E eg.Let Abe a probability measure in NA. The set of all games vin pNA
having the property that every carrier of Ais a carrier of v is denoted by
pNA(A). Equivalently, pNA(A) is the closed algebra generated by NA(A),
where NA(A) denotes the space of all measures in NA that are absolutely
continuous with respect to A.

Given a nonatomic probability measure Aand a finite field TI c egwith
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the set of atoms n= (SI,S2, . . . ,Sn} (1 <i<j$n~Si=F~),denote
the restriction of J.to Si, 1 < i < n, by As,= Ai' Let ML(J.,II) be the set of
all games v having the form v = F 0 (AI,A2, . . . ,An), where Fis a multi-
linear function (see [3, and Owen Chapter 10 this volumeD on
I1i~I[O,A(S;)]-the range of the vector measure (AI,J.2, . . . ,An)' Note
that ML(J.,II) is a linear space of games and that every game v E ML(J.,II)
is a polynomial in the J.;'s; therefore ML(A,II) c pNA(J.) c pNA. Also
note that, for every u, v E ML(A,II), u = v iff Tnu = Tnv. That is, Tn is
I-Ion ML(J.,II). Let GiTI) be the set of all games win G(II) having the
property that w(S) = weT) whenever A(S b.. T) = 0, that is, every atom in
nthatisa null set for Aisa null player for w. The space of all additive games
in Gill) is denoted by AG).(TI). For every game win G).(TI)there exists a
unique game v E ML(J.,TI) with Tnv = w (just take Fto be the multilin-
earfunctionforwhichF(AI(S), . . . ,An(S» = w(S)forallSE II). Thus,
the map Tn from ML(J.,Il) onto G).(TI) has an inverse T).:GiII) ~

ML(A,Il). Moreover, v E ML(J.,ll)+ iff Tnv E G).(TI)+. Therefore T). is

also positive. Thus, both Tn and T). are linear, positive, efficient opera-
tors. Let v E ML(J.,Il) and set w = Tnv. Because w = w+ - w- with

IIwll= w+(I) + w-(I), we have v = T).(w+) - T).(w-), which implies that

IIvII< T).(w+)(I) + T).(w-)(I) = w+(I) + w-(I) = IIwll= IITnvll.

Because we also have IITnvll < IIvll,we get that Tn, and therefore, T)., is an
isometry. Finally, because we have shown that Ilvll= T).(w+)(I) +
T).(w-)(I), ML(J.,Il) is an internal space.

Altogether, the following proposition holds.

Proposition 1.

(i) ML(A,ll) c pNA(J.).
(ii) Tn: ML(A,ll) ~ Gill) is a linear, efficient, positive isometry.

(iii) T).: G).(ll) -- ML(A,Il) is a linear, efficient, positive isometry.
(iv) Tn 0 T). is the identity map on Gill), and T). 0 Tn is the identity

map on ML(A,TI).
(v) ML(A,ll) is internal. Moreover, every v E ML(A,II) is the differ-

ence of two monotonic games VI and V2 in ML(A,ll) with IIvII=
vl(I) + viI).

Observe that T). maps AG).(ll) into NA n ML(A,ll). Therefore for
every function/: ML(J.,Il) -- NA n ML(A,II) there exists a unique func-
tion g: G).(ll) -- AG).(TI) that makes diagram (01) commutative:
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ML(A,TI)~ NA n ML(A,TI)

Tl
r 1

Tn

g
G;.(TI) ~ AGiTI) (D1)

That is, g = Tn 0 fo T;'.

By (iv) we also get that for every g: G;.(ll) ~ AG;.(ll) there exists a
unique f: ML(A,ll) ~ NA n ML(A,ll) that makes (D 1) commutative.

That is, f= T;' 0 g 0 Tn. Alternatively, f is the unique function that
makes diagram (D2) commutative:

ML(A,ll) ~ NA n ML(A,ll)

Tn
1 r

Tl
g

G;.(ll) ~ AGiTI) (D2)

Let cf> denote the Aumann-Shapley value on pNA, and let 1/1denote
the Shapley value for finite games. It is easy to verify that cf>maps ML(A,TI)
into NA n ML(A,ll), that 1/1maps Gill) into AGiTI), and that the dia-
grams (D1) and (D2) are commutative withf = cf>andg = 1/1(e.g., use [5]
and [1, note 1 on p. 166]). This gives us a very efficient tool to derive
uniqueness theorems.

