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Let v be & markel game d;ruuj from an f-glove market with population measure g« That i,
vemmid Ay Ay, oAy are mutually singelar probabiiity measures which are
absolutely (.L;{%h.lu(ms w.rt g Il is p;mtd that when [ 3 the p-asymptotic value of v d, v, exists
iff at most one of the measures A, 4 I8 not i Ly(w A formuola for ¢,v is given whenever it
exists, In addition, a complele charaurmimtion of the range of the jevalies of v (where p varies)
is given.

1. Introduction

An l-glove market game has the form

=minld,, Aq.. o, A,

where Ay, 45,.... 4, are mutually singular measures in NAEV

Let yeWA' be & measure s A el ) for enrv <[ In Hart {1980} it
was proved that when A;e L.(p) for all = the - d‘;}mpt()llt value of
v. @, v, exists. In this paper we prove that this wndmcm 15 almost necessary
for the existence of ¢,v. More precisely. we will prove that (when 123) ¢y
exists iff af most one of the measures 4, is not in L,(p). In addition we supply
a formula for ¢, v. whenever it exists.

Finally, a complete description of the set of all p-values of v as u varies is
given. The result is a generalization of the F.-case given in Monderer
{1986¢).

In order to prove our claimns we are forced to handle a complicated
problem n probability. A large part of this paper is devoied to the solution
of this problem.

The paper is organized as follows: In section 2 we state and prove our
probabilistic problem. in section 3 we present necessary and sufficient
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conditions for the existence of the g-asymptotic value of I-glove market game,
and n section 4 we describe the range of the p-asymptotic values of a given
I-glove market. For a detalled discussion of l-glove markets and their
selutions we refer the reader 10 Monderer (1986h)

2. A probabilistic problem

We use basically the terminology and notations of Aumann and Shapley
(1974} and of chapters | and 2 of Monderer (1986¢). (1, C. ) wiil denote a
fixed non-atomic standard probability space. Fvery subset of I under
discussion 18 assumed to be measurable. Let 1€ NA. We say that A L()
(for 1£p2 ooy f Ay and dajdpe L (). We interchangeably refer to L (p) as
a space of functions and as a space of measures. For every [Zp< o, L ()"
will denote the set of all positive measures in L(py, and L ()" will denote
the space of ait probabilities in L {30).

For every partition n let (R, P ) be the probability space of all #! orders
on u(n 5}7 where the pmbnfbalxty of each order is 1/n! For every 1 <h=<n
let TF denote the hth member in the order R, and let OF denote the union of
the ﬁrs,t I members of R, That is,

h
=T
ju ]

Let 4y, 4s..... 40122 be mutually singular measures in L, (u)!. For every
partition 7 and every s let

Q%) < min i {f)). (2.1)

N
Al /1‘. A) = P,
FEy J#i

where A=(4;, 45.....4) and n::|2zE.
For every p-admissible sequence P=(n,)7., let

AP Ay A= l_g_[j.r___] Al 4 A, {2.2)
AP A, A= lim Al 4,0, (2.3)

and i A(P, A A = A(F. 4.4 denote their common value by AP 4, 2). if
AP A, A exasts for every peadmissible sequence P, and does not depend on P,
we a%en{}te it by 44,41 We say that A=(4,. 4., .. .4 & an admissible vector
if A4, 4) exists for every |5

In l‘hwrcm I we Lharauma admnqb%e vectors.
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Theorem 1. Let Ay, As,..., A 122 be mutually singular measures in L{10)".
Then 1=}, Ay, ..., A) 18 an admissible vector iff [=2, or 1273 and ar most one
of the measures Aq, Ag, ..., A is not in Ly{u).

Moreover:

~ If 1=2 then
A(Ala;"):A(/~t2al)m%

—If 123 and for every 1 Si=<l, A, L,(p). then

A(/“Ll-,A}:N(\/a:xi<mé.n\/_c;;xj), 1gisl,
FED)

where N is the standard normal distribution on R, and for every | ZiZ1,

di;\?
= 1= du
; f(d:u) !
~If 123, A ¢ Lo(u) and A6 Lo(u) for every 25151, then

Ady, A) =4,

AU—;: A) =‘:'1’."A{ii1(j"2> /13; crey /'11})-

The proof of Theorem 1 1s quite complicated, and we divide it into several
stages. We start with some notions and notations, and present a result of
Rosen {1965} concerning sampling without replacement. This result will be
needed several times in the proof.

