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Abgtroci: In the framework of dynamic programming we provide two results:

- An example where uniform convergence of the T-stage value does not imply equality
of the limit and the lower infinite value.

- Generalized Tauberian theorems, that relate uniform convergence of the T-stage value
to umform convergence of values associated with a general distriburion on stages.

1 Imtroduction

Lel 8 be a state space. For each seS let 027 (5159, and let £ be a real bounded
function on §. Consider the dynamic programimning problers where the decision
maker on day ¢, at slage s,, has to choose a new state s,, &0 (s), and receives z
payoff f(s). A play at s&8 is a sequence (5,)7, with s,=5 and s, . 1€0(s) for all
1= 0. One traditionally considers the A-discounted value V, (s):

Vidsi= sup (1-2) i’: AT S,

5000 (B

or the T-stage value V,(5):

r
Vils)= sup oo =, s,
1’( ) (S,);*]f.(, 7o ,_4_4“_)‘( )

where ir both cases the supremum ranges over all plays at s.
One can also consider other evaluations: Let 8= (8™, be a prabability on
the set of non-negative integers and defline:

Vals)= sup > 000 f(s).
[E3 Dasimarr
Lehrer and Sorin (1992) proved that if either one of the limits Lim, ., V. (51, or
limy... V@) exists uniformly in €8, then the other limit also exists uniformly, and
the limit functions coincide,
In Section 3 we give sufficient conditions on tinearly ordered famities (G, <y of
probabilities on the integers to get analogous results for (Voleeo and (V). q
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There are other natural ways of evaluating streams of payoffs in dypamic pro-
gramiming {(except for those discussed above):
The lower (Jong-run averaged value,

o o [
Viys= sap Gminf o 2 flsh
st s TR Do

and the upper (long-run average) value,

1
Fst= sup limsup - (s,
()= suy P %.f( ),

E) e e

where, again, the supremum is taken on all plays at 5.

Lehrer and Monderer {1989) proved that uniform convergence of (V.o y; to
some V imphes V=V, and showed in an example that it does not imply the equality
V= F. 1f one allows the decision maker to use mixed straiegies, 1.2., 1o choose a play
in random, and then defines the pavoff of each state as the expectation, one obtains
new evaluations. It is clear that the evaluations ¥, ¥r, ¥,, and ¥ will not change by
allowing mixed strategies, but ¥ wili change in general. Let

1 r j
Uts) = sup lim inf E, ( o f(;;,)),
pes T +1 .2

where A s the set of all probabilities on the set of plays, endowed with the cylinder
o-field, and £, stands Tor the expectation operator with respect to 4.

counted value functions, Mertens and Neyman {1981) provided sufficient condi-
tions, stronger than the uniform convergence of (Vi)i. e (and satisfied in every
finite setup), that ensure the equality U= ¥V {even for stochastic games). In Section 2
we show that uniform convergence alone is not sufficient by providing a counter
exampie. See Mertens (1987) for related conjectures, hints, and comments. Other
type of necessary conditions, for specific types of dynamic programming problems,
are discussed in Dutta (1991).

2 The Counter Example

Every rooted directed tree without terminal nodes naturally defines a dynamic pro-
gramming problem when we aitach payoffs to the nodes. Our dynamic program-
ming problem will be defined as a tree, constructed inductively in the spirit of Lehrer
and Monderer (1989),

Given 1wo decreasing vanishing sequences (g5, . and (4,07, , define for
every real number x the tree T{x) as follows:



Asymptotic Properties in Dynamic Programming 3

Every node of T(x) except for the root has an outdegree ong, and the root itself
has countably many branches. On the n” branch of the root the pavoff, 2(9), is O
until node [e,n] + 1, it then equals x — &, until node n, and from then osn it equals 0.
Define a valuation @ at each node s different from the root as follows: g(s)=x~4,
for every s in the n™ branch appearing before the #™ node in this branch, and
@ {(s)=0 for every node thercafter, Set T} = T(1). T, is obtained from T} by aitaching
the tree T{@{s)) to cach node s of 7, different from the root, and keeping the old
payoff of 5 (i.e., its payoff in T}). One can continue naturalty and define inductively
the trees T, Ty, ... and finally define 7= U= T, Denote the root of T by s, and
the payoff function by g.

Note that although g is bounded from above by I, it is not necessarily bounded
from below. Therefore we replace g with a new bounded payoff function f, defined
by: f{s)=max(g(s), 0) for every node s of T.