Proposition 2. Let cf>:pNA ~ FA be a function that maps ML(A.,ll) into

NA n ML(A,ll), where A is a nonatomic probability measure and II C cg

is a finite field. Define 1jJ:G;.(ll) ~ AG;.(TI) such that (D1) will be com-

mutative withf = 1>andg = 1jJ.Then ifljJis the Shapley value on G;.(TI),1>
equals the Aumann - Shapley value on ML(A,TI).

Given any finite field II ccg and a nonatomic probability measure A,
we denote by Eh the map from pNA(A.) onto ML(A.,TI)given by Ehv =
T;'(Tnv). Note that Eh is a linear, efficient, positive projection onto
ML(A,ll), and IIEhl1= 1. In particular, diagram (D3) (in which i denotes
the identity map) is commutative:

pNA(A) ~ Gill)

Eh
1 1

Tl

ML(A,TI) ~ ML(A,TI) (D3)
r
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4 The approximation theorem

We start with an inequality that holds in any normed algebra (X, 1111);that
is, IlxY11< IlxlIllYII for every x, Y, EX. Let Xl' Xl' . . . , Xnbe fixed ele-
ments in X. For every J = (JI ,jz, . . . ,A) E {1,2, . . . ,n)k denote the
product ilf= 1Xjj = Xjl xh' . . . , xA by x(J). It follows that

(X1 + Xz + . . . + xn)k = L x(J).
JE(I,Z, . . . ,n)k

Let D be the set of all J E {1,2, . . . ,n)k such that for every 1 < i <
m < k,ji=l=jm,andletBbethesetofallJE (l,2, . . . ,n)kthatarenotin
D.

Lemma 3. For every Xl' Xz, . . . , Xnin a normed algebra and for every
integer k > 1 the following holds:

L x(J) =
lEB

( t Xi )
k

- L x(J)
1= 1 lED

(
k
) (

n

)
k-I

<
2 (,-

max Ilxill) ~ IIxili .
1 1,... ,n 1

Proof: For every 1 < 1< n let

B, = {J E B: 3 1 < i < m < k S.t.ji = jm = I).

Then B = U7-IB,. For every 1 < i < m < k let B:,m = {J E B,:ji =
jm = I). Then

n k-Z

L x(J) < Ilx,lIz L Xi
JEB!,m i-I

Therefore,

I,
x(J) < (~) IIxtll2 ~ x,

H

Hence,

n

(
k
)

n k-Z n

L x(J) < L L x(J) ,.::
2 L Xi L Ilx,1I2.

lEB '-I JEB, i-I '-I

',,'
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Because

n n

2: IIx/112 <: ( max IIxill) 2: Ilxili and
/=1 i=l, . . . ,n i=1

n k-2

(
n

)
k-2

i~
Xi <: ~ IIXil1

The result follows. .
Theorem 4. Let (IIn);=l be an admissible sequence of finite fields. Then
for every v E pNA(A), limn--+""Ehnv = v (in the bounded variation nonn).

Proof: Because all operators Ehn are linear with nonn 1, the space Q
consisting of all games v E pNA(A) for which Ekv ~ v is a closed
subspace of pNA(A). Let y be a probability measure in ML(A,IIm). We will
show that for every k:> 1, yk E Q.

Because ML(A,IIm)C ML(A,IIn) for every n > m, y E ML(A,IIn) for
every n> m, so Eky = y for every n> m, which proves our claim for
k= 1. As fork> l,foreveryn>mandeveryJ=(A1,A2, . . . ,Ak)E
n~let y(I) = IIf=1yAi'where yAdenotes the restriction ofytoA. Obviously,
y(I) E ML(A,IIn) whenever Ai =FAj for every 1 <: i <j <: k. Because y =

LAE1tnYA,we can use Lemma 3 to prove the existence of UnE ML(A,IIn)
such that

lIyk - unll " G) (max IIYAID ( ~ IIYAIIY-' ~

(~)
max y(A) --;;-::;;;> 0,

AE~ AE~ AE~

because y is a nonatomic probability measure on a standard measurable
space.

