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Abstract

We introduce and analyzgpotential games ang
congestion games, whegds a positive integer. A
1-potential (congestion) game is a potential (con-
gestion) game. We show that a game gspotential
game if and only if it is (up to an isomorphism)
a g-congestion game. As a corollary, we derive
the result that every game in strategic form ig-a
congestion game for somg It is further shown
that everyg-congestion game is isomorphic tga
network game, where the network environment is
defined by a directed graph with one origin and one
destination. Finally we discuss our main agenda:
The issue of representingcongestion games with
non-negative cost functions by congestion models
with non-negative and monotonic facility cost func-
tions. We provide some initial results in this regard.

Introduction

cost function is as described above. The distinction between
congestion forms and congestion games is important. The
form, which is also a sort of game, contains more informa-
tion than its associated game in strategic form. Two distinct
forms may induce isomorphic games. This distinction resem-
bles the distinction between an extensive-form game and its
associated strategic form game. For example, a congestion
game rarely reveals the structure of the facility cost func-
tions. Indeed, one can think of various natural solution con-
cepts for a congestion form that have no sense in its associated
game. For example, the players can choose the facilities se-
quentially, which gives rise to a multistage game in which we
can deal with subgame perfect equilibria and other solution
concepts that are natural in multistage games. On the other
hand, many interesting conceptual or computational concepts
for congestion forms require as input only the game. For ex-
ample, Nash equilibrium, strong equilibrium, correlated equi-
librium, social surplus, and price of anarchy. Two congestion
forms are said to be equivalent if they generate isomorphic
games

Many applications of congestion forms/games come from

Models of congestion come with many real-life stories andnetworks. Hence. one may wish to consider a special type
in various mathematical forms. They seem to originate agf congestion forms/games, in which facilities are edges in

transportation engineeringyVardrop, 195 and they have
been analyzed by several researchers from various addition

aphs and feasible subset of facilities are routes. It is natural
call such congestion forms network forms, and their asso-

fields, in particu_lar computer science, communicatio_n Netiated congestion games network games. A natural question
works, economics, and game thedry.Every congestion s how much we lose when we restrict attention to network
model gives rise to a game in strategic form (normal form). forms. There are many modeling choices to make. We have
Our starting point is the model dRosenthal, 1973 A {acided to take the seemingly most restrictive definition: A
congestion form is defined by a finite set of players, each ohetwork form is defined by a directed graph with only one
which holding one unit of goods, a finite set of facilities, and yrigin and one destination. Nevertheless, we prove that deal-
per-unit cost functions assoma;c_agj wlth the facilities. _ Eachng with networks does not restrict the generality. We prove
player must use a subset of facilities in order to make its unity 5 every congestion form is equivalent to a network form,
of goods valuable. The non-empty set of feasible subsets Qf; equivalently, that every congestion game is isomorphic to
facilities is player-specific. When a player chooses a subset of hetwork game. Hence, all other potential candidates for the
facilities her per-'facmty cost depe.n'ds on the number of che'ierm network games are isomorphic to network games in our
players that decide to use the facility, and her total cost is thgense because they are in particular congestion games.

sugl thCOStS oftt'he Ecacirlgi%s }'n this subset.' trateaic f Much of the work on congestion games/forms has been in-
ach congestion for elines a game In strategic form, spired by the fact proved iiRosenthal, 1972hat every such

I'w, which is called a congestion game.Ila the strategy set . .
of a player is her set of feasible subsets of facilities, and hegame has a potential function. The theory of general games

*An extended abstract will appear at IJCAI-07 2Unfortunately, there is no explicit distinction in the CS/All liter-
1See[Altman and Wynter, 20(4for a commendable attempt to ature between forms and games. Both are referred to as congestion
unify the research. games.



that possess potential functions, i.e., of potential games was g-congestion game. We notice that every game isuan
developed ifMonderer and Shapley, 1996vhere the con- potential game, where is the number of players. Therefore,
verse to Rosenthal’'s theorem was proved: Every potentialve conclude that every game in strategic form is isomorphic
game is isomorphic to a congestion game. However, therto ann-congestion game. Hence, we get the somewhat sur-
are two major differences between the proof that every poterprising result that every game in strategic form is isomorphic
tial game is isomorphic to a congestion game, and the proab a PS-congestion game.
that every congestion game is isomorphic to a network game. We further prove that for every > 1, everyg-congestion
First, the proof that every congestion game is isomorphic tdorm is equivalent to g@-network form. That is, every game
a network game is based on a transformation that transformis strategic form is isomorphic to a PS-network game.
every congestion form to an equivalent network form. The
number of facilities in the network form is twice the num- 2 4-Potential Games andq-Congestion games.
ber of facilities in the congestion form. Hence we do not lose, .
computational efficiency. In contrast the transformation givenz'1 Isomorphic games
in [Monderer and Shapley, 19b% not computationally effi- A game in strategic formis a tuple I' =
cient3 (N, (X,)ien, (Ci)ien), Where N is a finite set of play-

The second difference concerns the issue of preserving's Which, whenever convenient, we take to{lie- - -, n};
economics properties. The transformation given in this paX; is a set of strategies far andC; : X — R is the cost
per that transforms congestion forms to equivalent networiunction ofi, whereX = x;cy X;. I' is called afinite game
forms, preserves the properties of both non-negativity andf the sets of strategies are finite sets. We say that two games
monotonicity of facility-cost functions.As we show in this I andT* areisomorphicif each of them is obtained from
manuscript the transformation ifMonderer and Shapley, the other by changing the names of the players and the names
1994 does not preserve any of these properties. As all reof the strategies. That is, there exist bijection functions (i.e.,
sults in CS/AI on network games were proved with variousfunctions which are both one-to-one and onto)N* — N2
types of monotonicity and non-negativity assumptions, theanda; : X} — X2, i € N*, such that:
topic of faithful representation of potential games by con- for everyi € N'! and for eveq(gcjl)je Nt € XT,
gestion games is important if one wants to generalize these
results to general potential games. We present here some par- C2y ((aj(x5))jent) = Cf ((x}) jenr)-
tial results in this regard. .