For every O<a<1 and every real number u let X(x,u) be a random
variable satisfving

P(X{m_ W)= —u \/y‘ )1~a P(}{(m)zu \/]ﬁ)mm (2.4)
I ----- a/ . 1 7

Flz, u) wil] depote the distribution function of such random variable.

For every d=(d)i, in [, (e, Y7 di<oo) let F(ad) denote the
distribution function of X =3 /., X(e.d). where (X{x,d))%, is & sequence of
independent random variables, each satisfving (2.4). It is knoewn that X 15
well defined {that is, the series converges ae). and that F(ad) is the lmal
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in distribution of (Fla.d))*Fle,dy) s Fle,d, )2 ,, where = denotes
convolution.

For every ¢ and d in [, denote also

Flo, ¢, dy=F{a, c) = Fla, d).

Define now:
C={celyiciSc, <550},
D={delyd, 2d,z - 20},

M=CxD.

M is a subset of the Hilbert space [, xI;. We denote
My={(c.d)e M:|l(c. D)) =1,
where [ -] is the norm in 1, x Iy:for (x,y)el, x I,

s 22 = [l + 11

M is closed, convex and bounded, and thus weakly compact in [, x . For
every partition = of I, and every Ae L, {u), denote

AL

U (A} =max |4(8)— —-, (2.5)
Sen n
4y 2 - G }"{]) ?
D (=5 M)~ —], (2.6)
e n
where n=|n|.

Mow let n be a partition of 1. and 4 2 measure in L,{y) st D (1)>0. Let
§,8,.....5 be an cordering of all Sen for which AS)<AIYn, and let
T, Ty,.... T, be an ordering of all Ten for which A{T)> A/n, s.t.

A1)

AS) - SUS) <.

)

HT)z - 2 MT)>"
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Denote D(A)=D_{2) and define

e.(2)= MS)—AN)/n AS,)—MIYn
e iy D(A}

MSs)— HI)/n

b 0.0,...,0,... ), (2.7

d()= AT —A/n AT}~ AlT)/n
e Dy DA

ﬂ;;uy_ooo)

Obviously (¢, {4).d,.(A)je M,.
For every 1 2h=n let X{A,m h) and Z(A,n ) be random variables defined
on R, by

X (4,7, Y (R)=7(Q5). (2.9)

(2.10)

s _ HORY - (hmalD)
20 MR = 50 =i

Remark. Often, where no confusion may result, we will omit (without
further notice) indices and parameters to make reading easier.

For X and Z defined by (2.9) and (2.10) it is easy to see that
EX= -}1/1(1 ),
n
and Theorem LI in Rosen (1963) yields

i BN AS O Ry

4 N
ie. EZ =0 and var(Z) =1
Theorem 2 Let Ae L) and let (m,);., be a p-admissible sequence of

partitions s.t. for every mz 1, DA >0, and s.t. the sequence (¢, {A)d, (AN, -
converges weakly in 1, 1, to some (¢, d). In addition, for every m=1 let h{m)
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be an integer, } <h{m) s w{m). Then:

— If (e, d}y=(0,0) and

. h{m) _—— him})
0 <lim —— <lim —— <
~ nfm) n{m)
then
Z(2, 7, Hm) SN0, 1),
—If {e, d)#1(0,0) and him)/n(m}—a, O<a <1, ast4, then
Z( 2 Ty W) BN, 1= (e, D)) % Flot, ¢, d),

D . . . .
where - denotes convergence in distribution.

Proof.  All this can be easily deduced from Theorem 2.1 in Rosen
{1965). [}

Proof of Stage I of Theorem [ [the case when all measures are in Lip)l In

mutually singular probability measures in £.{u), then A is an admissible
vector, and for every 1 i,

A(d;, A) = N(\/Eix; <min /a;x j)
J#Fi

where N is the standard normal distribution on R,, and for every | iz,

4

This result is an obvious consequence of Theorem 9.2 in Hart (1980). Yor a
more detailed proof see Proof of Stage 1 in Monderer (19%6¢, p. 27). ]

For the proof of Stage 11 of Theorem 1 {ihe case I=2) we will need some
further results. Theorem 3 and Corollary 2. These results, together with some
others, will be needed also in the proofs of the remaining parts of Theorem 1.

