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Consider a dynamic programming problem, where the discounted value func-
tions converge to a limit function as the discount factor teads to 1. It is proved
that the limit function must be the Markov upper long-run average value function, if
the convergence holds in the weak topology on the space of all bounded measurable
functions on the state space. Necessary and sufficient conditions for the existence
of the weak limit are given. The results are applied to compact continuous dynamic
programming problems used extensively in economics. Journal of Economic Liter-
ature Classification Numbers: C72, C73. ¢ 1994 Academic Press, lnc.

I. INTRODUCTION

Relationships between low discounting and averaging have been studied
in several contexts. Mertens and Neyman (1981) showed that in a finite
zero-sum stochastic game the discounted value functions converge to the
value of the undiscounted game, when the discount factor tends to 1.
They also showed that the above property holds for infinite stochastic
games, if the discounted value functions of these games satisfy a sort of
bounded variation condition. Sorin (1986) showed that the sets of dis-
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counted Nash equilibrium payoffs of a finite (nonzero-sum) stochastic
game do not necessarily converge to the set of equilibrium payoffs of the
undiscounted game. Fudenberg and Maskin (1986) studied the subgame
perfect equilibrium payoffs’ sets in a low-discounted n-player repeated
game. They showed that these sets converge to the individually rational
and feasible payoff sets, as the discount factor goes to 1. Fudenberg and
Levine (1989) investigated a subset of the equilibrium payoffs in an n-
player repeated game with imperfect monitoring.

Lehrer and Monderer (1989) looked at a deterministic dynamic program-
ming (from here on denoted DP) problem. They showed that is the dis-
counted value functions converge uniformly on the set of states, then the
limit must be the upper long-run average value.

In this paper, we study stochastic DP problems and a weak convergence
notion. We provide necessary and sufficient conditions for the existence
of both the weak and the uniform limits of the discounted value functions.
Moreover, we prove that any limit point of the discounted value functions
in either topology must be the Markov upper long-run average value
function.

When we use the upper long-run average value, we assume an *‘optimis-
tic’” decision maker who considers the best average he is about to experi-
ence infinitely many times. Our results show that, typically, the best
present value that a patient decision maker (who does not discount future
value by a great amount) can ensure himself is close to the Markov upper
long-run average value. The lower long-run average value (which corres-
ponds to a ‘‘pessimistic’’ decision maker who takes into account the worst
periods) has been used more often than the upper one. However, unless
strong conditions are imposed on the problem (for instance, those in
Mertens and Neyman (1981)), our results show that in most cases low-
discounting is equivalent (in the sense of the value) to using the upper
value. An example of a (deterministic) DP problem, where the lower and
upper value functions do not coincide (even though the uniform limit of
the discounted value functions exists) is given by Lehrer and Monderer
(1989). Lately, Dutta (1991) investigated convergence of optimal policies
in stochastic DP.

The paper is organized as follows: In Section 2, we provide necessary
preliminaries. In Section 3, we describe stochastic DP problems and state
our main results, Theorem A and its corollaries. In Section 4, we describe
deterministic DP problems and prove that it suffices to prove Theorem
A for the deterministic case. In Section 5, we define simple deterministic
DP problems and show that it suffices to prove Theorem A for the simple
model. In Section 6, we prove Theorem A for the simple model. Section
7 is devoted to an application to economic theory.
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2. PRELIMINARIES

Throughout this paper, we deal with several measurable spaces. Subsets
under discussion of measurable sets are assumed to be measurable. For
example, the phrase ““for all 7 C §,”” where S is a given measurable set,
should be understood as *‘for all measurable subsets 7 of S.”” The set
product Il,c, §; of a given family ((S;, C;));,, of measurable spaces will
automatically be endowed with the product o-field Il,., C;. Let (S, C) be
a measurable space. We denote by A(S, C) the set of all probability
measures on (S, C). A(S) will stand for A(S, C), when the o-field C is
clear from the context.