Obviously Un E Q for every n> m (because Eh Un = Un for everyp

p :> n). Therefore yk E Q for every k:> 1.
Finally, since U;=lIIn is dense in cfi, then NA n (U;-lML(A,IIn)) is

dense in the space of all measures which are absolutely continuous w.r. t. A,
and since pNA(A) is a Banach algebra it is the closed algebra generated by
NA n (U;=lML(A,IIn)). This completes the proof. .

5 Internality

Let A be a probability measure in NA, and let (IIn);-l be an admissible
sequence of finite fields. By (v) ML(A,IIn) is internal for every n :> 1.
Because ML(A,IIn) ::) ML(A,IIm)for every n > m, u;= 1ML(A,II)n is a lin-
ear space; and because the union of internal spaces is an internal space (if

.
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it is linear), U~=IML(A,TIn)is an internal space [moreover, for every v in
U;=IML(A,TIn) there exist u, wE (U;=IML(A,TIn»+ such that v = w - u
and IIvll= w(I) + u(!)]. Theorem 4 implies that pNA(A) is the closure of
U;= 1ML(A,TIn),and therefore pNA(A) is internal by [1, Proposition 4.12].
Alternatively, for every v E pNA(A) and every E > 0 construct a sequence
of games (Vk)k'=1in ML(A,TInJ (where (nk) is an increasing sequence) with
IIv - vkll< E2-k-1 for every k:> 1. Let Vo= O. For every k:> 1 let Vk-

Vk-I = Wk- Uk, where Ukand wkaremonotonicgamesinML(A,TInJwith
IIvk-vk-lll=wi!)+uk(!)' Let W=~k-IWk and U=~~-IUk' Then
u, WE pNA(A)+ (because for every k> 1, ui!) + Wk(I)< E2-k +
E2-(k+ I» v = W - u and, ,

00

U(!) + w(!) = L (Uk(!)+ wi!))
k=1

00

= UI(!) + WI(!) + L (Uk(!)+ wk(I» <:
II vII + E.

k-2

Because pNA = U;.pNA(A), it is also internal.

6 The uniqueness of the value

The uniqueness of the Aumann-Shapley value on pNA is mainly the
consequence of the internality of pNA that was proved in the previous
section. However, the uniqueness of the Avalue onpNA(A), which cannot
be based on internality observations alone, can also be derived by the
methods developed here.

Let A be a nonatomic probability measure. A set Q of games is A-sym-
metric if e

*
Q c Q for every automorphism e with e*A= A. Let Q be a

A-symmetric set of games. A map 1>from Q into BV is A-symmetric if
e

*
0

1> = 1>
0 e

*
for every automorphism e that preserves A. It satisfies the

dummy axiom if 1>v(SC)= 0 whenever S is a carrier of v.

Theorem (Monderer [4]). There exists a unique linear A-symmetric posi-
tive efficient operator 1>:pNA(A) ~ FA that satisfies the dummy axiom.
It is the restriction to pNA(A) of the Aumann-Shapley value 1>
on pNA.

Proof: Let TI c cgbe a finite field with A(A) = A(B) = 1/#n for every two
atoms A, BEn. Note that for every v E ML(A,TI), e

*
v = v for every

,.;;,
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automorphism e of (1,r:g)that preserves the measure A and satisfies e s = s
for every SEn. Therefore, by a sli!iht change in the proof of [1, Proposi-
tion 6.1] (using the A-symmetry of cf», we get that, for every v E ML(A,I1),

1>v is a linear combination of the measures AA, A E n. Hence, 1>vE
NA n ML(A,TI). Let 1jJ:GiTI) ~ AG;.(TI) be the function that makes the

diagram D4 commutative:

ML(A,TI) ~ NA n ML(A,I1)

T.
I 1

Tn

G;.(TI) ~ AG;.(I1) (D4)

Note that IjJsatisfies the Shapley value axioms on G;.(I1), so, by Proposi-
tion 2, 1> = cf>on ML(A,TI). Therefore, 1> = cf>on U;:~ IML(A,I1n), where
(TIn);:=1is any admissible sequel!ce of finite fields with A(A) = 1j#nn for
every atom A of I1n. That is, cf>and cf>coincide on a dense subset of
pNA(A). Because pNA(A) is internal and 1> is linear and positive, 1> is
continuous and thus coincides with cf>,on all of pNA(A). .