Let, then, M7 be the set of alt (o, d) in M, for which either }l{fa u')ﬁf; 1, or
for every iz l.c;<O or for every (21,4, 20, or ¢=0. or d=0. That s, if
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Theorem 3. Let (¢,dYe MY, Then there exists a finite set of A of numbers in
the open imtereal (0.1), 1. for every measure py e Lt} which is not a scalar
multiple of p. for every p-admissible sequence of partitions (n,)5.. | Jor which

{ealp hd (1 )5 (e d),

Jor every seguence of non-negaiive real numbers (0,05, st 8,0, and for
every sequence of positive Integers (Wm))z. . 15 him) = n(m). satisfving

the following holds:

m—a;

Moreover:

— If {¢, dy={0,0) we may choose A =0,

< Af either |[ic.d)|| < L. or for every iz Ve, <0, or for every iz 1d, >0, we may
chopse A= {1}

Proof. Let p,, P=(n,)r., and {§,)7 ., be as stated mn the theorern, and

and x#! we get by Theorem 2 that 7, B F. where 7= Z(u,,n,, im)}

and F=N(0.1 ~{[(c.d)}f’) = F(,¢) « F(z,d). If F is a continuous function,
then it is known that

P {|Z,] % 8)— F(8)— F( =),

where the convergence is uniform in —1<J < 1. This implies easily that
PZ,] £6,)-0.

A sufficient condition for F to be continuows is that at least one of the

distribution functions in the convolution s continuous. [jé_z:xa’} i<1_. then
obviously N, 1 - [[(c.4){|*} is continuous.

Claim. U for every iz 1,¢;<0, then Flo.o) is continious (not necessarily
absolutely continuous),

Proof of Claim. F(a,c) is the distribution function of X =3 /., X, where
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{4, are ndependent random varizbles satisfying

(re [

By The Law of Pure Types [see Theorem 3.26 in Breiman (1968)], either
Fle. o} 1s continuous or there exists a countable set B for which P(X e )= 1,
it such I exists, then by Lévy (1931) there exists a sequence of real

numbers (4,37, s.t.

(2.13)

@

2, P #a)<ceo.

il

In our case, since ¢;<0 for every iz 1, we have for every sequence (), of
resl numbers {a)"

o K.

2 P #anz Z minfu, 1o)== oo,

il
which implics that Fle. o) s a continuous function.

similarly, of course, if for every iz 1,d, >0, then Fla.d} is continucus. So
far we have proved that when A(m)/nim)—o,0< o<1, then (2.12) hoids if
gither (e, d)=(0,0), or [[{e.d)||< 1 and a#4, or for every iz 1,¢,<0 and 21,
ov for every iz 1,d, >0 and ¢4

Assume now that [(e,d)] =1 and ¢=0 or d=0, and also; neither ¢,<0 for
every (=1, nor d;»0 for every {21, W.lg assume that ¢=0 and that there
exists N =1 st

For o+ 4 denote

AT

¥,= Y X d),

where (X{ad)), are independent random variables satisfying (2.13) with d,
in place of ¢, The distribution funciion of X, is Fle.d) and st h{m)/n{m)—x
then 7 5 Fla. d), Obviously X, attains only a finite number of values with
positive probability, Hence if P(X_ =0=0, (2.12) holds. Thus it suffices to
show that the following set is finife:
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indeed, if P(X,=0)>0 then there exists a non-trivial subset D of {12, .. N}
for which

o e

Since o, =0 for every 1 Zi<N, this type of equation has exactly one soluiion
a, 0 < ¢< 1, Hence there are no more than 2%~ 2 «'s for which P(X,=0) >0,

Corollary 1. Let p, be a measwre in L {u} which is not a scalar multiple of .
Let ()., be a p-admissible sequence of partitions with the property that
every weukly convergent subsequence of (0, {1,), d. (1, )} converges to a point in
M¥ and let 8,,—0. Then

nimj
lim j,,, Y Pm(§Z(ﬂ1,nm,h)(§5m)m—w{). (2.14)

s o A(P) HET

Proof. The proof follows from Theorem 3. For a detailed proof see the
proof of Coroflary 3.25 in Monderer (1986b). |

In view of the last corollary, it is interesting to note:

Lemma 1. Let y, be a positive measure in L, (y) which is not a scalor multiple

converges to d point in MY {(since c=0).