The norm |y|| of a bounded signed measure vy is defined as

vl = sup(v(D] + |y(T))),
CSs

where 7¢ denotes the complementary set of 7. The Banach space of all
real-valued bounded measurable functions on § (w.r.t. the supremum
norm) is denoted by B(S, C). B(S, C) is not shortened to B(S) because
the latter will stand for the space of all bounded measurable functions on
S (without any measureability restrictions). That is, B(S) = B(S, 2%),
where 2¢ is the set of all subsets of §. The topology on B(S, C) is assumed
to be the topology induced by the norm unless we specify otherwise. The
dual space of a Banach space X is denoted by X*. The weak topology on
X is the smallest topology in which every functional in X* is continuous.
A subset of X is relatively compact, if its closure is compact. It is relatively
weakly compact, if its weak closure is weakly compact. We need the
following theorem, whose proof is given in the proof of Theorem V.6.1
in Dunford and Schwartz (1988).

THEOREM 2.1 (Eberlein—-Smulian). Let M C X, where X is a Banach
space. Then M is relatively weakly compact iff every sequence (X,);_, in
M has a subsequence that converges to an element in X.

3. THE MODEL AND STATEMENT OF RESULTS

A stochastic DP problem is defined by four objects:

a measurable space (S, C), the set of states;

a measurable space (A, F), the set of actions;

a function g: § X A — A(S), the transition function; and
a function f: § X A — R, the payoff function.
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The stochastic problems discussed in this paper are assumed to satisfy
Properties 3.1-3.3.

Property 3.1. For every T C S, the function
(s, a)— q(s, a)(T)

is measurable on § X A.
Property 3.2. fis measurable and bounded.

The statement of Property 3.3 requires additional notation and is done
later.

SetH, = (S x A)Y""! x Sforalln=1.

A strategy for the decision maker is a sequence o = (o, 03, . . . ) of
functions

o,  H,— A(A)
satisfying that for every B C A the function
h— a,(h)(B)

is measurable on H, for all n = 1. The set of all strategies is denoted by
2.

A strategy o is Markov, if it is time and state-dependent and history
independent; that is, if there exists a sequence (f,),~, of functions f,:
S — A(A) such that for all n = 1, a,(h, 5) = f,(s) for all (h, s) € H,. If
o is a Markov strategy, we identify o, with f,. That is, we consider o,
as a function defined on S only. A Markov strategy o is stationary, if it
is time independent; i.e., o, = o, foralln = 1.

Set H = (S x A)", where N denotes the set of non-negative integers.
The coordinate variables on H will be denoted by Z,, A,, Z,, A,, . . ..
Any initial probability measure P € A(S) and a strategy o naturally induce
a probability measure on H. The expected value operator w.r.t. this mea-
sure is denoted by E_ .. For every s € S, let §, € A(S) be the measure
concentrated on s only. E_ stands for E, 5 . Let X, = 0, be the random
variable on H specifying the payoff at time 7. That is,

X, =f(Z,,A).

Let 0 = A < 1. The A-discounted value U,(P) of P € A(S) is defined by
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U,(P) = sup(1 — \) > NE, »(X,)
cEL =0

For every s € § set
V() = U,(8,).

V, is called the A-discounted value function. A strategy o is g-optimal
for A, if

(1 - N NE, (X)=V,i5) —¢ forallsES.
1=0

We are now able to state Property 3.3.

Property 3.3 For all 0 = A < | and for all ¢ > 0 there exists an &-
optimal strategy for A.

Almost every non-pathological DP problem satisfies Properties 3.1-3.3.
See, e.g., Blackwell (1965), Bhattachayara and Majumdar (1989a, 1989b),
and Stokey and Lucas with Prescott (1989). We now state without proofs
three of the basic properties of the discounted value functions. The proofs
are omitted because they can be easily deduced from Properties 3.1-3.3.