7 The asymptotic value on pNA

In this section we will show that the asymptotic value exists in pNA. We
will show that the asymptotic value of each v E pNA equals its Aumann-
Shapley value. Let v E pNA, let (TIn);:=1be an admissible sequence of
finite fields, and let T E TI

I'
We have to show that

lim (!Jfvn (T) - cf>v(T)) = O.m
m-+oo

Note that there exists a probability measure A E NA for which v E
pNA(A). Also note that for every UE ML(A,I1n), !JfUnn(S)= cpu(S) for
every S E TIn. In particular, !Jfunn(T) = cpu(T). Finally, recall that EfIm
maps pNA(A) into ML(A,I1m). Hence,

I!Jfvnj T) - cf>v(T) I<: I!Jfvnj T)
- !Jf(EfImv)njT)l+ Icp(EfImv)(T) - cf>v(T)I.

Because for every wE BY, IIwnmll<: IIwll and 1I!Jf11= Ilcpli = 1, we deduce
from the approximation theorem that

l!JfvnjT) - cpv(T)1 <: 211v - EfImvll m-"') O.
"
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Characterization of the Aumann - Shapley value without the
linearity axiom

The Aumann-Shapley value 1> on pNA is the unique linear, positive,
efficient, and symmetric map from pNA to FA. It turns out that the value
satisfies additional desirable properties like continuity, 1>/-l= /-lfor every

/-lE NA, and stronger versions of positivity. One of the stronger versions
of positivity will be called strong positivity: Let Q c BY. A map

1>: Q ~ FA is strongly positive if 1>v(S) > 1>u(S)whenever u, v E Q and

8

veT US') - veT) > u(T US') - u(T)

for every S' ~ Sand Tin cf8.Strong positivity is a desirable property for
values, and it is satisfied by the value on pNA as well as by any other
known nonpathological value. The following theorem asserts that strong
positivity and continuity can replace positivity and linearity in the charac-
terization of the value on pNA.

Theorem 5. Any symmetric; efficient, strongly positive, and continuous
map from pNA to FA is the Aumann-Shapley value.

A

Proof: Let 1>:pNA ~ FA be a map satisfying the conditions of the
theorem. Denote by 1>the Aumann - Shapley value on pNA. In order to
prove that 1> = 1> it suffices to prove that they coincide on pNA(A) for
every probability measure A E NA. Let then Abe a fixed arbitrary measure
in NA. Because 1> and 1>are continuous, it suffices to prove that 1> = 1>on

ML(A,II) for every finite field II c cf8.Because 1> is symmetric, it maps
ML(A,II) into NA n ML(A,II) (we have already proved a similar claim in
the proof of the theorem in Section 6). Let 1jJ:G).(II) ~ AG;.(II) be the

function that makes diagram (D4) commutative. Obviously, IjJis a sym-
metric and efficient map. We will show that

lj/u(A) > Ij/w(A) (5.1)

for every atom A of II for which

u(S U A) - u(S) > w(S U A) - w(S) (5.2)

for every S E II. Therefore, Ij/is strongly positive, and by Young's charac-
teriza!ion [6, Theorem 2] it is the Shapley value /fl.By Theorem 2 we get
that 1>= 1>on ML(A,II).

"
~,
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Let then u, wE ML(A,TI) satisfy (5.2). Note that for every v E GA(TI)
and every R E 'fb,

T"v(R) ~
s~

v(S)
LEg~S

AB(R)]
[Bells<

(1 - AB(R))J,

where AB(R) = A(R n B)j A(B) if A(B) > 0, and AB(R) = 0 if A(B) = O.
Therefore, for every A' E 'fb,A' C A,

T"v(R U A') - T"v(R) = J),A(R U A') - ),A(R»
TErbcT< [BE!ICT

KB(R)]

.
[ fI (1 - AB(R))

]
(v(T U A) - veT)).

