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One of Milnor's reasonable axioms is generalized to nonatomic games. Several uses of this :
generalization are discussed. In particuiar, the general form of values and semivalues on TR
subspaces of pNA,. is derived. B

Introduction. It was shown in [D-N-W] that every semivalue ¢ on pNA has the
.2 form
1
(+) wo(S) = [(au(e1,,15) d&(2), (1.1) o
0 P . -
- The space of all Lipschitz g

worth mentioning that AC

Vi @& AC, but /i is the (F
For every v € AC_ define

(1.2)

£ where the inf ranges over ali
AC,, I llgv < = and both
(AC,, |l ll«) is a Banach space
in what follows.

where £ is a Borel probability measure on [0, 1] which is absolutely continuous w.r.t,
the Lebesgue measure A and dé/dA € L [0,1]*. The unique value on pNA {the
Aumann-Shapley value) is obtained by setting £ = A.
Given a class of games in pNA (in particular a single game) one may want to know
the general form of values and semivalues defined on the linear symmetric space
' _generated by this class. Such problems have already been discussed in [MI~N] (in the
framework of cost allocations) and in {H-N]. The analogous question in the finite case
_is discussed in [M-21. Here we restrict our attention to subspaces of games which
contain NA. That way we avoid the pathological cases of values which are not even
semivalues like, for example, the value which is identically zero on the space of all
games ¢ € pNA for which ¢(J) = 0. Values on subspaces containing NA are not
nécessarily of the form (). Consider for example the linear symmetric space a,
generated by NA and the game » = /ity — Yy, Where the pu/’s are mutually

Milnor operarors. For ever

singular measures in NAL It was proved in [H-N] that there exists a value ¢ defined (v Hoa

on ), for which ¢r is not a linear combination of the p,’s. Therefore  is not of the

form (%), In this paper we introduce a space for which there is no such example. This (s, A
: 2

space, pNA,, is the closure in an appropriate topology of the linear space spanned by
the powers of NA'-measures. We show that every semivalue ¥ on a subspace of
pNA. (containing NA) has the form (), with £ a Borel probability measure on [0, 1}
In particular, for every differentiable vector measure game v (such games are prdvé:_'d
to be in pNA,) v is a linear combination of the measures for every value i on Qs
These results are derived from the Main Theorem which states that every semi-
value on a subspace of pNA,_ which contains NA can be extended to 2 semivalue on
pNA.,. They can be found, together with the Main Theorem, in §2. In §1 we establish
sorne tools needed in the proof of the Main Theorem. We discuss there a generali; ,
tion to the nonatomic case of one of Milnor's reasonable axioms (see [MILD:-
coalition can’t get more than the sum of the maximal marginal contributions of
members and can’t get less than the sum of the minimal marginal contributions of its

At Is known that g, vV, a
aupper bound {l.u.b.) and the
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proofs of Theorem IIL7.5 ar
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FAA = piff A < p. A game v in BV is'a Lipschiiz game if there exists x & NA*+ st

Vi € AC, but Y is the (BV9)limit of polynomials in N '-measures,
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members. The results obtained in §1 enable us also to prove a sort of generalization
of the diagonality property of continuous values proved in [N]. This generalization
well as some generalizations of the Main Theorem, are given in §3.

, 8§

1. Nonatomic Lipschitz garﬁés._ In this section we define the notion of a Milnor '
operator and discuss some of its properties. Here, and throughout the discussion we'
gssume the reader is familiar with the terminology and notations of [A-S]. We start
with several other needed definitions: > =~ e
- Forevery w and v in BV write " < v if (v — u) & BV*. Obviously for A and g in

~p =0 =< p Notethat —u < v <y iff forevery S T C
(1.3) () = () < (T~ p(S).

