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Quasi-Values on Subspaces!

By 1. Gilboa?# and D. Monderer3-4

Abstract: Quasi-values are operators satisfying all axioms of the Shapley value with the possible
exception of symmetry. We introduce the characterization and extendability problems for quasi-
values on linear subspaces of games, provide equivalence theorems for these problems, and show
that a guasi-vatue on a subspace € is extendable to the space of all games iff it is extendable to
Q + Splu} for every game 1.

Finally, we characterize restrictable subspaces and solve the characterization problem for
those which are also monotone.

1 Indroduction

Quasi-values are solutions of TU cooperative games that satisfy all the axioms of
a value, except possiblv the symmetry axiom, A complete characterization of quasi-
values was given in Weber (1988): “y is a quasi-value iff there exists a probability
disiribution over the set of orders of the players such that Jv(i} is the expected
marginal contribution of player 7 to its predecessors.”

Here we deal with quasi-values defined on subspaces of games. Two main ques-
tions are discussed:

(i) The charecterization problem. Given a subspace of games @, find a finite
number of near conditions on operators y: ¢ — IR? (where n is the number
of players) that are necessary and sufficient to ensure that  is a quasi-value.

(i} The extension problem. Given a quasi-value on a subspace of games, find a
finite number of linear conditions that are necessary and sufficient for its exten-
dability to a quasi-value on the space of all games.
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This work was motivated by our attempt to solve the binary stochastic choice
problem, which has drawn the attention of many economists and psychologists in
the last few decades. For a description of this problem, many of its interpretations,
and additional references, the reader is referred to Fishburn (1988). The technical
descripiion of the problem is the following.

Find a finite number of linear conditions on vectors § = ( Pj)zat j that are
necessary and sufficient for the existence of a probability distribution Pr on the set
of all orders of N = {1,2, ..., n} such that

p§':pr(i>j)v:‘¢j,

where > denotes a generic order on N,

Monderer (1989) pointed out that the binary stochastic choice problem is
equivalent to the extension problem for guasi-values on 5, where (J; is the space
spanned by all unanimity games on at most two-element sets. He also showed that
the characterization problem for quasi-values on the space of all games turns out
10 be equivalent to another problem arising in social choice and psychology, the
stochastic choice problem. This problem was formulated by Block and Marschak
{1960), and was solved by Falmagne {1978). Monderer (1989) gave an independent
gametheory-based proof utilizing Weber’s characterization mentioned above. Late-
ly, Gilboa and Monderer (1989) used the game theoretic approach to obtain addi-
tional partial progress on the binary stochastic choice problem.

Cur main results are the following: we formulate a condition ¢(u) for every
game u. It turns out that a linear operator ¢ on a subspace { is a quasi-value iff
it satisfies c(x) for all ¥ € Q. Furthermore, every quasi-value y is extendable to a
quasi-value over the space of all games iff it satisfies c{u) for all u ¢ Q.

Using the above, we also prove that a guasi-value on @ can be extended to a
quasi-value on the space of all games'iff it can be extended to a quasi-value on Q
+ Sp{ul for all w ¢ Q, where Q + Sp{u} is the linear space spanned by @ and u.
These results are to be found in Section 2.

Next we solve the characterization problem for monotone restrictable
subspaces. (Restrictable subspaces were studied by Neyman (1989) and Gilboa
(1989); monotonicity of a restrictable subspace is defined in Section 3. The defini-
tion makes sense only in view of Lemma 3.1, which characterizes restrictable
subspaces.)

2 General Subspaces

We start with some preliminaries. Let N = {1,2, ..., n} be the set of players, The set
of all TU cooperative games on N will be denoted by GG. The subspace of all additive
games will be denoted by 4. A will be identified with the Euclidean space IR" in the
usual way. Forx, y € R we will writex = y, ifx; = y, Vi € N

The set of all one-to-one functions § ;: N N (1. e, the set of all permutations)
will be denoted by R.
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For each v € G define two vectors, v, and v* in IR? as follows:
Viuli) = ming = p; (VS U D - v(S). VI E N,

and
VE(I} = maxgc g (VIS U - v(S), ViE N

Throughout this paper, Q will denote a linear subspace of G. An operator, y:
O — A is called a Milnor operator if

Ve S YV = vy, VYV E O

A quasi-value on Q is a linear efficient Milnor operator y: Q — A. If © contains the
additive games, then by Monderer (1988), a linear operator y: G~ 4 is a Milnor
operator iff it is a positive projection. So, for subspaces @ 2 A, and in particular
for @ = G, our definition coincides with the usual definition of quasi-values.’

Let Prbe a probability distribution over the set, R, of permutations. Foilowing
Weber (1988), define the random-order value ¥p, on G as follows:

¥pr v} = Lger v (S) U ) = v(SD 1 Prf),
where
Sy={jEN:G<8i}.