Proof. Forevery Semn, s.t. y {8y <p (I)/n,

g<tldVn—pdS) o th ol : - 0

D) T eDulud Ja aD) me

[by Lemma 3.15 in Monderar (1986h)].

Since in {; x 1, weak convergence of a bounded sequence is cquivalent to the
convergence of every component,

‘E;(#i} j{} 0 D
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Theorem 4. Let p e L{u) be a measure which is not a scalar multiple of g
Let (mpbi., be o p-admissible sequence of partitions. Ler (Wm))2.,,

h{p)

ﬁ(m}

where O<a <1, asi Let {s,)5. | be any sequence of real mumbers. Then

Proof. See proof of Theorem 3.29 in Monderer (1986h). 1

Corollary 2. Let A=={i,4d,.... ) 122, be a vector of mutually singular
meagsures in Ly(p), and ler (m,}2. be a p-admissible sequence of partitions.
Then:

{a) lirzt i Alm,, A, A)=1.

R §

(b) If 2 is an admissible vector, then

I

S AQ A =1

Proof. (b} follows from {a}. We thus prove (a). For every i# j denote: y,;=
Ay Ay It is easily verified that

! . ] n
05 f— Z A(TCm, Ais )V)< Z Z Pm(}}u(gﬁ)mo) '_":’0
Hi=1i=) e

=1
[by Theorem 4]. O

Proof of Stage II in Theorem 1 (the case [=2). In this stage we have to
show that if A=(2,,1,), then / is an admissible vector, and

Al )=t =12 (2.15)

Indeed. combine Theorem 6 with Proposition 19,1 of Aumann and Shapley
(1974). [

We now turn to prove the remaining parts of Theorem 1. We first show, in
Corollary 3, that if 1 is an admissible vector and 4, ¢ L,(u), then A4, 2)=1,
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Si]’i&ﬁ Comilar F 2 1m ;EC% th&f
¥ P

i

E Ald, A= 1,

this will vield that for /=3 it is not possible 1o have A;¢ L,(y) for more than
two indices i. Then we will show by Lemma 3 that if 1 is admissible then for
every 1, A(d, >0, This will imply that in an admissible vector there can’t be
more than one measure not in L,(x). Finally, we will show, of course, that if
exactly one measure is not in L,(p) then 4 1s indeed an admissible vecior.

in order to prove all that we need Theorem 5, whose proof is given in
Theorem 3.35 in Monderer (1986b). in Theorem 3 we prove the existence of
p-admissible sequences with certain properties. More explicitly: we have
afready shown that if 4,2L,() (and 4, is not a scalar muliple of y) then
DA 1/ /n in the sepse that there exists O<(< o0 st [/ AD (A Jept.
We have also shown that U (4D (A)5=-0, and that f A, ¢ L,(y), then
DA e on {when 4y s positive), In Theorem 5 we prove that there

U LA D44 ym==0, whenever ./ n{mjc,, 0. We shall need the following:

Theorem 5. Ler A, A, .. AL 122, be mutually singudar probability measures
1 2 1 J R

in L), Ay L{u). Let ({.1,...., 1) be a partition of | 1o pairwise disjoint
supports of (A, A5, .. A) Then there exisis a p-admissible sequence (). 1.
refining the partition (I, F,.. . [}, st for every V=i all the sets in n,(1))

have the same p-measure, and s.t, the following hold:

1<i<l, (2.16)

LA
Dm(;"‘ i } b

25jsl O {2.17)

Lemma 2. Let A=(A,,Ay.... 20 122 be a vector of mutually singular
probability measures in L(w). Let P=(n,)5 ., be a y-admissible sequence of
partitions satisfying

Dl 0 aci<l (2.18)

Then
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Proof. Chooss a sequence 6,0, s.t. for every 2Zi<],

B, (4}
(} D {/1) -

p e
@ m( !}
f; E le - AN
( OT exampie, o, \/m} j;x D0 ))

N

Forevery maz 1,

5

. 13 i
A(ﬁmeA-]_e}v}:% hz P()~1{_Qh)<ff§§ f{—e{QrJ)

M oge g %1

S p(x,,u,m«m Y,'n(i,h})s

ALOy) —hin
Dlis) iy (1 )