BEn, Bk;Tc;B~A

Thus (2) implies that

TAu(R U A') - TAu(R) > TAw(R U A') - TAw(R)

for every A' ~ A and R in 'fb.
~

Hence, by the strong positivity of 4;, we have

ljiu(A) = 1>(TAu)(A) > 1>(TAw)(A)= Ijiw(A). .
Corollary 6. Any A-symmetrj.c,efficient, strongly positive, continuous
map from pNA(A) to FA is the Aumann-Shapley value.

~

Proof: Let 4; :pNA(A) ~ FA be a map satisfying the coI}ditions of the

theorem. As in the proof Theorem 5, one can show that 4; = 4; on every
ML(A,TI) for which A(A) = Ijlnl for every atom A E n.

Because for every probability measure A E NA + there exists an admis-
sible sequence of finite fields, each of them has the a!?ove property, the
proof of the theorem followsfrom the continuity of 4;. .

9 Characterizations of the value on pNAoo

For every two games u and v, we say that v >- u if v - u is a monotonic
game. Note that v >- u iff veT US) - veT) > u(T U S) - u(T) for every
S, TE 'fi.Alsonotethatforanytwoadditivegames,uandy"u >-yiff,u > y.
The set of all games v for which there exists ,u E NA + such that -,u -<
v -< ,u is denoted by ACe.,. ACe.,is a linear symmetric subspace of BY that
contains NA. For every v E ACoo let

IIvlloo= inf{,u(I):,u E NA +, -,u -< v -< ,u} + max{lv(S)I: S E 'fi}.
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It can be easily verified that (ACoo,lllloo)is a Banach algebra and that

1111
<: 111100on ACoo. Also, for 11E NA, 11111100<: 2111111,which implies that the

two norms are equivalent on NA.

Lemma. Let Q:J NA be a subspace of ACooand let cp: Q ~ FA be a
positive map satisfying cp(v + 11)= cp(v) + 11for every u E Q and every
11E NA. Then IIcPv- cPull <: IIv - ulloofor every u, v E Q.

Proof: For every 11E NA + for which -11 -< v - U -<11,we have u - 11-<
v -< u + 11. Therefore, by the properties of cP, cpu - 11<: cPv<: cPu + 11.
Hence, -11 <: cPv - cPu <: 11, which implies that IIcPv- cpull <: 11(/). Be-

caus~the last inequality holds for every 11for which -11 -< v - U -<11,we
get IIcPv- cPull <: Ilv - ulloo. .

Let pNAoo be the II lloo-closedalgebra generated by NA. pNAoo is a II 11-

dense subspace of pNA that contains NA as well as any game v = F 0

(111' . . . ,l1n),where 11;E NA and Fis continuously differentiable on the
range of (111' . . . ,l1n).

Theorem 7. There exists a unique value on pNAoo. It is the restriction to
pNAoo of the Aumann-Shapley value on pNA.

Proof: Let cf>be a value onpNAoo. Because cf>is symmetric and efficient,

cf>11= 11for every 11E NA. Because cf>is linear, the previous lemma implies
that it is II lloo-continuous. By [1, Note 2 on p. 54] cf>coincides wit!J. the
Aumann - Shapley value on the algebra generated by NA. Because cpand
the Aumann-Shapley value are 111100-continuous, they coincide on all of
pNAoo..

We now turn to characterize the value on pNAoo without the linearity
and positivity axioms. Both axioms will be replaced by the strong positiv-
ity axiom. We will not need any continuity assumption (compare with the
analogous result in the previous chapter). Note that because Lemma 3
holds in any normed algebra, we can mimic the proof of Theorem 4 to get
limn--ooE~ v = v (in the 111100norm) for every probability measure A En

NA, every admissible sequence of finite fields, and every v E pNAoo(A),
~here pNAoo(A)is the II lloo-closedalgebra generated by NA(A). Therefore if
cP: pNAoo ~ FA is a symmetric, efficient, strongly positive map that satis-
fies cf>(v+ 11)= cf>(v) + cf>(I1)for every v E pNAoo and for every 11E NA,
then it coincides with cP (the Aumann-Shapley value) on a lliloo-dense
subspace of pNAoo, and it is lliloo-continuous (by the lemma in this chap-

..
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ter); therefore, it coincides with cp on pNA",. As claimed, we have a
stronger result.