Weber (1988) proved that J: G — A is a quasi-value iff it is a random-order vaiue.
This also implies that y: O — A4 for some subspace (or even subset) O is extendable
to a quasi-value on & iff it is a random-order value.

Given a function y: § — A and ¥ &€ G, we say that the condition ¢ (1) is satisfied
by if

fu=

elu) t B yvi(i) = £1 : (vi-w* (i) + u(N), ¥vl..vn e G,

We now state the following:

Theorem A: Let ¢ Q ~ A bealinear operator. Then ¥ is a quasi-value iff ¢ () holds
forallu €.

Theorem B: Let ¥ : Q — A beaquasi-value. Then  can be extended to a quasi-vaiue
on G iff ¢(u) holds for all u ¢ Q.

Theorem C: Let y: Q — A be a quasi-value. Then  can be extended to a quasi-value
on (G iff ¢ can be extended to a quasi-value on @ + Splu} forallu ¢ O,

3 Quasi-values are called also nonsymmetric values.



356 I. Gilbea and D. Monderer

Notethat Theorem A cannot beconsidered as a solution to our characterization
problem because ¢(u) involves infinitely many linear inequalities. Similarly,
Theorem B does not solve the extension problem.

Proof of Theorem A: Let y: O — A be a quasi-value, and let # € Q. As ¢ is a Milnor
operator, we have:

PO () = (- OV iEN 1)
Summation of (2.1} over i &€ N yields:

£ yvi() = o, (vi—w)*(@) + o du ) (2.2)
By the efficiency axiom,

L u (i) = yu(N) = u(N),

whence ¢{(u) holds.

As for the converse, let y: O — A be a linear operator s.t. ¢{u) holds for all &
€ (. We have to show that y is a Milnor and efficient operator. Substitute in c{u}:
vi=v,wW =0Yj=*iandu = 0. This gives us:

YD = v VvvE€ QandV¥i E N

Applying the same arguments to -v instead of v, while observing that (-v)* = -v,,
vields Y v(i) = v (i) Vv € Qand V i € N. Therefore, y is a Milnor operator. To
establish efficiency, substitute in c{u) : v = vV i € N, and u = w. This yields:

YY) = X0 yv(i) = v(N).

Applying the same arguments to -v instead of v proves that ¢ is efficient, which com-
pletes the proof of Theorem A. ¥

The following lemma will be used in the proof of Theorem B. It is, however, in-
teresting in its own right.

Lemima 2.1: Let ¥ . O — A be aquasi-value, and fet u ¢ Q. Then ¢ can be extended
to a quasi-value on the space @ + Sp {u} spanned by Q and u iff ¢(¥) and ¢(-u)
hold.

Proof: The “only if” part follows from Theorem A, Suppose now that c(u) and
c(-u) hold. Define y = (¥, ¥3 ,..., ¥p) and 2 = (24, 22 »..., 3, ) as follows:

Y= supyeo (W)~ (v =u)*((PVIiEN,-
and
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Claim: y and z are well defined, ¥ < z, and
E;f'-:ly,- <= u(N) = E?m] ;-

Suppose we have already proved the claim. Choose any x € IR” that satisfies y =
x = zand x(N) = u(N), and define ¢, Q + Sp{u} — A by:

Y, (v + au) = v + ax Vv € @, and V¥ real number «,

We will show that y,, is quasi-value. Obviously, , is linear and efficient, To
prove that ¥, is a Milnor operator we have to show that

(v + au)s =Yy + ax 5 (v + au)*¥oa, v (2.4)

Obviously, for all w € G: (-w)* = -w, and (aw)* = aw* for o > 0.
Therefore, {2.4) is equivalent to the following two sets of inequalities:

Ww—x=s(v—-urv¥y <€ g (2.5)
and
VWHx=s(v+uyrvy e o (2.6)

Equation (2.5) holds because x = ¥, and (2.6) holds because x < z.
Therefore, Ju is a quasi-value.
We still have to prove the claim,

Proof of Claim: For each v € Q substitute in e(u): v/ = v,and v/ = 0V # i,
Therefore, Yyv{i} — (v — u}*(i) = EF:l'jm (-u)*(/) + u(N). Hence, v is well
defined. Similarly, zis proved to be well defined (using the condition c(-u)). To prove
that y < z it suffices to show that for every v!, v2 € Q

Yy = (v = ) () = 2 + ) (i) — 2 (§) . (2.7)
Indeed, because i is a Milnor operator.
vl + 3 (1) s O + v (2.8)
= (v =u) + (P2 = ) = (0 - up) + (0 + w)RG),
by the obvious property of the * operator: (v + w)* < v + w* ¥y, w € G.
Rearranging terms in (2.8) yields (2.7). Finally, substituting v! = v for all i in
c(u) and e(-u) yields Z;[fv (1) — (v — u)*(D)] = w(N) = Z; [(v + u)*(i) — v

(£}] for all v, whence L;¥; = u (N} = X, z; follows, This completes the proof of
Lemma2.l. B '
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Proaof of Theorerm B: The “only if”* part follows from Lemma 2.1. As for the con-
verse, suppose c(u) holds for all # ¢ Q. For 0 € R, denote by y, the quasi-value
defined on € by the permutation 6, that is, '

b V(i) = v({j € N: §j < 8i}) = v({j € N: 8 <8i}).