{note that for i=1, V(L h}=Z {1, 7, 1)) Mow it follows easily that

}E_ P(Yo{1, 1) 5 ~ 8, | Bl Y| < 8, 1 2 2). (2.19)

3!?--*

At Ay, A) =

For every 1 £h=n{m) we have, by Chebychev’s inequality,

B 5uDois) 5’(1-— —’f))
n H {3

P h)lgathOa(Qk)— h
i hz2
= S0, =R ((’ (@)= 5) )

=P 0 by (D]

This, together with (2.19), implies

AP, Ay, )2 lim - Z P(Z (RS ~5,), (2.20)

m—os M=
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where
Zm{h} = Ym{ L h) = Z(Np T h)

Now for every order R and every 1 =h=n,
Zofn—h R zo, iff Z (R -6,

Thus {2.20) yields

; kd
AP Ay Ay zs lim - 5 (PZ RS 8,0+ P(Z ()2 6,))

mom e g

S I 1
=i-4lim - Y P(Z, 00 <5,)=4-0=1

e R Y
{by Corollary I and Lemma 1)
(remember that 2, is a positive measure), ]

Coroliary 3. Let A=(A,. 15....,A4) be an admissible vector and A, ¢ L, (1), then
/4(/11._/‘1)?»‘:%.

Proof. By Corollary 319 in Monderer {1986h) A(i,, /1<% By Theorem §
there exists a p-admissible sequence of partitions P satisfying the conditions
of Lemma 2 [re., satisfying (2.18)} Thus by Lemma 2.

A, = AP AL A) 24 O

Lemma 3. Let A={i,4s,...,A4), 123, be a vector of wmutually singular
probability measures in Li(p). Assume that 1, ¢ L,(u) and that 1., %,,.. ., 2 are
atl in L,(u). Let (I,,1,,...,1,} be a partition of I to pairwise disjoint supports

refining (1,,1,,...,1,). Then:
{a) If Ayel,(u}, then

A(}Js )'11’1‘} ;>, %’A(/’{a,(iz, ey AZ)) 2 1/21

(b) If A, ¢ L,(w) and the following hold:

D1,

i s e U’
( } Dm(}‘i )
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U 44
(23 brrrf;; -+ ), Jor jet2,
mii

then

AP Ay bz 12

Froof.  See proof of Lemma 3.44 in Monderer (1986b). [

Proof of Stage HI of Theorem 1. in this stage we prove that if i=
fA Ay &), 123, 08 an admissible vector, then at most one of the
measures Ay 4., ... 4, 18 pot m Lylu) Indeed. since 4 18 admissible then. by
Corollary 2 3., A(A A)=1. By Corollary 3 A(A,4) =1 for every i st
Ayd Lo{p). Hence there can’t be more than two measures not in La{j).

Now assume there were exactly two measures not in Lo(p). By Theorem 5
we can choose a p-admissible sequence of partittons P={xn, )., satisfyving
DA D (A == and U (A)/D 2 )5=0 for j= 1 2. Then st follows from
Lemma 3 that

A(Ay A = AP, 1, )2 1/20,

which contradicts the surn of A{A, A), 1 S being L D

For the proof of the last stage of Theoremn 1 we need the following two
lemmas whose proofs can be found in the proofs of Lemma 345 and Lemma
346 m Monderer (1986Dh),

Lemma 4. Let I, l,0<pil <1, and ler 2, be a probability measure in
LAy concenirated on I,. Let {a,,)m= be a p-admissible sequence of partitions,
and let (J5)5 . be a sequence of subsets of 1. s.t. for every mz 1, J% belong to
the algebra generared by n,, B, and s.t.

-0,

s

WJmAL)

Then

D rpl 42)

e AN}
D ormilis)

where J T =(JT)"

Note that if 4, is not in L,(y), then the result of Lemma 4 is no longer
true. For example, let I=[0, 1} and I,=[0,4), let i be the Lebesgue measure
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and let dd,/dp=1t/xIn’x on f,, let P be the standard sequence of diadic
partitions, and for every m>1 let JT=[1 1} [0, k)

But. as we are going to show in the next letnma, it is always possible to
choose a suitable sequence of subsets.