LEMMA 3.1. 'V, is measurable and bounded. That is, V, € B(S, C).
LEMMA 3.2. Forall P € A(S),

mm=fnmwm.
A
LEMMA 3.3. Forall P, Q € A(S),
|UA(P) - U =M|P - Q|

where

M = sup|f(s, a)|.
SxA

Let P € A(S). The upper long-run average value U(P) is defined by



LOW DISCOUNTING AND THE UPPER VALUE 267

— X 1 7
U(P) = sup lim sup (?IT > E(,.P(X,)).
=0

gEY  T-x

The Markov upper long-run average value U, (P) is defined by

T
Up(P) = sup lim sup (—1—- > E(,.P(X,)> ,

g€y, To= T+ 15

where 2, denotes the set of Markov strategies. Obviously UM(P) = U(P).
Various conditions on a DP problem may be imposed to ensure quality.
The issue of equality between U and U, is beyond the scope of this paper.
As before, V(s) and V,,(s) stand for U(8,) and U,,(8,), respectively.

V (respectively, V,,) is called the (respectively, Markov) upper long-
run average value function. We now state our main theorems.

THEOREM A. Let N, — 1, as n— =, and suppose lim,_,, V, = Vin
the weak topology of B(S, C). Then V = V.

CoroLLARY B. Let A, — 1, as n — =, and suppose lim,_. V, =V
in the norm topology of B(S, C). Then V = V,,.

COROLLARY g Suppose im,_,, V, = V in the weak topology of B(S,
C). Then V = V,,.

CoroLLARY D. Suppose lim,_,; V,
C). Then V = V,,.

V in the norm topology of B(S,

if

CoROLLARY E.  The limit lim,_,, V, exists in the weak topology of B(S,
C), iff the set {V,:0 = N < 1} is relatively weakly compact subset of
B(S, O).

CoroOLLARY F. The limitlim,_,, V, exists in the norm topology of B(S,
O), iff the set {V,:0 < \ < 1} is a relatively compact subset of B(S, C).

We claim that Theorem A implies each of the Corollaries B to F. Indeed,
the implications A = B, A = C, B> D, and B = F are self-evident. The
implication A = E becomes clear also in view of Theorem 2.1.

4. THE DETERMINISTIC CASE

A deterministic DP problem is a stochastic problem in which the set of
states and the set of actions are not endowed with measurable structures.
In particular, the transition function and the strategies are assumed to be
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deterministic. More precisely, a deterministic DP problem is defined by
four objects:

a set S, the set of states;

a set A, the set of actions;

a function ¢: § X A — §, the transition function; and
a bounded function f; § X A — R.

Unlike the stochastic case, we do not impose additional requirements on
our deterministic model. A strategy is a sequence o = (o, 03, . . . ) of
functions

o, (S X Ay ' x §—A.

We do not allow mixed strategies. Every strategy o and an initial state s
€ § naturally determine a play

(o Ao, S5 ay5 . . . ) = (5y(0, 8), aglo, 5), 5,(a, 5), a(o,5),. . .),
where s, = 5, @, = o,(s), and for every r = 1, 5, = g(s,_;, a,_,), and
a,=0o(sg, 89, . - - S -5 S

Let 0 = A < 1. Define

V,.(s) = sup z N f(s,, a,),

a (=Q

where o ranges over all strategies, and (s, a,) = (s,(0, 5), a0, 5)) for
allr = 0.

Note that Property 3.3 (i.e., the existence of s-optimal strategies for
every A) that was taken as an assumption in the stochastic model is
automatically satisfied by every deterministic DP problem.

Denote

T
V(s) = sup lim sup (——L— Ef(s,, a,)).
a T—-x T "’ 1 1=0

Note that the Markov upper long-run average value coincides, in the
deterministic model, with the upper long-run average value.
We now state Theorem A of Section 3 for the deterministic model.
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LEMMA Al. [In a deterministic DP problem, suppose A, — |, as n —
x, and that V, — V weakly in B(S). Then V = V.

ProposiTION 4.1. Lemma Al implies Theorem A.

Proof of Proposition 4.1. Let (S, O), (A, F), q, and f determine a
stochastic DP problem satisfying properties 3.1-3.3, as described in Sec-
tion 3. Let A, — 1 and assume v, — V weakly in B(S, C). We show that
V=1, A

Construct a deterministic DP problem 8, A, g, and f as follows:

* 5 = AS).
* A is the set of all stationary strategies o: § — A(A).
* 7.8 X A— Sisdefined as

4P, D = | [ 465 @ Ddo(@)dPs)

foralPE S, 0 €A, and T C S.
e /+§ x A— R is defined by

fp o) = L L f(s, a)do(@)dP(s).