The space of all Lipschitz games is denoted by AC,. Clearly N4 ¢ AC, cAC It is
worth mentioning that AC, is not BV-closed. For example, for every p € NAY

For every v € AC_ define:

(1.2) i0lle = inf 1{ ),

where the inf ranges over all p € NA™ st. —p < v < . Obviously }l L. is a norm on
AC,, sy <llll» and both norms coincide on NA. Actually, it can be proved that

(AC,, =) is a Banach space, but we omit the proof since we have no use for this fact
in what follows.

Milnor operators. For every u,, u, in NA denote:

(o vV} (S) = sup (1,(S)) + 1,(S\S))),

S8

(s A pp)(S)

JAE (i (1) + 12 S\ 5,)).

It is known that p, v ,u,;ranfd Hy A p, belong to NA and that they are the least
upper bound {L.u.b.) and the greatest lower bound (g.1.b.) of {12y, o} Tespectively. In
fact it is known that NA is a Banach lattice (see [L-TD. By a slight change in the
proofs of Theorem I11.7.5 and Corollary 111.7.6 of [D-S] one gets that N4 is also a
complete lattice. That is every nonempty bounded from above (respectively, from
below) subset of NA has an Lub. (respectively, a g.ib.).

Let —p < v <p, where v £4C, and p € NA*, Denote D = {A & NA: A >}
and D, = {A & NA: A < v}. Clearly p € D* and —pu is 2 lower bound of D°. Thus,
D¥ has a g.l.b. Similarly D, has an Lub. We define:

v* =glb. D% u, =lub.D,.

A tedious (but quite trivial) proof shows that

"

v*(S) =sup X (v(S, U T;) - v(T)), and

fm=]

(1.3)

(1.4) v, {5) minf-i (U(S,-U.Y}) - u{T:)),

P=]
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where the sup and the inf range over all finite partitions (§,,..., 5, of § and aver all
finite sequences {T,,..., T} s.t. T, € §7. Let ¢ O — FA, where Q CTAC,. ¥ is a
Milnor operator (or @ satisfies the Milnor axiom) if Yo & ¢

*

(1.5) vy <UL KU

Note that (1.5) impties that v is actually in NA (and not merely in 43

Let NA € O © AC, be =z linear space and let ¢: Q — FA be a linear operator. By
Lemma 1.4 of IM-2] ¢ is a Milnor operator iff ¢ is a positive projection onto NA,
Thus, on subspaces of AC, which contain NA4 semivalues are precisely the linear
symmetric Milnor operators and values are precisely the efficient semivalues, Also:

Lemma 1.6, Every linear Milnor operator ¢ is || l.-continuous and il < 1.

Proor. It is easy to verify that for every v € AC,

(1.7) Holle = lHes ! v el

where |1 stands for the usual absolute value of a measure.
Forevery ¢ € O, v, < v < ¢*. Therefore we have:
F

e Vi) € ~logl g v, s dr et et (luld ver).

Combine the last inequalities with (1.7} to get the desired resuit. =
It can now be proved:

¥raeorem 1.8 (The Extension Property of Milnor Operators).  Every linear Milnor
operator on a subspace of AC, can be exiended to a linear Minor operator on AC,.

Proor. The proof is simiiar to the analogous proof of Lemma 1.7 in [M-2]. Use
Zorn's Lemma instead of the induction process used there. =

2. The space pNA,. Let pNA, be the || ll.-closed linear space spanned by all
powers of NA'-measures. Obviously every differentiable vector measure game be-

longs to pNA., but the inclusion pNA, CpNA is a strict one. For example, for .

w € NAY, \/ﬁ & pNA \ pNA... It is easy to verify that for every v € pNA_, S < T and

r e [0,1), duel,, 1) exists, du(tl,, - ) € NA, and av(-, 1) is continuous on [0, 11 (see

Chapter IV in [A-SD. .
We are now ready to state the next theorem whose procf can be derivgd from thﬂ

proofs of the analogous results in [D-N-W] and {M-11: :