Theorem 8. Any symmetric, efficient, strongly positive map from pNAoo
to FA is the Aumann - Shapley value.

Proof: Let 1>:pNA", ~ FA be a symmetric, efficient, strongly positive

rp-ap. As we have already mentioned, it suffices to prove that 1>(v+ J1)=

cp(v) + J1for all v E pNA", and for all J1E NA.
A

Let v E pNA",. The map G(J1)= cp(v+ J1)- cp(v)is a stronglypositive
map of NA into FA. Therefore, G(J1)(S) = G(J1s)(S) for all S E cf6.As
(J1s)sc= Oscand G(O) = 0, G(J1s)(SC)= G(O)(SC)= O. Hence, by the effi-
ciency axiom G(J1s(S)) = J1(S). Therefore 1>(v + J1) = 1>(v) +J1..

10 Application to cost allocation

A cost problem is a pair (f,a), where a E R~+ andf is a real valued function
on Da = {x E R~: 0 < x < a} withf(O) = O.For each x E Da f(x) is inter-
preted as the cost of producing.the bundle x = (x

I' . . . ,xn)of commod-
ities or services and a is interpreted as the vector of quantities actually
produced.

Let n > 1. The set of all cost problems (f,a) for which a E R~+ andf
is continuously differentiable on Dais denoted by fFn' Let fF = U:= I fF

n'
A

price mechanism is a function 1fI:fF ~ U:=IRn such that 1fI(f,a) E Rn for
every (f,a) E fFn. The i-th coordinate oflfl(f,a) will be denoted by 1fI;(f,a).

A price mechanism IfIis cost sharing if

n

L 1fI;(f,a)a;= f(a).
;=1

(1)

for every n > 1 and for every (f,a) E fFn.

Let m > n > 1 and let n = (SI ,S2, . . . ,Sn) be an ordered partition of
{l,2, . . . ,m}. We define n* :Rm ~ Rn by nf(x) = LjESjXj for every

x E Rm and for every 1 < i < n.
A price mechanism IfIis consistent if for every m > n > 1, for every

b E R~J\, for every ordered partition n = (SI ,S2' . . . ,Sn) of
{l,2, . . . ,m} and for every (f,n*(b)) E fFn

1fI;(f 0 n*,b) = IfIj(f,n*(b)) (2)

;.-

for every 1 <j< n and for every i E Sj.
For each x, y E Rn denote x * y = (x I Yi, . . . ,xnYn) and for each

A E R~+denote A-I = (1/,1,1' . . . , I/An).Also, for each functionfon Rn
define (A *f)(x) = f(A * x) for all x ERn.



230 Dov Monderer and Abraham Neyman

A price mechanism IfIis resealing invariant if

IfI(A* f, A-I * a) = A * 1fI(f,a)

for all A, a E R~+ and (f,a) E :¥n'
A price mechanism IfIis strongly monotone if

(3)

af ag
-a

(x) > -a (x) Vx E Da ~ 1fI;(f,a) > 1fI;(g,a)
x; x;

(4)

for every n > 1, for every (f,a), (g,a) E :¥nand for every 1 < i < n.
The Aumann-Shapley price mechanism cf>was defined in [2] and [3]

by:

1
1 afcf>;(f,a)= ~ (ta)dt

0 ax;

for every n > 1, for every (f,a) E :¥n and for every 1 < i < n.

Theorem 9. There exists a unique price mechanism on :¥ which is cost
sharing, consistent, resealing invariant and strongly monotone. It is the
Aumann - Shapley price mechanism. .

Theorem 9 is a generalization of a result of Young [7], who proved that
the Aumann - Shapley price mechanism is the unique price mechanism
which is cost sharing, strongly monotone and aggregation invariant,
where aggregation invariance means that the price mechanism is covar-
iant under linear transformations. The following example shows that
consistency and resealing invariance are weaker than aggregation invar-
iance even in the presence of the cost sharing axiom.