To distinguish between the various value functions that are involved in
our proof, we use the following notation: U,, V,, U, and V,, are the
value functions associated with the stochastic model, as described in
Section 3. V¢ and V4 are the A-discounted value function and the upper
long-run average value function, respectively, of the deterministic model.

Lemma 4.1, V4 =Ty, and V¢ = U,.

Proof of Lemma 4.3. The first equality is obvious.

The second equality is a consequence of the following result of Blackwell
(1965): If there is an e-optimal strategy for A for every £ > 0, then for
every e > 0 there is an e-optimal strategy which is a stationary strategy. m

LEMMA 4.2, Suppose N, — 1 and V, — V weakly in B(S, C). Then
UA" — U weakly in B(A(S)), where

UP) = fs V(s)dP(s).

Proof of Lemma 4.2. Define §i: B(S, C) — B(A(S)) as follows:



270 LEHRER AND MONDERER
W)P) = | g(s)dP(s).
A

Note that ¢ is linear and |[yg|| < |gl| for all g € B(S, C). Note also that
YV = U, and that by Lemma 3.2 ¢V, = U, forall 0 = A < 1.

The operator ¢ allows us to transform functionals on B(A(S)) to function-
als on B(S, C). We have to show that v, - U weakly in B(A(S)). For
that matter, it suffices to show that for every finite number of functionals
b, by . .., b, € B(A(S))* and for every & > 0 there exists N = | such
that for every n = N,

lp{U, ) — )| <e  foralll <i=<m. @.1)

Because ¢, o ¥, dy 0, . .., $, o ¥ € B(S, ()%, and because V, — V
weakly in B(S, ), there exists N = I s.t. foralln = N,

l@et)(Vy) — (pep)(V)|<e  foralll<i=m.

As (o P)(V, ) = ¢(U, ), and (d;od)(V) = ¢(V), we get (4.1). =

We continue to prove Proposition 4.1: As V, — V weakly in B(S, C),
then by Lemma 4.3 U, — U weakly in B(A(S)), where UWP) = [V(s)dP(s)
forall P € A(S). By Lemma 4. 1, V" — Uweakly in B(A(S)) and therefore,
by Lemma Al, U = V¥ Hence, U= U,, by Lemma 4.1. Because weak
convergence implies pointwise convergence, we get

U, (8s)— Uy(8s)  foralls € S.
Therefore
V)\"(s) — VM(S) foralls € S,

and hence V(s) = Vy(s)foralls €S. =

In the next section, we reduce the problem one step further. We show
that it suffices to prove Lemma Al for the simple deterministic model.

5. THE SIMPLE DETERMINISTIC MODEL
A simple deterministic DP problem is a deterministic model in which

the payoff function depends on the state only. More precisely, a simple
DP problem is defined by three objects, §, I, and f, where § is the set of
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states; I'(s) is a nonempty subset of S for all s € §, the set of states that
are reachable from s; and f: § — R is the bounded payoff function.

A play is a sequence 7 = (s,);_, of states s.t. 5,,, € I'(s,) for all t = 0.
Let 0 = x < 1. Denote

Vi(s) = sup(l — N) X, A f(s,),
T t=0

where 7 ranges over all plays (s,);., with s, = 5. We also define

o . <
7o = suptimsun (- 360

LEMMA A2. In a simple deterministic DP problem, if N, — 1 and
VA" — V weakly in B(S), then V = V.

PROPOSITION 5.1. Lemma A2 implies Lemma Al.

Proof of Proposition 5.1. Let S, A, g, f be the components of a deter-
ministic DP problem as defined in Section 4, and suppose A, — 1 and
Vi,V weakly in B(S). Construct a simple DP problem §, I', and f as
follows:

§=85SU(S x A).
For every z € § define I'(z) as follows: for s € S,
I'(s) = {(s,a): a € A},

and for (s,a) € § X A

I'(s, a) = {(q(s, a), b): b € A}
Finally, define f S— Rby

f(s)=0 foralls€ §

and

f(s,a) = f(s,a) forall(s,a) €S X A.