By the characterization theorem of guasi-values on G {Weber (1988)), it suffices
to show that  belongs to the convex hull of {yy : § € R}. By standard convex
analysis arguments, y belongs to the convex hull of {y, : 8 € R} iff it satisfies every
linear inequality satisfied by {¥; | § € R}. Taking some basis wl .., wkof O, ¢
is determined (linearly) by its values on the basis, ie., by the numbers
{¥w/ () <j< k1 si<n Hence, alinear inequality can be expressed as

Eiajklsizn i/ () =8

for some numbers {« ﬁ-} and 3. Defining v/ = Dyajmk @ w/ and using linearity,
the inequality given above takes the form

B vvi) = 8
Hence, it suffices to require that

z Yvi (i) = maxgep r, Yy (VL2 vt € Q. (2.9

Let then v, v2,..., v € Q be given. We will show that (2.9) holds. Define & G
by:

u(S) = maxge g Tigs Yovi (), VS € N,

where vk (T) = VI(SONTYY T & N.

If u € G, then ¢(u) holds because of our assumption. If 4 € O, then ¢{u) holds
by Theorem A. Thus, we may use ¢(u) to prove (2.9). Note that it suffices to show

(V= u)*(i) =0V i€EN,

or, eqﬁivalentiy, to show that

U UN=u(S) =V (SUN—V(S).VIENVST N\L (2.10)

lettheni E Nand § &€ N\i Denotes = # 8. Let 6§ € R satisfy:

u(S) = L5 v Vg ().
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Denote by 7 the element of R for which
u(S Uiy = e gy ¥V, ()
and let @ be a permutation such that
Ok >0, VEk¢gSUi
fi>0j,¥vjeS8
and
8/ >0k e i >0k, Yj k&S
Then
u(S U i) = Biesui ¥, () = Siesui Y5 ViU i)
= Lies vg vy () + ¥g i, ()
However, forj € §, ¥3 véul.(j) = ¥ vsf(j), s0 that
Ejes ¥avhy () = u(S).
Noting that
Uy vfgw(i) = v(§ U i) - v(S)
completes the proof, B

Note that Theorem B and Lemma 2.1 prove Theorem C.

359



360 I. Gilboa and B. Monderer

3 Restriciable Subspaces

Recall that for each v € G and § € Nthe game vgis defined by vg(T) = F(SNT)
¥ T < N Qisrestrictable if v € QY § SN whenever v € Q.

Let [w? : 7 % 0} be the linear base of G consisting of all unanimity games.
That is:

L S=27T
wi(s) = {
0, otherwise.

For each T < 2/V\ {@] let Oy, be the linear space spanned by {w! : T € E}. Note
that

WT, if TO =T
T T
wl = | (3.
0, ity 2T

Therefore, Oy is a restrictable space.
The next lemma implicitly appears is Neyman (1989):

Lemma 3.1: Q is restrictable iff O = Oy for some £ < 2V\[6].
Proaf: The “if” part is true by (3.1). As for the converse, denote

=17 wT € Q].

We will show that O = Oy, For this purpose, it suffices to show that forall v €
O, if the representation of v in the base {w7 } o yis v = T apw?, then w7 € @
whenever ap # 0. -

We will prove the latter claim by induction on the number & of sets 7 for which
ar # 0. For k£ = 1 the claim is trivial. Suppose the claim holds for & < p,

andlet v = T apw’ satisfy v € Qand #{T: ap # O} = p. Let Ty be 2 minimal
set {(w.r.t. inclusion) such that ar # 0. By 3.1) VT, = oszwTO, hence wlo =N¢)
Denote vy = v —_-aTDWrﬂ. Then vy € O, vy = Ly 7, apwl, and #{T = T

ar # 0} = p — 1 Therefore, by the induction hypothesis wle Q¥T =+ T, for
whicher = 0. &

We now turn to formulate the characterization problem for restrictable spaces,
and to solve it for the class of monotone restrictable spaces. Let & & 2V \{8]. Let
B = (BAT)rexgicn be a vector of real numbers, Define a linear operator
¥g 1 Op — A by defining it on the base {wT: T & &} as tollows:

awTi) = BI(T), ¥ i € N.
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The Characterization Problem on Qy.
Find a finite number of linear inequalities on 3 that are necessary and sufficient for
¥ to be a quasi-value on Qy .