It is clear that Hm,.. . Fr(s) = p(s) uniformly on all nodes s of 7. In particular
Visgy=1.

We will show that for a specific choice of the sequences (g,),., and (6,074,
Ulso)=0.

Let then o>0 and let us prove that U(s,) <. Assume in negation that there
exists ue A such that for some integer M, T=M implies

1 T
E, (—T;; P f(s,)) = a. @.n

We remark that we can assume that all plays in the support of u belong to the fol-
lowing set Q:

1f a play in © is on the 7 branch of some T(.}, it remains in this branch until
exactly node #n. In fact, if some play leaves the branch before node {e.n]+1, the
decision maker will increase his payoff by leaving the branch at its root, and if a
play leaves the n* branch after node n, it is better for the decision maker to leave it
at precisely node n. In particular, a play in € never remains in a branch of some
T(.) and is thus characterized by a sequence (), of integers inducing the path:
Branch m, of 7'(1) until the 7, th node, Sm,» branch m, of T(p (8m,)) until node m, of
this branch (with the valuation ] 0, =& ), €tc. ... Finally, for every play in ,

g = 1. (2.2)

i

NG

[

i

Having done the above reduction, we can now replace any strictly positive payoff on
any play in £ by 1.

The bastc idea of the proof is to choose a sequence {(J.)n=1 converging very
slowly to zero, implying by (2.2), that for every play in Q, for a sef of integers { with
positive density, £, is much larger than >, ., m,. Hence, every play in £ has
“many” large blocks of zeros.

More precisely, let M;=2, and define inductively ,= D= My and M, =n?

i .
for every i=1. Define dn,=~ for all i and extend & by monaotonicity to all other in-
i
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H
tegers. Choose ¢, = 1/ . We say that a play w is good in the /" block Ii=[n,.p, n if
ki)

a sequence of ones starts in this block. That is, if w is determined by iy, 1, ..
there exists m, adapted to [; in the sense that

23

2t e el (2.3)

Fede

Set S, {w) =~ 3%, w,. We claim that there exists Iy such that for every />, and for

every well, 1f S, (wy=a, then w is good in the i i* block. Otherwise, denote by & the
largest integer such that the k" sequence of ones in w starts before the i block.

i
Then ¢, m,=n; ;, and hence my=ni_, = —— M, This impiies that this sequence
nr 1

1
of ones ends very early in the i block, and that w,=0 for (1 e w:w) M, ’s in

this block. As Mzt 0 as i— oo, then S, (w) must be very small contradicting our
assumption. .

Define J,(w) to be one if S, (W)=« and 0 otherwise. If J,(w)=1, one can by the
above claim, define k{w, i) as the smallest & that satisfy (2.3), Denote 8;(w) = i, 5 if
Ji{wy=1 and 0 otherwise.

Using the monotone convergence theorem we have:

ley( 2 Ji(W)gf(W)}) z 2 ELL(w8m = 2 ESi(w)d.,

i=ig i=ig 1=y

. . . . 1
Since (2.1} at »; implies £, (J;(w))= «, we obtain, recalling that &, = -,
i

1
1= ( E ‘“T)Gf,
izig |

a contradiction. [

3 Uniform Convergence

We first establish a few notations. Let [0 denote the set of all probability distribu-
tions § on the set N=10, 1, 2, ...} of non-negative integers, that are non-increasing.
That is,

G(r+ = 0{r forall teN. A

For real numbers o= 8 and for a distribution 8,
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Olo, fl= 20 8.

a=i=f

For feD, define § on N as follows:

B(ry=(8()— 8¢+ 1)t + 1) for all teN. (3.1
Note that

T T

T 6= 3 6O —(T+1D6(T+1) forall T=0. (3.2)

t=0 =0

Because of (A4), lim,.., t#(:)=0, and therefore § is a probability distribution on
N.
Let a=(a,);2, be a bounded sequence. For every T=0, denote

i T
ST(a) = Z ars
T+1.=

and denote S(a) =(S,(@)),. For every prohability 8, set,

Ssla)= 2 #(Da,.