To distinguish the simple model from the model under discussion, we
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denote by V, and V the A-discounted value function and the upper long-
run average value function respectively in the simple model.

The proof of Proposition 5.1 follows from the following three lemmas,
whose proofs are straightforward and therefore are omitted.

LEMMA 5.1.
Vi(s) = \V,(s) foralls€S,
and
Vi(s,a) = (1 = M) f(s,a) + AV, (g(s, a)) forall(s,a) €S x A.
LEMMA 5.2
Vis) = V(s) foralls €5,
and
V(s,a) = V(g(s,a)  forall(s,a) ES x A.

LEmMMA 5.3, Let A, — | and suppose V, — V weakly in B(S). Then
V — W weakly in B(S) where W is deﬁned by

W(s) = V(s) foralls € S,
and
W(s, a) = Viq(s, a)) forall(s,a) ES X A.

In the next section we prove Lemma A2.

6. THE PROOF OF LEMMA A2

Before proving Lemma A2, we need more notation and lemmas.
Let (a,),-o be a bounded sequence. For every n = 0 denote

Sn (a) '—:1_' Z

and for k = 0, S,(a*) = S,(a;, acs1» - - - ). That is,
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n

2 Qpyy-

n+ 15

S.a') =
Let 0 = A < 1. Denote
S,(a)y = —N\) :io)\’a,,
and for k = 0,
S,y =0 - )\);)\'ah,.
It is well-known that the following formula holds for S, (a):
&w)=u—xﬂgwu+n&ML (6.1)

LEMMA 6.1. Let &€ > 0 and let K = 1. Then there exists ny, > K such
that for every n = ny, for every sequence a = (a)/_, of humbers in [0,
11, there exists | = L = n — K such that

Sa)y=58,a)—¢ forall0=t1=<K.

Proof. The proof can be found in Lehrer and Sorin (1992). =

LEMMA 6.2. Let € > 0. Then there exists a nondecreasing integer-
valued function M*(X), defined for 0 < X < 1 such that lim,_,, M*(A) =
x, and such that for every sequence a = (a,);_, in [0, 1],

S.(a) = min{S,(a): 0 <t = M*(\)} — e.

Proof. Notethat (1 — A2 27, A(r + 1) = 1. Let M*(\) be the smallest
integer K for which

K
(=N D N+ D=1 - e
t=0
It can be easily verified (using (6.1)) that M=(\) satisfies the desired prop-

erties. =

LEMMA 6.3. Let a = (a,).y be a sequence in [0, 1}, and denote
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A = lim sup S4(a).

Tox

Then for every 0 < A\, Ay, . . ., A,, < | and for every ¢ > 0, there exists
an integer L = 1 such that

S,\i(aL)EA —& forallt =i=m.

Proof. Set§ = ¢/3, and K = max/’, M3(),), where M?())) is defined
in Lemma 6.2. Let n, be the interger derived from Lemma 6.1 w.r.t. §
and K. Let n = ny be an integer satisfying

S (a)=A — 8. (6.2)
By Lemma 6.1 there exists L = 1 such that
S,(al)=S,(a) — & forall0 <t =K. 6.3)

Since K = M3(2)) for all 1 < i = m, and by Lemma 6.2, (6.3) implies

S,(@) =S, -2 foralll=i=m. (6.4)

Combine (6.2) and (6.4) to get

Ski(aL) =A-35 foralll =i=m.

Hence,

S,(@)=A-¢ foralll=i=m. =

LEMMA 6.4 (Main Lemma) Lete > 0andlet K = 1. Then there exists
ny > K such that for every n = ny and for every sequence a = (a,)!-, in
[0, 1] there exists 1 = L. = n — K such that the following are satisfied:

S;_@y=8,a)— ¢ 6.5)
Sa)=Sa)—¢ forall0=t=<K. (6.6)
Proof. By Lemma 6.1, there exists n, > K that ensures that for every

n = n, there exists | = L = n — K such that (6.6) is satisfied.
Let ny > n, satisfy n,/ny < e. Letn =Znjandlet l = L =n - K be
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the maximal integer satisfying (6.6) We proceed to show that (6.5) is also
satisfied. Suppose (6.5) is not satisfied. Then

SL_I(G)<S"(G) — &. (6.7)

Since

S, (a) = ;i—sH(a) prtl=Le o, 6.8)

+ 1 n+1
then (6.7) implies

S,_1(a") > S, (a).