Tumorem 2.1, Let §: pNA,, — FA. Then  is a linear symmetric {| {lu-continuous -
“operator Iff there exists a Borel measure & on [0,1] s.t. for-every v € pNA,, and 5 & I R

22) bo(5) = () = [[a0(t1,,15) dé(2).
Moreover, the correspondence § <> g is linear and 1-1 and the foi!oniiflg hold:
(1) fighlle = HEL : - o o
(2} 4, is positive iff £ > 0. o
(3) ¢ is a projection onto NA iff £[0,1] = 1,
(4) W, is efficient iff ¢ is the Lebesgue measure A. :
(5) by is BV-continuous iff § << A and dg¢/dx € L0, 13
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Consequently:
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.. 5,) of S and over all-
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Consequently . .
(a) &, is a semivalue iff ¢ is a probability measure.

n€22). =

extended to a semivalue on pNA_.
rely in FA) ’
¢ a linear operator. By,
¢ projection onto’ NA
re precisely the linear
ent semivalues. Also

us and Yl < 1.

the form (2.2). - w ..

We first give a sjkétch of the proof to clarify how the forthcoming results fit in it

SKETCH OF PrOOF OF MaIN ThEorEM, Let ¥: Q — FA4 be a semivalue. Denote
by M0, 1]* the compact (in the weak* topology) set of all Borel probability measures
on [0,1). We have to show that there exists £ e M0, 1) st o = v for every
v e Q. Since M0, 1] is compact it suffices to show that for every finite number of
games Iy, vy,...,u, in  and for every e > 0 there exists £e M0, 11 st
o, — el < e _ e - e s

Given vy, v,,...,0, in Q one can find x € NA' for which U; € pNA L) (= the
llle-closure of the jinear space spanned by all powers of NA' measures which are
absolutely continuous w.r.t. p) Let 4 = (7, )% . be a u-admissible sequence of
partitions of / which is also a diadic sequence. To each such A we assoclate a group

H = U5, \G, of symmetries of (1, €) s.t. G, © Cpwry #G,, = (#w, !, and G, is
(lo,l v ). - isomorphic to the permutation group of 7,,- AIs0 associated to each such A is the
space of muitilinear games ML{u, 4), which is the linear space spanned by ali games
ult. = v=folp®, ..., 1), where f is a multilinear function, ' € U™ =17 and pS is the

normalized restriction of u to S,.

In Lemma 23 we prove that ML(u, A) is || l.-dense in PNA (). Lemma 2.6
(combined with Theorem 1.8) shows that ¢ can be extended t¢ an H-symmetric
linear Milnor operater on pNA,. Finally, in Theorem 2.4 we show that every
H-symmetric linear Miinor operater on ML{x, A) is the restriction to ML(u, A} of
i, for some ¢ in M0, 1]'. We therefore proceed as follows: Fix A. Given € > 0 find
Hppowostty in ML, 4) st o, — ufle < €/2. Then extend ¢ to an H-symmetric
linear Milnor operator & on pNA_. By Theorem 2.4 there exists & & M0, 1} s.t.
¢ =t on ML(u, A). This<mplies that [yr; — geofi<e. m

Here are a few additional definitions and notations that will be needed in the
proof: .

A game v is a multilinear game if it has the form o = folp,, 1, s i), where f
is a multilinear function and Mysbhga ..., iy, are mutually singular measures in N4 ™.
- The space of all multilinear measures is denoted by ML. Let u € NA'. The space of

all measures in NA which are absolutely continuous w.r.t. u is denoted by NA(u}.
ML(u), pNA (1) and pNA(w) are defined analogously. Let 7 be a partition of / and
let 4 = (7, )% ., be an admissible sequence of partitions of /. The algebra generated
by 7 (respectively, by 4) is denoted by X {respectively, by I,). The linear space
spanned by all p¥, S &7 (respectively, by all #d, Se U ) is denoted by
NA(u, ) (respectively, by NA{uw, A)). Similarly define ML(u, A), pNA (i1, A) and
PNA(p, A). Observe that ML(x, A) is a linear space but ML(x) and ML are not.