Obvinos necessary conditions are:

BHT) = 0, VigTEZXL, (3.2)
BUTY = 0, VieTEZL, (3.3)
and

EieTﬁi(T) =1 VIgk. (3.4)

In some trivial cases conditions (3.2)—(3.4) are also sufficient. E.g., if for all § =
TEL,SETand T & S. Aclass € 2V\{@} is monotoneif T € T and § 2
Timply § € L. A restrictable subspace Oy is said to be monotone if L is such.
let ¥ be a monotone class. For each i € T € L define:

ef(T) = ZF_, “DFI S y07, 14124 B1A), (3.5)

where 7 = [T,

Theorem D: Let ¥ be a monotone class, and let 8 = (3 (THrey.ien- Then x,/xﬁ is
a quasi-value on Qy iff § satisfies (3.2)—(3.4), and the following conditions:

cﬁf(T) = 0, VieETEL, (3.6)
and

Tirer.ier) cp(T) = 1, forevery i € N, (3.7)
Proof:
Necessity

Suppose yg is a quasi-value. We have to show that (3.6) and (3.7) hold.
For each T # N define the game v7 as follows:

I, rcs

vT(8) = |
0, TS

{where C denotes strict inchusion).
It is well known, and also easily verified, that for every B ¢ N

W= DDA I e Lt (3.8)



362 k. Gilboa and D. Monderer

Fix T € T and i € T. Then by (3.8) vT\F = v{”' + vg”', where

n

R oot GOS0 w

1

k;ART)

i

TJ' — - .
vyt = I L GV 4 - iganTa) WA

H

Note that

vIAS U i) = vDIS) = vTNIS U i) - vTN(S)
for all § & N\J, whence (v)=(/) = 0. Since Q is monotone, v1>/ € Q and the
Milnor condition yields ¥4 vffsf (i) = 0. However, Vg v:g:'" (i) = C’é (T), and (3.6)

follows.
To prove (3.7}, let there be given i/ & N. Denote

v = Lireraerivid
By linearity,
Yav(i) = Errexieric(T). (3.9)

On the other hand, for each/ € § € L, v(8) — v{(S\i{} = 1 (because vlT’f(S) -
v{a"(S\i) = 1iff § = T, and by monotonicity of @ for eachi € S¢ £, v(S) —
v{S\i} = 0. Therefore, v*(i) = 1. Combining this with (3.9} and the Milnor condi-
tion vields (3.7).

Sufficiency

¥ is obviously linear and efficient. We proceed to prove that it is a Milnor operator.
Fix i € N. Denote

L={Tet:ie T}

and

T, ={TEx:i¢T).

Obviously,

QOp = Or, + Or,.
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As gpvli) = v¥(i) = Oforallv € Qf‘i {by (3.2)), it suffices to show that
a,bﬁv(r') = v, Vv E Qi:i'

It is easily verifiable that {v'{;" 11 € T &€ ©}isa linear base for QE,,
Let v = Liepey drvlli Then

V*(l') = maX{O, maXle TEL dT}.

On the other hand,

Ygv(i) = Zierex dre'(T)y = max{0max;crey dr) Zicrer cH(T)
= vH(i)

by (3.6) and (3.7).
Therefore, Y is a Milnor operator, //

References

Block HD, Marshack J (1960) Random Orderings and Stochastic Theories of Responses, Cowles
Foundation Paper No. 147

Falmagne JC (1978) A Representation Theorem for Finite Random Scale Systems, J. Math. Psych.,
18, pp. 52-72

Fishburn PC (1988} Binary Probabilities Induced by Ranking, mimeo, AT&T Bell Laboratories,
Murray Hill, New Jersey, to appear iz J. Math. Psych.

Gilboa I (1989) Additivizations of Non-Additive Measures, Mathematics of Operations Research,
14, 1-17

Gilboa I, Monderer I (1989} A Game-Theoretic Approach to the Binary Stochastic Choice Pro-
blem, mimeo

Monderer D (1988) Values and Semi-Values on Subspaces of Finite Games, Int. J. of Game Theory,
17, 4, pp. 30§-310

Monderer D (1989) The Stochastic Choice Problem: A Game Theoretic Approach, mimeo

Neyman A (1989) Uniqueness of the Shapley Value, Games and Economic Bebavior, 1, 1, pp.
116-H8

Weber R1J (1988) Probabilistic Values for Games. In: The Shapley Value, Roth AE (ed.), Cambridge
University Press, New York, pp. 101119,

Received September 1989
Revised version received May 1990