Therefore, n — L < n,, as otherwise one can find an integer L' > L for
which (6.6) is satisfied in contradiction to the maximality of L. As
n/ny, < e, thenn — L < ny, n > n;, and (6.8) imply

Sp-@)>S,(a) — &,

in contradiction to (6.7). Therefore (6.5) is satisfied also. =

LEMMA 6.5. Let O < Ay, Ay, ..., A, < 1andlet e > 0. Then there
exists 0 < Ay < 1 such that for X\ = Ay and for every sequence a =
(a,);_q in [0, 1] there exists an integer L. = | such that

SI,-](a) = S)‘(a) i >
and

SA’(aL)ZS)\(a) -& foralll=si=sm.

Proof. The proof is similar to the proofs of the previous lemmas, and
does not involve new ideas. Therefore we omit it. w

The following lemma is known as the Mazur Theorem. Its proof can
be found in Dunford and Schwartz (1988).

LEMMA 6.6 (Mazur Theorem). Let X be a Banach space. Let x, — x
weakly in X. Then for every € > 0 and for every integer N, there exists
a finite number of integers N < n, < n, <---<n,, and a sequence «,,
a,, * - * a,, of hon-negative numbers with 2| a; = 1 such that



276 LEHRER AND MONDERER

nt

e = 3 aunfl <.

Proof of Lemma A2. Let S, T, and f define a simple deterministic DP
problem as described in Section 5. Let £, — 1 and suppose V, — V
weakly in B(S). We proceed to prove that V = V. We need the following
lemma.

LEMMA 6.7. Let (s)]-, be a play (that is, s, €U'(s,) for all t = 0).
Then V(s)) = V(s,, ) forall t = 0.

Proof of Lemma 6.7. Obviously for every 0 = A < 1,
Vils,) = (1 — M) f(s,) + AV, (s, (). (6.9)

Substituting A = £,1n (6.9) and letting n — x yields V(s,) = V(s,,,).
Proofof V=V. Lets, € Sandlete > 0. As V,, — V weakly in B(S),

then by Lemma 6.6 there exists 0 << A\, A,, ..., A,, < | and a convex
coefficient «|, «,, . . . , a,, such that
V- 2av<e (6.10)
i=1

Let (s,);., be a play such that

lim sup S,(f(s)) = V(s,) — &, 6.11)

o
where

fGs) = (fs )/
By LLemma 6.3 there exists L = 1 such that

S, (f(s") =limsup S,(f(s)) —e foralll=i=m.  (6.12)
By (6.11) and (6.12),
PEANCOE ZI 0,8, (f(sh) = V(sy) — 2e.
i=1 i=

Hence
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Vist) = V(s(,) — 3¢

by (6.10).
Therefore by LLemma 6.7,

Vise) = V(sg) — 3e. (6.13)

As (6.13) holds for every € > 0, then V(s,) = V(s,).
To prove the second part of Lemma A2, we need the following:

LEMMA 6.8. Let s, € S and let € > 0. Then there exists a finite play
$o, Sys - - - 85, L= 1, such that

S (f(s) = Visy) — &
and
V(s,) = V(sy) — e.

Proof of Lemma 6.8. Set & = e/4. By Lemma 6.6, there exist 0 < A,

Ay, . . ., A, < 1 and convex coefficients a;, a,, . . ., a,, such that
[V — > acV, l<s. (6.14)
K=1
Let A; be derived from Lemma 6.5 w.r.t. dand A, A, . . ., A,
Apply Lemma 6.6 again to get a finite sequence Ay < 7y, 2, . . ., 7,
< 1 and convex coefficients B, 8,, . . . , B, such that

IV - 3 BVl <s.