Observe that by (3.1), similarly o the way (3.2) was obtained, we have
Sela)=S3(S(a)) for all sequences @ and probabilities 4, that is,

i 0(a, = Ej 35S, (a). (3.3)

2= 0

We consider linearly ordered families (®, >), where @cD, and “>" is a linear
{complete} order on @, satisfying:

N

ve=0, YN=0, 30,e®, such that v0>4,, 3 8(f<e, (7:9}
=0
which is obviously equivalent to:
ve>0, 30,e@, such that vo> 8, 8{0)<¢. O (BY)

Note that Condition (B implies that for every §e®, there exists §e®, with
#< 8. Therefore, the notions of lim, lim inf, lim sup, etc. ... are naturally defined
for real-valued funciion on @. An increasing sequence (0.)p-c in ©, is increasing
to o, if for every 8e®, there exists an integer N such that 8,.>8 for all n=N. For
the equivalence resuits we will need the next properties:

(Cy 3e,>0 and ¢:(0, £6)—(0, 1) such that Ve<eg, 3J(g), and a sequence
(8, ) 10 that increases to co and satisfies:
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67,,,5 U—gym n>=g(e) forall n=J().

(D) There exists a sequence (#,)7.¢, that increases to e, and 3g>0 and
w {0, g9) (0, 1) such that Ye< gy, 3/(g),

5,,[!#(8)?1, #l=1—¢ for all n=I(g).

3.1 Preliminary Resulis

We will assume without loss of generality that the pavoff function in our dynamic
programming satisfies 0=7=1.

Lemma 3.1, ve=>0, ¥N, 36, such that v8>8, VseS, In=N satisfying
Valso) = Via(so) — €.

Proqf: By condition (B) and by (3.2), there exists 6, such that Yo §(5) <§ for

all 0>6, Let 08>8, and let s,e8. Let s=(s5)72, be an g-optimal play for &
in 5. Then by (3.3),

2 A0S ()= Valso) —&,

f=N-+1
where f(s) = (f{s) 0.

As D5 vy B(0)=1, the above inequality implies that a convex combination of
[S, (SN =N+ 1} is greater or equals Vy(so)—e&. Therefore there exists f=N+1
with S,(f(s))= Vi{s,), implying V,(50) = Vi(so) — &. |
Corollary 3.2.

Hmsup V,= lim sup V5.

R R
Lemma 3.3, lim sup Vy Is non-increasing in plays. That is,
lim sup Vylsgy=lim sup Ve(s;) for every s;eT ().

Proof: Note that if (s);2, is e-optimal in s, for 4, then s=(5,);2, is a play in .
Hence, it suifices to prove that for every g>0, for sufficiently large 4,

2: 8 s ) —fls)<e.
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By rearranging terms and by (3.3), the last inequality can be proved by showing
that

2 .f(ﬂ« I)""!_(Sﬂ)

Hence, it suffices to prove that for every £ 0, for sufficiently large 6,

Z B(z) — <e

which follows easily from Condition (B). -

2
Lemma 3.4 (Lehrer and Sorin (1992)). ve>0, vn > 2 and ¥s,€8, there exist a play
5=(8)/Lo and a stage L such that

1 4
—— s =V, F orevery 0=T=< —n.
71 rZDf( L) {50} — Ji ¥ 3 H

3.2 From Vyto ¥V,

Proposition 1. Assume Hmg_. . Vo=V, uniformiy,

Ve>03N, such that vn=N, V,<V+e.

£ ) . .
Proof: Set g, = 3 By the uniform convergence assumption, there exists 6, such
that

IValso)— Visp)l <e, for all s;&S. (3.4

Let M be an integer satisfying

i

2 oty > 1 —&;, (3.5)

2 .
and fet N be an integer satisfying N > . We now show that N satisfies the asser-
&y
tion of the proposition. Indead, let n= N, and let s,e8. By Lemma 3.4, there exists a
play s=1{5,);Z¢ and an integer L that satisfy the assertion of Lemma 3.4 for &,. By
(3.3) and (3.5), this implies, Vi ts0) = Viulso) —2¢,. Therefore V(s )= V. (50}~ 3¢, by
(3.4). Hence, by Lemma 3.3, and because 3¢, =¢,



8 D. Monderer and S. Sorin
Vi(se)= Valso) —e. B

Proposition 2. Assume (&, >) satisfies Condition {C), and uniform convergence of
(Vodgeo to V.

ve=0, IN, such that vrz=N, V,zV—=¢.

Proof: Otherwise, there exists £>0 such that for every N, there exists n= N and
oS with ¥ {so)< Visy) —&. We now choose a particular integer NV as follows: set

£ . . .
g =gy = 50 and choose s, &, & in a way that will be described later. Choose an

integer K satisfying the following 4 properties.