Lemma 230 ML(w, A) is | |le-dense in PNA L
Proor. The proof can be found in §9 of [M-NL. =

s).  Every linear M{!no
:or operator on AC,,

mma 1.7 in [M-2]. Use

1r space spanned by
stor measure game DE
one. For exampie,:_fo
v v e pNA, S g[gln
continuous on [0, 1] (s

~an be derived fromz;t;hK

mmetric || la-continuol
ory v & pNA, and S S

1.

e following hold:

An admissible sequence of partitions 4 = (7, 0 =1 18 diadic if every § & T 1S the
union of exactly two disjoint sets in T 41+ IS @ p-sequence if u(S) = p(T) for every

Sand T i T ¥ 2 1. Let G be the group of ail symmetries of (/, €) ie., the

group of a]l 1-1 bi-measurable transformations from / onto 7. Let 7 = {§,...,5,) be

{b) There exists a unique value on pNA,,. 1t is the A-S value obtained by setting & = A

MAIN THEOREM.  Every semivalue on a subspace of pNA,, which contains NA can be

Hence every semivalue and every value on a subspace of pNA_ which contains NA has

i
1
1
|
i
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a partition of I. A subgroup H of G is a w-group if every § & H acis as a different have just shown that the
permutation on 7. That Is, there exists a group isomorphism 6§ — ' from H onto the 5,85 ....5. &
group of symmetries of {1, 2, np st 08, =5, forevery I i< n. A subgroup H g ™

of Gis a (u, Argroup if G = U%.G, where G, G G, iyy Gy 18 & 7,-8TOUD and
G, © G{u) (= the group of all § € G for which 8u = w). By the standardness
assumption it is easy to see that for every diadic p-admissible sequence of partitions
A4 there exists a (u, A)-group. " As S, is dense in the Bo

Tusorem 2.4, Let p & NA', let A be a diadic w-admissible sequence of partitions, ':‘ It is obvious that (p,)
let H be a (w, A)group. Then for every linear Milnor H-symmetric operator = MI0, 17 such that for ever
v ML(u, A) — NA there exists a Borel probability measure ¢ s.t. \ is the restriction 1o

ML, A) of .

Proor. We will need some results from the theory of finite games.

Let N =1{1,2,...,n), and let ¢ be a semivalue on the space G(N} of the games in
coalitional form on N. Let (1), A SN and A # & be the standard linear base of
G(N), That is, u (B) = 1,if A € B, and u{B) = 0 otherwise. As ¢ 15 3 semivalue,
there exists a unigue sequence {8,)0., of real numbers such that pu i) =B, if
ie Aand u i) =0,if | €A, where a is the cardinality of 4.

We say that the sequence (p)i., is a semivalue sequence, if for every n = 1 there
exists a semnivalue on a space of all games on a finite set of players whose associated
sequence {B,)7., is the sequence (p,)i.,. By the procf of Theorfm 1(a) in [D-N-W},
(p,) is a semivalue sequence iff there exists a probability measure ¢ € M{0, 1}! such
that for every & = 1

S

"\\ The proof of the theorem
3,
Lemma 2.5, Ler MIL

endowed with the weak tog
_weak topology of FA) Vv €

R SRR

;

Proor. It is obvious
I llz-continucus operators
pNA (e e ML} isar
by showing that there exi
continuous w.r.t p (see 7
—p S UK, e MIL,

1
py= [ 57T deE(D).
0
i
We now turn to the proof of the theorem.
Let m > 1. Let G(w,) be the space of all finite games in coalition form built on

the players’ set . Define ¥ G, ) = R™= as follows:
l;;(W)(Sl) = {[j(Fw D(/""Siy .U‘Sz’ ey .u’sn))(S:) 3

where F, is the multilingar extension of w to [0, 1}7~ (see {OD. It is easy to verify (see

[M-N] for details) that 4 is a semivalue on G(a,). If u,, is a member of the standard
base of G(w, ), then it is easily verified that '

F (u5,..,n5) = T14# R,
Se4 .

which vields the desired re
A group H s a locally f
finite subset of H is finite.