In particular,

INZE

Voi(se) > Visy) — 8.
1

]

Therefore there exists at least one index 1 < j < p such that
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V,i(s) > Vi(s,y) — 8.
Set A = %;. Hence A > A, and
Vi(sg) > V(sy) — 8.
Let (s,);., be a play such that
S, (f(s)) = V,(sy) — 8.
Therefore, by (6.16),

S)\(f(s)) = V(sy) — 26.

By Lemma 6.5 (recall that A > A;), there exists L = 1 such that

S, ((f(s)=S8,(f(s)) — &

and

S}\i(f(sL)) = 85,(f(s)) — & foralll <i<m.

By (6.19), VA,(SL) = S, (f(s)) — 8. Therefore

3

aiVA,(SL) = Sh(f(S)) — 8.

"

i=1
Combine (6.17) and (6.7) to get
8, ((f(s) = Visg) — 38,
and combine (6.14), (6.20), and (6.17) to get

Vis;) = Visg) — 48.

Since 486 = ¢, and ¢ is arbitrary, then V(s;) = V(s,).

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

Proof of V= V. Lets, € S and let > 0. Let g, > 0, K = 1, satisfy

2;=1 Ex < g.
We construct inductively a play (s,)"., with
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lim sup S,(f(s)) = V(sy) — €.

%

Apply Lemma 6.8 to s and ¢, to get a finite play sq, 5y, . . ., 5, Lo =
1, such that

Slsg) + fls)) + -+ flsp,—1)

L = V(sy) — €,
and
Visy) = Visg) — €.
Apply Lemma 6.8 to s, and &, to get a finite play s, ., s; 1o - - - S, +

L, L, = 1 such that

f(sl,n) +f(5L0¢|) + - 'f(sl,n +L -1
L,

= Vis,) — &

and

V(SL“*-[.I) = V(SLO) - &,

Continuing inductively we end up with a play (s,),~, and a sequence of
positive integers Ly, L,, . . . such that

K
Spp-1Grgrr v spe-) = VIsp) — > ez V(s — &
=

Therefore

V(s,) = lim sup S,(f(s)) = V(sy) — .

%

As the last inequality holds for alle > 0, V = V.

7. AN APPLICATION TO EcoNoMIC THEORY

In most applications of dynamic programming to economic theory (see,
e.g., Stokey and Lucas with Prescott (1989)), the set of states is assumed
to be a metric space endowed with the Borel o-field, the set of actions is
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a compact metric space, and the payoff function is continuous and
bounded. In some models it is further assumed that the set of states is
compact. Such a model will be called in the sequel a compact-continuous
model. In Bhattacharya and Majumdar (1989b) it was proved, for the
continuous model, that V,(s) — V(s), the lower long-run average value,
and that there exists a constant ¢ such that V(s) = ¢ forall s € §, if the
following two conditions are satisfied:
There exists s, € § and M > 0 such that

1V)\(S) - V;\(S())‘ =M1 - A) 7.1

forall0 = A < landforalls €8§.
The family of functions

{V* -0-<,\<1} 7.2
P—x 72

is equicontinuous on the set of states.
We now assume that the set of states is compact, remove the assumption
(7.2), significantly relax the assumption (7.1), and get

ProrosiTioN 7.1.  Suppose the following assumption is satisfied by a
compact-continuous DP problem:
There exists sy € S such that

M(s) = sup [Vts) = Vils VA(S‘—’-)—I< %
0=r<l I - A

foralls € S. (7.3)
Then there exists a constant ¢ such that
-VM(s) =c fJoralls € S,
and
lim V,(s) = ¢ foralls € 8.
A1

Proof. We need the following well-known lemma.

LEmMA 7.1. Let D C Y C X, where X is a Banach space and Y is a
closed subspace of X. Then D is relatively weakly compact in X iff D is
relatively weakly compact in Y.

We first show that the family D = {V,: 0 = A < 1} is relatively weakly
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compact in B(S, C), where C is the Borel o-field in S. It can be easily
verified that each V, is continuous on S. Therefore D C C(S), the closed
subspace of B(S. C) consisting of all continuous functions. Therefore it
suffices by Lemma 7.1 to prove that D is relatively weakly compact in
C(S). By Theorem 2.1 it suffices to show that for each sequence A, — 1
there is a subsequence (A,x)x~; and a continuous function # on § such
that V, — u« weakly in C(8).