{I) K is large encugh such that at every play s={(s5)/10, ¥nz=K, if
Va(Soy< V{sy)—e, then

S(fN=Viso)—g forall {(l—en=T=<n.

(2) Let J(g,) and the sequence (6, ;,}u= s, Satisfy the property stated in Condi-
tiont (C). Choose K= J/(e;). That is,

8, [(1 —exm, n]>p(e,) for every n=K,
where 6,=8,,.,.
such that

~&g=Vy — V=g, forall nzk.

{4) By Proposition 1, we can choose K large enough, such that for every
n=K,

V,=V+es forall n=zk.

Finally, choose N> K satisfying
K ~

> G.(n<es foral n=N.
=0

By our initial assumption there exists nz=N and s, with V,{s) < V(sy)~¢e. Let
S= (837 o be any play at s,. Set @, = 6,(0) S, (f(5)). Thea

Si}"(f(‘g)) . Z a+ Z a;+ _z: a,+ Z a;.

P (3 Kt {l—en A—ednsi=n (51

Therefore, by the way we chose N,
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S, (SN =V(se) + A,

where
A=gstes—ple)er.

As the last inequality holds for every play at s,, then
Ve, (s0) = V{sg) + A.

Hence, by property (3), satisfied by K and hence by N, and recalling that g =

£
£y = 5 we have

(8)6‘-’- + &4+ E
—} =&+ s
@ K 3+ &4+ Es

Thus we can have a contradiction by choosing &, i=3,4,5, to be less than

i EN &
o8V e =
3“’(2)2

3.3 From V,to V,

Proposition 3. Assume lim,, . ., V,= W uniformly.

Ve 0, 36,, such that ¥0>0,, Vys W+e.
Proof: The proof is an immediate consequence of Lemma 3.1. |
Lemma 3.5 (Lehrer and Sorin (1992)). Assume Hm, . . V, = W uniformly. Then for

every ¢ small enough, there exists an integer N, such that for every n=N and 5,85,
there is a play s={8)" ¢ at 5, satisfving:

1 T
i1 T FE)=Wise)—e forevery en=T<(l—¢g)n,
=0

Proposition 4. Assume (®, =) satisfies condition (D), and lim, .. V,= W uni-
Jormliy.

ve>0, 3N, such that ynzN, Vy = W—g,

where €0,)7_. Is defined in Condition {D).
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Proof: Let £ 0. Let 6>0 satisfies

1= < min(w{e), &). Then by Lemma 3.5 there

exists /N such that for every n=N and s,e8, there is a play s=(s5)2, at §, satis-
fying:
1z
e 30 f(s)2 W(s)—6  for every dn=T=(1-&n.
T+1 /=%

Without loss of generality we can choose Nz I(g). Note that if m =N (assuming that
N was chosen large enough), there exists n=N, with

bw(eym, ml&idn, (1 -J)n].

Hence, é,,, fwieym, mlz1-¢, and Sr(f{s) =1 —-d=1—¢, for T'e[w(c)m, m]. There-
fore,

Va {so}z= Wi(so)—2¢ forall m=N and all s,&8. ]

Remark 1.

If the sequence (4,)7_,, given in Condition () is dense in (@, >} {in the sense
that its upiform convergence implies the uniform convergence of (¥5)see), then un-
der conditions (C) and (D), uniform convergence of (V). implies uniform con-
vergence of (Va)eee to the same limit function. As it was proved in Lehrer and Sorin
(1992}, such is the case when @ = {#8,: 1[0, 1)}, where &, () =(1 —A) 1%, and “> " is
the natural order on real numbers.

Remark 2.

Let (®, >) be a linearly ordered set of distributions on N satisfying (B}, (C*),
and (%), where (C*) and (D*) are obtained from (C) and (D) respectively, by re-
placing & with 8 everywhere. Define,

Uslso)= sup 2 ()8, (/(S)).

S ) w0 )

1t is obvious that our proofs vield the equivalence theorem for this solution concept
as well. E.g., for every 0< A <1 define

U, (55) = sup (1 —A) ;J A'S,(fish).

S)ico

Then (U,) converges uniformly if and only if (V) converzes uniformly, and both
share the same limit function.
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Abstract: In the framework of dynamic programming we provide two results:

- An example where uniform convergence of the Tistage value does not imply equality
of the limit and the lower infinite value.