. Lemma 2.6, Let Hbea
convex H-symmetric subset .

N Then there exists i & K s

Therefore there exists a sequence ( pf')f=, of nonnegative real numbers such that {
every 1 < k < n,,, for every S S0 s S E T :

Proor. For every finite
Kp =

k L .

5 m s, .
Iy i = p ! Qon 2 .

v 1_1:{'”" k E:ly’ me We have to show that (.

‘ H. Since M1 K g, = KU{'_J

{

-compact sets) that K #
contained in a finite subgrc
ubgroup F of H. Let then

Let Si = A? UA}: where A?: Ai E ""Tm-}-l’-'a:nd let » = INI!U'SE- Then‘ [
- : . ko G Sy i i k. A ’

2%y = [T (% + ) = LTI,

' T o B

i= €

where e ranges over all vectors {&;, €3,- -+, ;) of Oand 1. '~ . . .
By the linearity of ¢ it is easily deduced that v =prtinut oon Zert

particular p* = p**1. Define py 10 be py for any m such that n,, = k. Then W “Then clearly ¢ € K =
. : IS
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e Hacts as a differepy
6 — 0" from H onto th
I < i< n. A subgroup

have just shown that the sequence (p,)i., satisfies: for every m » 1, for every
SI’SZ"'?’SI(ESEWM : ) . !

&
.[lfu =’pk§_—:,{_(,$j on EA'
arany e 1
sle seguence of partitio 8

"As %4 is dense in the Borel algebra & of I, then the last equality holds on € tco.
It is obvious that (p,) is a semivalue sequence and therefore there exists Ee
MI[0, 1} such that for every k » 1

ble sequence of partit
v H-symmetric  ope,
¢ 5.y IS the restriction

P = _folr"i’ de(r).

nite games. T
ice G{N) of the gém_es
e standard linear base’of
vise. As ¢ is a semivalue
uch that ¢u (i) =5
of A. B
-, if for every n > 1
players whose associat
“heorem 1{a) in [D-N-
reasure & € M0, 1}

The proof of the theorem follows because for v = ITg . u5 (with #4 = k),

ao(11,,T) = "1 T uS(T). w -
SaAd

LEMMA 25, Let MIL be the set of all linear Milnor operators g pNA, ~» FA
endowed with the weak topology of cperators. That is, dro = U v — v {in the
weak topology of FA) Yu & pNA,. Then MIL is compact.

Proor, It is obvious that MIL is a closed subset of the space of all linear
H{l-continuous operators ¢: pNA, — FA. Therefore it suffices to prove that Yo
PNA_ {bv: & MILY is a relatively weakly compact subset of F4. This can be proved
by showing that there exists p € NA™Y s.t. {yv: & € MIL} is uniformly absolutely
continuous w.r.t. g (see Theorem 1V.8.9 in [D-S]). Denote p = el v ie*L Then §
—i < Yr < p, € MIL, Hence for every e > 0 and for every S ¢ 1,

n coalition form built ongs

w{S) <e=|yr{S)<e

(5, '
which yields the desired result. = _
A group H is a locally finite group (see [R]) if any subgroup of H generated by a ‘
finite subset of M is finite. For example, every (u, A)-group is a locally finite group. B

1. Tt is easy to verify (:se'
: member of the standar

Lemma 2.6, Let H be a locally finite subgroup of G. Let K be a nonempty compact
convex H-symmetric subset of MIL (that is, 6™ ' o o0 € K ¥0 & H ).
Then there exists y € Ks.t. 67 oo = V0 € H.

=al numbers such that for

Procr.  For every finite subset F of H denote

Ke={¢eK:6 oy =yVoeF).