By the theorem in Dunford and Schwartz (1988), it suffices to show
that VAH (s) — u(s) forall s € §.

Letthen A, — 1. Because (V) (s4)); - is a bounded sequence of numbers,
then there exists a real number ¢ and a subsequence (A, )x= such that
V,\’ (sp) — ¢. By (7.3),

'K

lim Vxn,(s) =c foralls € S.

K—sx

So, VA",—’ u weakly in C(S), where u(s) = ¢ forall s € §.

Since D is relatively weakly compact in B(S, C) then by Corollary E
(in Section 3), the weak limit lim,_,, V, exists. As V, — u weakly, we
I!K

deduce that lim,_,; V, = « weakly in B(S, (). In particular,

hmV,(s) = ¢ foralls € §.

A—1
By Corollary C we get
Vuls) =c¢  foralls€S.

Proposition 7.1 is applicable to a large variety of economic models,
e.g., an optimal growth mode! (Brock and Mirman, 1972), and an optimal
research model (Burdett and Morteason, 1980). Using the idea of the
proof of Proposition 7.1, we can prove the following generalization.

PROPOSITION 7.2. Suppose the following assumption is satisfied by a
compact-continuous DP problem: There exist s, € S and g € C(S) such
that

sup [Vi(s) = Vi(sq) — g(s) -

0=Aa<i 1 — X ©  foralls € S.

Then V, — V,, weakly in C(S).



282 LEHRER AND MONDERER

REFERENCES

BHATTACHAYARA, R. N., AND MajumMpAR, M. (1989). *Controlled Semi-Markov Mod-
els—The Discounted Case,”” J. Statist. Plunning Interence 21, 365-381.

BHATTACHAYARA, R. N., AND MAJUMDAR, M. (1989b). “‘Controlled Semi-Markov Models
Under Long-Run Average Rewards,"” J. Statist. Planning Inference 22, 223-242.

BLACKWELL, D. {1965). Discounted Dynamic Programming,”” Ann. Math. Siatist. 36,
226-235.

Brock, W., AND MIRMAN, L. (1972). “*Optimal Growth and Uncertainty: The Discounted
Case,”” J. Econ. Theory 4, 479-513.

BURDETT, K., AND MORTENSON, D. (1980). **Search, Layoffs, and Labor Market Equilib-
rium,”” J. Political Econ. 41, 652-672.

DUNFORD, N., AND SCHWARTZ, J. T. (1988). Linear Operators, Part 1. Wiley, New York.

DuTTa, P. K. (1991). **What Do Discounted Optima Converge To?: A Theory of Discount
Rate Asympototics in Economic Models,” J. Econ. Theory 55, 64-94,

FUDENBERG, D., AND MAskIN, E. (1986). "*“The Folk Theorem in Repeated Games With
Discounting and With Incomplete Information,”’ Econometrica 54, 533-554.

FUDENBERG, D., AND LEVINE, D. (1989). **An Approximate Folk Theorem With Imperfect
Private Information,”’ mimeograph.

LEHRER, E., AND MONDERER, D. (1989), **Discounting Versus Averaging in Dynamic Pro-
gramming,'” Games Econ. Behav., to appear.

LEHRER, E., AND SORIN, S. (1992). **A Uniform Tauberian Theorem in Dynamic Program-
ming,”’ Math. Oper. Res. 17, 303-307.

MERTENS, J.-F., AND NEYMAN, A. (1981). **Stochastic Games,’* Int. J. Game Theory 10,
53-66.

SoriN, S. (1986). “*Asymptotic Properties of Non-Zero Sum Stochastic Games,”’ Int. J.
Game Theory 15, 101-107.

SToKEY, N., AND Lucas, E., Jr., wiTH PRESCOTT, E. (1989). Recursive Methods in Eco-
nomic Dynamics. Cambridge, MA: Harvard Univ. Press.