~ Generalized Tauberian theorems, that relate uniform convergence of the T-stage value
to uniferm coavergence of values associated with a general distriburion on stages.

1 Iniroduction

Let S be a state space. For each seS let 8#T'(s) S, and let f be a real bounded
function on §. Consider the dynamic programming problem where the decision
maker on day f, at stage 5., has to choose a new state 51 €0(s,), and receives a
payoff fis). A play at seS is a sequence (5,){, with s,=5 and S €T (s,) for all
1=0. One traditionally considers the A-discounted value ¥, (s

Va)= sup (1-2) 3 A"/(s),

£ i Lo ()

or the T-stage value Vi (s):

1 T
Vr(s)= sup —— > fis ,
() (SI):EG 41 t; s

where in both cases the supremum ranges over all plays at s.
One can also consider other evaluations: Let 8=(8(1)), be a probability on
the set of non-negative integers and define:

Vo= sup 3 0(0f(s).

i 1=

Lehrer and Sorin (1992) proved that if either one of the limits lim, S Fids), or
bmy... Vr(s)exists uniformly in se S, then the other limit aiso exists uniformly, and
the limit functions coincide.

In Section 3 we give sufficient conditions on linearly ordered families (®, <) of
probabilities on the integers to get analogous results for {(Fodooo and (FVydran.

This research was supported by the fund for the promotion of research in the technion.

0020-7276/93/1/1-11 § 2.50 © 1993 Physica-Veriag, Heidelberg



2 D. Monderer and S, Sorin

There are other natural ways of evaluating streams of payoffs in dynamic pro-
gramining (except for those discussed above):
The lower (long-run average) value,

V)= sup Hminf
E)my T +1 4

T
Z f(st)s
3

and the upper (long-run average} value,

V{s)= sup Hm sup

e T

I
:)_: f(st)a
I/

where, again, the supremum is taken on all plays at s.

Lehrer and Monderer {1989) proved that uniform convergence of (V3)iep, 1 10
some V implies ¥ =¥, and showed in an example that it does not imply the equality
V= V. If one allows the decision maker to use mixed strategies, i.e., to choose a play
in random, and then defines the payoff of each state as the expectation, one obtains
new evaluations. It is clear that the evaluations V;, Vp, ¥y, and ¥ will not change by
allowing mixed strategies, but ¥ will change in general. Let

1 7
U(s)= sup hm inf E, (}:E 2 f (s;)) )
=3

Hedh T

where A is the set of all probabilities on the set of plays, endowed with the cylinder
g-field, and E, stands for the expectation operator with respect to .

Obviously U= V. As for the relationship between U/ and the limit ¥ of the dis-
counted value functions, Mertens and Neyman (1981) provided sufficient condi-
tions, stronger than the uniform convergence of (¥3);.p,1, {(and satistied in every
finite setup), that ensure the equality /= V (even for stochastic games). In Section 2
we show that uniform convergence alone is not sufficient by providing a counter
example. See Mertens (1987) for related conjectures, hints, and comments. Other
type of necessary conditions, for specific types of dynamic programming problems,
are discussed in Dutta (1991). :

2 The Counter Example

Every rooted directed tree without terminai nodes naturally defines a dynamic pro-
gramming problem when we attach payoffs to the nodes. Our dynamic program-
ming problem wifl be defined as a tree, constructed inductively in the spirit of Lehrer
and Monderer (1989).

every real number x the iree T(x) as follows:



Asymptotic Properties in Dynamic Programming 3

Every node of T(x} except for the root has an outdegree one, and the root itself
has countably many branches. On the #™ branch of the root the payoff, g{s), is O
untit node [&, 7]+ 1, it then equals x — 3, until node r, and from then on it equals 0.
Define a valuation ¢ at each node s different from the root as follows: @(s)=x~~d,
for every s in the #»'" branch appearing before the n*” node in this branch, and
@{s3 =0 for every node thereafter. Set 7', = Tty T, is obtained from 7, by attaching
the tree T(@(s) to each node s of T, different from the root, and keeping the old
payoff of ¢ (i.e., its payoff in T3). One can continue naturally and define inductively
the trees Ts, 74, ... and finally define 7= U=-: T Denote the root of T by sy, and
the payoff function by g.