Example 10. For every n > 1, for every a E R~+, for every (f,a) E :¥n, and
for every 1 <j< n denote si(f) = maxxEDaaflaxj (x). Define

IfltU,a) ~ sf(f)f(a) /~ ajsJ(f)

whenever LJ=lajsi(f) =1=0, and

1fI;(f,a) = cf>;(f,a)

otherwise.
It is easily verified that IfIis cost sharing, consistent, resealing invariant

and not aggregation invariant.
..

.<'.
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Proof of Theorem 9: We start with some definitions. Let n :> 1. The space
of all games on {I, . . . ,n} will be denoted by G(n). Let a E R~+. The set
of all (f,a) in gjpwill be denoted by gjP(a).The set of all (f,a) E gjP(a)for
whichfis a multilinear function on Da will be denoted by ML(a). Let
Ta: gjP(a)~ G(n) be defined as follows: For every S C {l, . . . ,n}.

Ta(f,a)(S) = f( Is * a),

where (1s); = 1 Vi E Sand (1s); = 0 Vi ft S.
It is easily verified that the restriction to ML(a) of Ta is a 1-1 function

onto G(n). Let T-a: G(n) ~ ML(a) be the inverse function ofT{k.(a)' We
now turn to the proof.

Let IfIbe a cost sharing, consistent, resealing invariant, strongly mono-
tone price mechanism on gjp.For each n :> 1 and for each a E R~+ define
lfIa:G(n) ~ Rn such that the following diagram will be commutative:

ML(a)~Rn

T-a
r 1

i

G(n) ~ Rn,

where i is the identity map of Rn, and (a * 1fI)(f,a) = a * (1fI(f,a».
lfIais efficient, symmetric, and strongly positive since IfIis cost sharing,

consistent and resealing invariant, and strongly monotone respectively.
Therefore, by [6], lfIais the Shapley value. Hence by [5] IfIcoincides with
the Aumann-Shapley price mechanism cP on ML(a). Thus we have
proven that IfIand cPcoincide on Un""l,aER~+ML(a).

Let then n:> 1 and let a E R~+. We show that IfI= cPon gjP(a). For
every k:> 1 let n(k) = (SI, . . . ,Sn) be the ordered partition of
{l,2, . . . ,kn}, where for each 1 <: P <: n

Sp = {(p - l)k + 1,(p - l)k + 2, . . . ,pk).

Also, denote a(k) = (al(k),a2(k), . . . ,akn(k), where aik) = ap/k for
every j ESp, and letf(k) = fo n(k).

As IfIis consistent, for every 1 <: P <: n and every j E Sp,

lfIif(k),a(k)) = lfIif,a). (9.1)

For each fixed m:> 1 and for each b E R~+, the space CA(Db) of all
continuously differentiable functions g on Db with g(O) = 0 is a normed
algebra with the norm

m a
Ilgll = maxlg(x)1+ L max ~ (x) bl,

axi
xEDb 1= 1 xEDb
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and the polynomials that vanish at 0 are dense in C6(Db). Note that the
mappingf ~ f(k) is a linear isometry from C6(Da)into C6(Da(k»)'

LetfE C6(Da) and E > O. Let g be a polynomial on Da with g(O) = 0
such that III - g II< E.Applying Lemma 3 to C 6(Da(k»)we deduce that for a
sufficiently large k, there exists a multilinear function yon Da(k)such that

III - g(k)11< E. As Ilg(k) - f(k)11< Ilg- III, it follows that

III - f(k) II< 2E. (9.2)

Let L be the linear function in C6(Da(k»)that is given by,

L(z) = ~ max a(y; f(k))
(x) Z[.

[-I XEDa(k)
X[ -

(9.3)

As y + Land y - L are multilinear functions on Da(k),

IfI(Y+ L,a(k)) = cp(y + L,a(k)). (9.4 )

It follows from (9.3) that for every 1 < I < kn,

a(y - L) af(k) a(y + L)
<-<

ax[ ax[ ax[

on D a(k)' Therefore, by (9.4), the consistency of both IfIand cp, and the
linearity of cp, we have:

apllflp(f,a) - cpp(f,a)I= L a[(k)(IfI[(f(k),a(k)) - cp[(f(k),a(k)))
[ESp

< L cp[(2L,a(k))a[(k) < 4E.
[ESp

Thus for every 1 <p < n and for every E > 0

apllflp(f,a) - cpp(f,a) I< 4E.