We have to show that MrKr is not empty, where F ranges over all finite subsets of
H, Since ﬂ’;,IKF; = Kyn r it suffices to prove {by the finite intersection property of
compact sets) that K+ @ for every finite F. Since every finite subset of H is
contained in a finite subgroup of H it suffices to prove that K, = & for every finite
subgroup F of H. Let then F be a finite subgroup of ., Denote

. Then

1 -
L i = EE Z (9 }°l[l°9).
pr T EuS on 3. Im e F

b that n,, » k. Then we__:_“'r' Then clearly ¢ & K. w
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‘Proor oF THE MaiN TreOREM, Let ¢: O — FA be a semivalue, where NA ¢ 3. Additional applicati

(0 & pNA,.. We will show that for every Dy, e, .. b, in @ and for every € > 0 there .
exists a Borel probability measure £ s.t. | The diagonality properry.
diagonal. Examining the DI
(2.7) o, = drerill < e efficiency properties of th
. BV-continuous operator is
This will complete the proof since it implies (by the compactness of M0, 11 in the ;- assumption in the above m:
weak* topology) that for every v, v,,...,r, in O there exists £ € M[0, 1} t “ n [N-T] and [T]. Here we

THeOREM 3.1, Every [
AC, is diagonal,

Consequentfy:

Every semivalue and epe
diagonal.

{2.8) gy = L, 1<ign.

Now, for every finite subset D of O denote

= GM{),lli y w Yo e DY,
5 {«f (0,11 v = v Vo } Proor. letve O nD

and M > 0 s.t. for eve |
Clearly K, is compact and, for every D, D,,..., D, ﬂ,mi p, = Kyr_p, & © (by v

(2.8)). :
Since M[0,1]' is compact, N , K, * @& which yields the existence of £ & M[D, 1]
stopv ="r Yo € 0. Thus, ¥, is an extension of ¥ to pNA_.

We now prove (2.7): Let vy, 05,...,0, € Q and e > 0. Since rv; € pNA4,, there
exists & NA' st v, € pNA () V1 <i<n Let A be a diadic p-sequence of
partitions. By Lemma (2.3) we can find u; € ML{u, A) s.t. |lv; —fu,-ifm <e/2 Let H
be a (u, A)-group and let X be the set of all ¥ & MIL which extend ¢, K # & by
Theorem 1.8. Since ¢ is symmetric X is, in particular, F-symmetric. Therefore by
Lemma 2.6 there exists & € K which is H-symmetric. By Theorem 2.4 there exists
£ e MI[0,1Y st (for every u € ML(u, A) and in particular) for every u,lsisn
g@%zi = Y ;. Hence:

(3.2)

In addition it was proved i
> 1 there exists a sequenc

(3.3)

?

- By (3.2), (3. 3) and the linear,

n oz LM 2 Mya ol
We now prove (3.2}.

Let My gy, ity € N4

o = gl =W, ~ ool < ey — dugll + ey — dooll < 20, ~ vl < e "

Cororrary 2.9, Letv = foluw,, g, ..o, ), where ), tin, ..., 1, € NA' and fis
a conrinuous[y differentiable function defined on the range of (py, ps,..., #n) with
F0 =

Then for every value f on the linear symimetric space genemred by v ana’ NA, yvisa:
linear combmanon OF Jhys fhasee s M :

max|
0L

Proor. W.lo.g. (using standard arguments developed in [A-S]) assume that th
range of (g, 29,000, ,u,,) is of a full dimension: Hence' : ‘

it ~

(f (ra}d&(r))#,,

tﬂl

where y = " ande=(L1,.. .1 g ‘ _ , ‘Since p is a nonatomic prob
- . _ exists # € & which i 18 a p-mt
» Cororrary 2.10.  Let v = pligle, ... i EQ, where u; € NA. anszsalme Let U =A7 g It max; fu(