Note that although g is bounded from above by 1, it is not necessarily bounded
from below. Therefore we replace g with a new bounded payoff function f, defined
by: f(s)=max(g(s), ) for every node s of 7.

It is clear that limy . V7(s)=p(s) uniformly on all nodes s of 7. In particular

Viso)=1.
We wili show that for a specific choice of the sequences (g,),.; and (5,07,
Ulse)=0,

Let then a>0 and let us prove that [/(sy)< . Assume in negation that there
exists pe A such that for some integer M, T=M implies

1

s
B (7 3 6)) = @1

We remark that we can assume that all plays in the support of g belong to the fol-
lowing set Q:

If 2 play in Q is on the #n™ branch of some T(.), it remains in this branch until
exactly node 7. In fact, if some play leaves the branch before node [e,n]+1, the
decision maker will increase his payoff by leaving the branch at its root, and if a
play leaves the n? branch after node 1, it is better for the decision maker to leave it
at precisely node #. In particular, a play in & never remains in a branch of some
T(.) and is thus characterized by a sequence (m);~, of integers inducing the path:
Branch ar, of T'(1) until the #1, th node, $m,, branch m;, of T(gp(s,, ») until node m, of
this branch (with the valuation 1 =8, —d,.), etc. ... Finally, for every play in (3,

8

d, =1. 2.2)

4

Il
-

i

Having done the above reduction, we can now replace any strictly positive payoff on
any play in Q by 1.

The basic idea of the proof is to choose a sequence (d,},;-, converging very
stowly to zero, implying by (2.2), that for every play in £, for a set of integers / with
positive density, &m, 1, is much larger than 3 ,., m;. Hence, every play in Q has
“many” large blocks of zeros.

More precisely, let M, =2, and define inductively p, = Do My and M, = n?

1 .
for every i= 1. Define d,,=— for all  and extend § by monotonicity to all other in-
i
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tegers, Choose g, = -« . We say that a play wis good in the i block £, = fr,(, ) if
7

a sequence of ones starts in this block. That is, if w is determined by m,, ma. ...,
there exists m, adapted to 7, in the sense that

2 Mt E, el (2.3}
ek

Set S, (w) = — >%., w,, We claim that there exists f, such that for every i iy and for
1

every wel2, if §, (w)=a, then wis good in the i block, Otherwise, denote by & the
largest integer such that the £ sequence of ones in w starts before the i block.
. 1 C .
Then &, 771, < i1, and hence e <Hi_ = i M. This implies that this sequence
et
of ones ends very early in the i® block, and that w,=0 for (1 o

7 )Mj s in
Hi
this block. As LSRN 0 as i— oo, then §, (w) must be very small contradicting our
assumption. ‘

Define J,(w) to be one if S, {(w)=a and 0 otherwise. If J;(w)=1, one can by the
above claim, define k(w, /) as the smallest k that satisfy (2.3). Denote 8;(w) = i, 5 If
Ji{w)=1 and 0 otherwise.

Using the monotone convergence theorem we have:

IEEg( z J;-(W)Bs(w))) =z ) E.J(w8wz 2 E(JAW)bn,

izig iZig iziy

i
Since (2.1) at #; implies E, (F:{w))=«, we obtain, recalling that d,, = —,
i

I
IZ(Z -;')Oc',

a contradiction. |

3 Uniform Convergence

We first establish a few notations. Let D denote the set of all probability distribu-
tions # on the set N= {0, 1, 2, ...} of non-negative integers, that are non-increasing.
That is,

O(r+1)=8(y for all 1eN. 1)

For real numbers « < fi and for a distribution 8,
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Ola, fl= 2 6(n).

o=i=pf

For 6eD, define 6 on N as follows:

f=BO-00+1)(+1) for all feN. (3.1)
Note that

2 0= 3 0 —(T+ 1) §T+1) forall T=0. (3.2)

=0 =9

Because of (4), lim,. . t8{(f)=0, and therefore § is a probability distribution on
s
Let a=(a,);%, be a bounded sequence. For every T'=0, denote

1 T
S v — i
T(a) T+ 1 ;;0 g

and denote S(a) = (S;(a}) ;. For every probability &, set,
Selay= 2} 8(H)a,.
t=0

Observe that by (3.1), similarly to the way (3.2) was obtained, we have
Syla) = S5(S(a)) for all sequences a and probabilities g, that is,

i B(f)a, = E (1) S, (a). (3.3)
o =0

f=2 0

We consider linearly ordered families (@, >), where @< D, and “>" is a linear
(complete) order on @, satisfying:

N
¥e>0, vN=0, 36,0, such that v0>6,, ¥ 0()<e, (B
i=0

which is obviously equivalent to:
ve>0, 36,0, such that v8> 60, §(0)<e. (B*)

Note that Condition (B) implies that for every 8e@, there exists A, with
0< 8, Therefore, the notions of lim, lm inf, lim sup, etc. ... are naturally defined
for real-valued function on @. An increasing sequence (#,),".0 in ©, is increasing
fo oo, if for every e ®, there exists an integer N such that 8,0 for alt n=N. For
the equivalence results we will need the next properties:

(€Y 3g>0 and 9:(0, ) (0, 1} such that ve< gy, 3JS(g), and a sequence
{0, e}o= siy» that increases to oo and satisfies:
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b, (1 —en, nl>p(E) forall n=J().

(I} There exists a sequence ()7, that increases to oo, and 3g >0 and
{0, g (0, 1) such that Ve <&, 31{£),

G lw(eym nl=1—¢ forall n=I(e).

3.1 Preliminary Resulis

We will assume without loss of generality that the payoff function in our dynamic
programming satisfies 0=f=<1.

Lemma 3.1, ve>0, ¥N, 30, such that v0>08,, Vs,eS, 3In=N satisfying
Vilso) = Vilso) — 2.

Proof: By condition (B) and by (3.2), there exists 8, such that 7, 8() <§ for

all 6>6, Let 08>0, and let s,e8. Let s=(5,)/2¢ be an g—optimal play for @
in sy. Then by (3.3),

58 (N = Valso)—,

f=N+1

where f(5) = (f(s)Zo-

As 377 0. 6(fy=1, the above ineguality implies that a convex combination of
{S,(fsli=N+1} is greater or equals Vy(se)—&. Therefore there exists 1=N+1
with S, (f(sh = ¥p(so), iImplying ¥, (so) = Vs (s0) —&. B
Corollary 3.2.

limsup V,= lim sup V.

e eo g— o

Lepuna 3.3, litn sup Vy is non-increasing in plays. That is,
lim sup Va(so) = Hm sup ¥els,)  forevery 5,6 {s0).

Proof: Note that if (5,)7%, 1% g-optimal in 5; for 4, then s=(s5)%0 18 a play in s,.
Hence, it suffices to prove that for every £>0, for sufficiently large 8,

5 000) S50 1) —Fls) <.
=0
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By rearranging terms and by (3.3), the last inequality can be proved by showing
that

PN O BV )
2" (+1 P

Hence, it suffices to prove that for every e>0, for sufficiently large 8,

*o. 1
M) —— < g,
Zl0 ()t+i<a

which follows easily from Condition (B). =

2
Lemma 3.4 (Lehrer and Sorin (1992)). v£>0, va > > and ¥s,€ 8, there exist a play
s=(s370 and a stage L such that

1 £
o1 2 Zf(sh A=V (se)—¢  forevery 0sT=<-n.

b

3.2 From Vyto ¥V,

Proposition 1. Assume limy_... Vo=V, uniformly.

ve=Q AN, such that vrn=N, V,=V+e.

& . . -
Proaf: Set ¢, = 3 By the uniform convergence assumption, there exists &, such
that

| Volse) — Vise)i <&, for all s,e8, {3.4)

Let M be an integer satisfying

Z 6’0(3)>1"""<°;, (3.5)

2
and let N be an integer satisfying N > = . We now show that N satisfies the asser-
&;
tion of the proposition. Indeed, let n= N, and let 5,6 5. By Lemma 3.4, there exists a
play s={s,)", and an integer I that satisfy the asserticn of Lemma 3.4 for £, By
(3.3) and (3.5), this implies, Ve, (sc) & Valsg) 281 Therefore Vis,)= V. (sp)—3¢g,, by
(3.4). Hence, by Lemma 3.3, and because Jg;=
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Visoy=V, (80} — & B

Proposition 2. Assume (8, >) satisfies Condition (C), and uniform convergence of
(Vidoeo to V.

ve>0, AN, such that va=N, V,=V—¢.

. Proof: Otherwise, there exists >0 such that for every N, there exists n= N and
S8 with ¥, (sp)< Visy) —&. We now choose a particular integer N as follows: set

] \ . .
By =By = 3 and choose &, £, & in a way that will be described later. Choose an

integer K satisfying the following 4 properties.