Lemma 5. Ler T\ <L O<u{l )<L, and let i, be a probability measure in
L(u) which is not in L), and which is concentrated on I Let P = (R hoe
be a p-admissible sequence of partitions. Then there exists a sequence (J Ty
of subseis of I sx. for every mz1,J7e B, (where B, is the algebra penerated
by n,)h and s the following hold:
{al wIT AT -0,

Dnm[.fr;){’-{} )

b} ‘ oo = ),
( D, A

where ST ={JTY i1

Proof of Stage 1V of Theorem [ [the case when exacily one measure is not
in Ly(pi].  In this stage we have to show that f I=(l,. 4, . 4} =3 isa
vector of mutually singular probability measures st 2, ¢ L,(p) and A,...., 4
are all in L,{y), then 4 is an admissible vector and

A{Ay, Ay =1,
and for every 2572
Al =1 Al Ay 20
50 let Pes(n, .y be any p-admissible sequence of partitions. Since
From this and Lemma 2 it easily foliows that
AP A A 2,

which, together with Lemma 3,18 in Monderer (1986b) vields that

Now since {4;...., 4;) is an admissible vector, Corollary 2 implies

[

S ALy A =1

i=2
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Thus in order o complete our proof it suffices to show that for every p-
admissible sequence F,

’ﬁ{P!’%ésﬁV);%A()‘E&(’]‘Zf“-:j‘i))s 3

v
2

This was already proved in Lemma 3 for P which refines (I, F,,....J). f P
does not refine {f,.f;,....f), then by Lemmas 4 and 5 there exisis 4
sequence {JT}7., of subsets of I s.t. JT belongs to the algebra generated by
T T AL)~+0, and the following hold:

S = 0, (2.21a)
Dnmii’;)(’tl )

D a4

|

1

|
[ o)
1A
A

(2.21b)

where J75 = (JT).

Now continue as in the proof of Lemma 3, with KL(R) being the number
of sets in m,(JT) [rather than in m,(I,)] appearing in the order K in one of
the first A(m) places. Everything goes well, except for {*) and {**).

As for {*) — it is not true now that given KL =1i the events {(Z)z4,) and
(A Q) <N 4 5 4{ Qi) are independent. But here (221a) and (2.21b)
imply asymptotic independence, which is good enough for our purpose. The
same holds for {*¥),

This concludes the proof of Theorem 1.

3. The existence of the g-asymptotic value

Theorem 6. Let v=min{i,. Ay,.. ., A4), where Ay, 4y, .., 4 are mutually sin-
gular measures in L ()", Then ¢,v exists iff A=(A;,4;,...,4) is an admissible
vector. Moreover, if @, v exisis, then

!
dy=7 AL, A
Proof. The proof follows from Theorem 4.1 in Monderer (1986b). |

Theorem 7. Let v=min(A;,Ay,...,A), where Ayh,, ..., 4 are mutually singular
measures in Li(p)'. Then ¢,v exists iff 1=2, or 123 and at most one of the
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measures Ay, Ay, . A is ot in Lo(A). Moreover:

—df I=2 r1hen

v =47+ %54,

i

QS”V = X ﬂl;ti"

il
where  Bi= A(d, =N/ 2,%; < min x ,\/Zz;xj) where N is the standard
normal distribution on Ry and a,= {(d1./dp)” dpu.
e If [; 3, /’J\.i ¢ Lz('u} Cmd ;‘.2, ey .ftlE? Lz(,u.), then
d)ﬁv:%’l’i +%q§awv

where w=1min{d,, ... 4;).

Proof. Combine Theorem 6 with Theorem 1. -

4, The range of the i-values

Let 2, 4.,..., 4 be mutually singular NAl-measures and let v be the
market game whose core is the conves hull of the A5, Denote:

R={¢,v:A=sNA"is s.t. e L (4) VI <i<n and $,v exists}.

Also define for every [23

! L
Kaz{BER;‘ﬂz =1, E: ﬁij>2_i+kV1§k§j ..... i
i=1 ;

and for every 186, <iy< <ik;§l},

and for every 1 Si<!

M{_:{;BeRl:ﬁim% and (B4, By, Bic 1 Biva »--vaﬁf)E%Kz—l}a

where K, = {(3.3)}.
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Finally let

1
M= ) ML
i1

Theorem 8. Let 2,75, . A 123, be mutualiy singular NA'-measures. Let
Ve, Ay, .. 4. Then

R:J i BiazBe K w M;}'.
i

I

Proof. Combine Theorem 7  with  Main  Theorem of Monderer
(1986¢). i
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