C symmemc subspace of BV that contains NA cznd let t,ff be a value on O. Then: t' for every § « I- # = 1:

e any sequence of +1. Then

Cwhere 1 = Ty
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3. Additional applications.

semivalue, where.NA‘
nd for every € > .0 th'é:re:

The diagonality property. In [N] it was proved that every BV-continuous value is
diagonal. Examining the proof one can see that no use was made of the positivity or
efficiency properties of the value. Thus, we actually have: Every linear symmetric
BV-continuous operator is diagonal. Generally, one can’t remove the BV-continuity
assumpuon in the above mentioned I‘f:Siit Examples to nondiagonal values are given

ctness of M [
1

qs & & M[O, } in [N-T1 and {T1. Here we prove _
THEorEM 3.1. Euvery lmear symmemc Hlw-continuous operator on a subspace of
AC, is diagonal.
Consegquently: o :
Every semivalue and every Ualue on a subspace of AC, which contains NA is
diagonal.

Proor. Let v e gn DfAG" We will prove that there exists a symmetry 8§ £ G
and M > 0 s.t. for every n = 1 and for every sequence (e, &,,...,¢€,) of +1:

I
(3.2) % Y e8iv] <M.
-

In addition it was proved in [N] that there exists a constant M, > 0 s.t. for every
= 1 there exists a sequence (e, €,,...,¢6,) of +1 st

| i 07 ()] = Mnllw ()il

j=1
y b

By (3 2), (3.3) and the linearity, symmetry and l lle-continuity of i we have for every
UlglleM = M \/)?Hz,;v[’ which yields that ¢ro = {.
We oW prove (3.2).
Let fty, fhy, ..., sp € NA' and & > 0 satisfy:
&
maxfp,(§) ~ g, (S) <8 = v(5) =0, R
i) .

' (33) | i

il 2l - olle < e

Gy iy € NAL and
Of (AU']’ S TERE ’lun)

T LR A T 2

rated by v and NA, v

1 [A-S]) assume that th Assume also that —uy < v < g, where g, € NAY and A = p,(I) # 0. Denote:

1 & ]
K= T ‘ZMH?E.%

i=1]

Since p is a nonatomic probability measure on a standard measurable space there
exists § € G which is a w-mixing transformation.

Let U= (T ¢ It max; Ju T}~ u{T) < &} By [N] there exists a constant a > 0
st. forevery S C I #{J > 1: /'S & U} < o Let, then n>1andlet{e,¢€,,....¢,)
be any sequence of + 1. Then for every § ¢ T we have:

.ENA and Qs a lmear
ua!ue on Q. Then: ;o

Ze@’v(fl‘) - Ze@fL(S)l e;(v(67T) wu(éVS))

i=1 ,’E:J
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where J = {1 <j < n: 6/T & U or 6'S & U}, Therefore:

A MILNGR C

{M-N] Monderer and Nevym:

Multilinear Approxim:
Press, New York.

1 ) n . ) ) N Neyman, A. (1977 Cc
J Z 5}84‘;;(7") - Z effi.’u(S) < Z ]L’(B’T} —u('S)] £ IN-T] and Tauman,
j=1 i=1 iss Res. 1 246-250.
e} Owen, G. (1972). Mult
_ _ o [R] Ruckle, W, H. (1982)
< 2 {ko(0T) = po(675)) 314-316.
jel [T Tauman, Y. (1977). &
- 331-337.