(1) K is large enough such that at every play s=(s)/, vnz=K, if
Vi(so} < Viso) —¢, then

SH{fsH=Visy)—¢& forall J—-e)n=T=n.

{2) Let J(&;) and the sequence (0, . )n= s, Satisfy the property stated in Condi-
tion (C). Choose K= J(g,). That is,

é,, [(} ~e)m, n]>@(e) for every n=K,
where 8,= 8, ...

(3} As (8,7, is increasing to ¢, and V,— ¥, we can choose K large enough
such that

-2V, — V=g, forall nz=k.

(4) By Proposition I, we can choose K large enough, such that for every
n=K,

V,=V+eg foral n=K.

Finally, choose N> K satisfving

é,,(t)<85 for al n=N.

[~ =

1

=0

By our initial assumption there exists n=N and s, with ¥, (sp}< ¥ (so) —&. Let

s=(s) be any play at s Set @,= 8, (1) S (f(s)). Then

P
Sﬁ,q(f(s))z Z d,+ Z a,+ Z @+ Z “.

FE] Ker={i~z,)n U—egin=i=n (=]

Therefore, by the way we chose N,
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So, ()= Vise)+ A,

where
A=g+e5—ple))e,.

As the last inequality holds for every play at s,, then
Vi, (80) = Visg) -+ A.

Hence, by property (3), satisfied by K and hence by N, and recalling that ¢, =

€
gy = 7 we have

@ = Es.
2 2 ? ¢ s

Thus we can have a contradiction by choosing ¢, i=3,4,3, to be less than

I g\ €
LY B =
3(”(2)2

3.3 From V,to ¥y

Proposition 3. Assume lim,_, . V,, =W uniformliy,

ve>0, 38,, such that ¥8> 0y, Vo< W+e.
Proof: The proof is an immediate consequence of Lemma 3.1, |
Lemma 3.3 {(Lehrer and Sorin (1992)). Assume lim,,_. ., V, = W uniformly. Then for

every g small enough, there exists an integer N, such that for every n=N and 5,8,
there is a play s=(s)2 af s, satisfving:

1 T
7ol 2 s =Wisg)—¢e  forevery en=T=(l—-g)n.
F=0

Proposition 4. Assume (@, >) satisfies condition (D), and lim,_ . V.= W wuni-
Jormly.

ve>0, AN, such that vnz=N, Vy = W—g,

where (8,)7_, is defined in Condition (D).
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g
5 < min{y(g), ). Then by Lemma 3.5 there

Proof: Let £>0. Let 4>0 satisfies 1

exists N such that for every n=N and s,€8, there is a play s=(5)", at 5, satis-
fying:

r I
71 N fEy=Wis)—6 for every dn<T=(l—d)n.
- =0

Without loss of generality we can choose Nz f(g). Note that if m=N (assuming that
N was chosen large enough), there exists n= N, with

tw(eym, mi<idn, (1 -&)nl.

Hence, gm[w(e)m, mlz1-—¢g, and SH{(f(&)) =1 —-d=1—¢, for Te{w(e)m, m]. There-
fore,

Ve {sp)=Wiss)—2¢ forall m=N and all s,e8. B

Remark 1.

If the sequence (#,);" ¢, given in Condition (D) is dense in (®, =) (in the sense
that its uniform convergence implies the uniform convergence of (¥;)s.e), then un-
der conditions (C) and (D), uniform convergence of (V)7 implies uniform con-
vergence of (Vileeo to the same limit function. As it was proved in Lehrer and Sorin
(1992), such is the case when @ = {8,: 1[0, 1}}, where 8, (=1 —-A)1", and “>" is
the natural order on real numbers.

Remark 2.

Let (@, >) be a linearly ordered set of distributions on N satisfying (B), (C¥),
and (0%*), where (C*) and (D*) are obtained from (C} and (D) respectively, by re-
placing § with 8 everywhere. Define,

Us(so)= sup 2, 0(0) S, (f(S)).

Edio f0 :
It is obvious that our proofs yield the equivalence theorem for this solution concept

as well. E.g., for every 0< A <1 define

Usp(so)= sup (1=4) 2, A°S,(f{s)).
=0

G0

Then (U,) converges uniformly if and only if (V) converges uniformly, and both
share the same limit function.
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