As ap > 0 it follows that 1fI(f,a)= cp(f,a). .

11 Bernstein's polynomials

Letfbe a continuous function on [0,1]. Bernstein's theorem asserts that
the sequence of polynomials (Bn(t))n~1 converges to f(t) uniformly on
[0,1], where

Bn(t) = i (Z) tk(l - t)n-kJ(k/n).
k-O

It is easily verified that it suffices to prove the theorem for continuously
differentiable functions f Let then f be a continuously differentiable

i;',
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function on [0,1]. For every n> 1 define fn on Dn = {x E Rn: 0 <xi<
1 VI <i<n}byfn(x)=f«XI +X2+'" +xn)/n).Letgnbethemulti-
linear function on Dn whose values on the vertices Is, S C {1,2, . . . ,n}
of Dn arefn(1s).

Let E> 0 and let n be an integer large enough such that If' (t2)-

f'(tl)1 < E whenever It2 - t11< l/n. We will show that

Ign(x) - fn(x) I< E 'Ix E Dn. (1)

The theorem will follow by substituting x = (t,t, . . . ,t) in the last in-
equality.

We now prove (1). For each x E Dn let N(x) be the number of the
indices i for which 0 < Xi < 1. Obviously 0 < N(x) < n. We will prove by
induction on k that

Ign(x) - fn(x)! < kE/n

whenever N(x) = k.
For x E Dn with N(x) = 0, x = Is for some S C {l,2, . . . ,n} and

therefore gn(x) = fn(x). As.sume the claim has been proven for 0 < k < n.
We now prove it for k + 1. Let x E Dn with N(x) = k + 1. Let IE
{l,2, . . . ,n} with 0 < Xl < 1. Since gn is a multilinear function,

gn(x) = XlgnCz 1) + (1 - Xl)gnCZO),

where zo=(x1, . . . ,Xl-1,0,Xl+l' . . . ,xn)
Zl =(xl, . . . ,Xl-1,1,xl+1, . . . ,xn).

Observe that for i = 0, 1, N(Zi) = k, and therefore by the induction
hypothesis

Ign(zi) - fn(Zi) I< kE/n.

and

Hence,

Ign(x)- fn(x)I< kE/n + IXl(fn(Z I) - fn(x)) - (1 - Xl)(fn(X) - fn(ZO))].

By the intermediate value theorem:

(fn(z I) - fn(x)) = f'(a)«(1 - Xl)/n)

and

(fn(x) - fn(ZO)) = f'(b)(xtfn),

where la - bl < l/n. Hence,

IgnCx)- fn(x) I< kE/n + (Xl(1 - xl))E/n < (k + l)E/n

. since Xl(1 - Xl) < 1. .



234 Dov Monderer and Abraham Neyman

REFERENCES

[1] Aumann, R. J., and Shapley, L. S., Values of Non-Atomic Games, Princeton
University Press, Princeton NJ, 1974.

1[2] Bil1era, L. J. and Heath, D. C., Allocation of Shared Costs: A Set of Axioms
\' Yielding a Unique Procedure, Math. Oper. Res. 7 (1981), 32 - 39.

[3] Mirman, L. J. and Tauman, Y., Demand Compatible Equitable Cost Sharing
Prices, Math. Oper. Res. 7 (1981), 40-56.

[4] Monderer, D., Measure-Based Values ofN onatomic Games, Math. Oper. Res.
11 (1986), 321-335.

[5] Owen, G., Multilinear Extensions of Games, Manag. Sci. 18 (1972), 64- 79.
[6] Young, H. P., Monotonic Solutions o!Cooperative Games, Int. J. Game Th. 14

(1985),65- 72.
[7] Young, H. P., Producer Incentives in Cost Allocation, Econometrica 53 (1985),

757 - 765.

,,<