<A(k+ 1y Y (p(6/T) —-#(9"5))

jeJ
=A(k + )(p(T) - u(S)) - (#/)

24(k + a(n(T) = n(S)).
Hence: t F

Zejfi‘fyr <24k +1Da. w

fi=1 =%

§M.r.'[;vzor values. Let O be a linear symmetric subspace of AC.. A Milnor Semivalue -
on ( is a linecar symmetric Milnor operator ¢: Q -+ FA. A Miinor Value on Q is an
efficient Milnor semivalue, Obviously for subspaces Q D NA the concepts of a-
semivalue and that of a Milnor semivalue coincide and so do the concepts of values
and Milnor values. It can be easily verified that the Main Theorem as well as
Corollaries 2.9 and 2,10 and Theorem 3.1 hold for Milnor semivalues and Milnor -
values without the assumption O 2.NA4, :

Remarks. As we have already mentioned, the Main Theorem does not hoid for
PNA. However, in view of the result of [MI-N] we conjecture that the continuous
version holds. That is; every BV-continuous semivalue on a subspace of pNA can be
extended to a-semivalue.on pNA. :

References

[A-S] Aumann, R, I, and Shapley, L. §. {1974). Valie of Nonatomic Games. Princeton Universi

Press, Princeton, NJ.
{I-N-W] Dubey, P., Neyman, A. and Weber, R. J. (1981). Value Theory Without Efficiency. Math. OPL’T

Res. 6 122 128. . .
[D-5} Dunferd, N. and Schwariz, I. T. (1967). Linear Operators. Part I. John Wiley and SonS, Ne

York.
[H-Nj} Hart, 5. and Neyman, A, {1988). Values of Nonatomic Games: Are They Lmear Combmai
S of the Measures. J. Marh Economics 17 31-40, . '
IL-T) . Lindenstraus, I and Tzafriri, L. {1979). Classical Banach Spaces I Sprmger-\/cr}ag, Berim
IMIL) Milnor, J. W. (1952), Reasonab}e Outcomes for a- person Games. Research Memora

IMEN] Mxrman L. 1. and Neyman, A, (2983) Prices. for Homogeneous Cost Functions, J M
Economics 12 257-273.
IM-1] Monderer, D. (1986). Measure-Based Va%ues of Nonatomic Games. Math, Oper. Res.
321335,
{M-2] . (1988), Vaiues and Semivalues on Subspaces of Finite Games. fnternat. J. Game T”go’y
17 301-310.

DEPARTMENT OF MATHE]

FORNIA 90024

Current  Address: KELLOGC

EVANSTON, ILLINOIS 66301



A MILNOR CONDITION FOR NONATOMIC LIPSCHITZ GAMES ‘ 723

[MLN1 Monderer and Neyman,.A (1988). Values Df Smooth Nonatormic Games The Method of
’ Muitilinear Approx1manon in The Shap[ey Valie Roth A E. (Ed) Cambridge Umverszry
Press, New York.
N] Neyman, A. {1977). Continuous Values Are Dxagonal Math Oper Res. 2 238342,

85 T} - = and Tauman, Y. (1976) The Existence of Non-Diagonal AXlomanc Values.. Math. Oper
‘) Res. 1 246 230.
[0 Owen, G. (1972}, Meltilinear Extensnons (}f (Games. Management Sei 18 64 79,
; [R]. Ruckle, W. H. (1982}?1‘016:0%1 ns"in Certam Spaces 0{ Set Funcnons Mazh Oper Res. 7
uo(875)) 3140318 X
_ [T}~ " Tauman, Y: (1977) A Non 1agc~nal Value on a Reproducmg Space Mark Oper Res. 2
;- T 331-337. e . .
BITY — u(8’S)) ' DEPARTMENT OF ’V[ATHEMATICSA UN"WERSITY OF CALIFORNIA LOS ANGELES, CALI-
R FOR?\IA 50024 . e _ _ .
.Currerif Address: KELLOGG GRADUATE SCHOOL NORTHWESTERN UNIVERSITY,
— u(8)) - (#)) EVANSTON, ILLINOIS 60801 = "7

2art 1. John Wiley and Sons, Nei

25: Are They Linear Combinatipnf

:ces. II. Springer-Verlag, Berhn,
Games. Research Memorandum

-eneous Cost Functions. /- Mﬂf
mic Games. Marh. Oper. Res. 13

‘e Games. Inrernar. J. Game Theow,