In this paper we actually deal with the above mentioned?-2 Potential games
issues in a more general context. We discuss a generalizhetI’ = (N, (X;):en, (C:)ien) be a game in strategic form.
tion of congestion forms (games), in which the facility costLet X _; denote the set of strategy profiles of all players but
functions are player-specific. This assumption on the facili. A function P : X — R is apotential functiofi for i if for
ity cost functions is natural in many applications. Forms——/ ———— o ) .
with player-specific cost functions are called PS-congestion !N Some contexts it is useful to consider congestion forms,
forms, and their associated games in strategic form are calle§fich generalize PS-congestion forms. In such forms the facility
PS-congestion gamés. We also define and discuss PS- cost functions are not only player-specific, but also depend on the

on f f 1 sh . identity of the users of the facility. We call such forms ID-congestion
congestion forms (games) of typeor in shortg-congestion forms. Classical ID-congestion forms are congestion forms with

forms (games), whergis a positive integer. A PS-congestion yeights. Relationships between congestion games, ID-congestion

form is of typegq if the set of vectors of facility cost functions games, and the Shapley value were given for examgllanderer

contains at most distinct vectors, that is there exist at mgst and Shapley, 1996; Ui, 2000; Monderer, 2008nother type of gen-

types of players. A-congestion form (game) is a congestion eralization of congestion forms is local-effect garfiesyton-Brown

form (game). and Tennenholtz, 2093n which nodes in a graph represent actions,
Similarly we introduce a new type of gameg:potential ~ cost functions are associated with nodes, and every such cost func-

games. A 1-potential game is simply a potential gamet'on depends on the number of users of the neighboring nodes. These

Roughly speaking, a game isgapotential game if the set .

type of games were generalized[Bhat and Leyton-Brown, 2004
of players can be partitioned intonon-empty and mutually to action-graph games, which were proved to have full expressive
disjoint subsetsV;, 1 < j < ¢, in such a way that if we fix

power.
. N - 51n [Monderer and Shapley, 1906our types of potential func-

the strategies of all players outside;, the remaining sub-  ons \ere defined: exact potential, weighted potential, ordinal po-

game is a potential game. We show that the proof of equivagential, and generalized ordinal potential. The term “potential”

lence between potential games and congestion games can R8s used interchangeably with the term “exact potential”. In re-

extended. That is, evercongestion game is gpotential  cent literature, some other types of potentials have been considered.

game, and every (finite)-potential game is isomorphic to For example, best-response poteniidorneveld, 200D pseudo-

B — potentials [Dubeyet al., 2004), ,various types of strong potentials
3The transformation in the proof is linear in the parameters, andHolzman and Law-yone (Lev-tov), 19B7potential functions for

[Monderer and Shapley, 19Pgave a lower bound to the number of mechanism desigfehielet al, 2004, several types of potential

facilities required by this transformation to represent a given potenfunctions that represent various acyclicity properfigskushkin,

tial game by a congestion game. Itis an open question to us wheth@002; 2004, and generalized potential functiofisloriss and Ui,

a computationally efficient transformation exists. 2004. In some other works, the term potential is used for ordinal or
4Simple and facility symmetric PS-congestion forms/games (segeneralized ordinal potentials. In this paper we keep the terminology

Definition 1) were already discussed, e.g.[Nfilchtaich, 1998. of [Monderer and Shapley, 19p6



everyz;,y; € X;, and foreveryr_;, € X_;,
Ci(zi,v—i) = Ci(yi,v—i) = P(wi, 2—) — P(yi, ).

Following [Monderer and Shapley, 19Rel is a potential
gameif there exists a functio® which is a potential for every
playeri.”

2.3 Congestion forms and congestion games

Every PS-congestion foom F =
(M, N, (Zi)ien, ((c)aem )ien) uniquely defines a game in
strategic forml ¢, in which the set of players &/, ¥; is the
set of strategies of and for everyi € N the cost function of
playeri is defined as follows:

AR = Z co(na(A)).

a€A;

CZ(A) = Ci(Al, .

For the basic model of congestion forms and congestiom\ gameT in strategic form is called RS-congestion gamig

games we followWRosenthal, 1973and[Monderer and Shap-
ley, 1994.

A Congestion Form is a tuple F =
(M,N,(%)ien, (ca)acn), Where M is a finite set
consisting ofm elements, which are callddcilities, N is a
finite set consisting of. elements, which are callgdayers
For everyi € N, ¥; C 2M \ {(} is a non empty set of
subsets of facilities, which is called tlieasibleset ofi, and
for everya € M ¢, : [0,00) — R is the per-unit facility cost
function associated with € M; If k of the users choose
each of them pays, (k).

Every congestion fornF’ = (M, N, (2;)ien, (Ca)acm)
defines a game in strategic foidng, in which the set of play-
ersisN, ¥; is the set of strategies of and for everyi € N
the cost function of player is defined on¥. = x;cnyY; as
follows:

CL(A) - Cj,(Ah et 7A71,) = Z C(l(na(A))7

a€A;

wheren, (A) = |{j € N : a € A;}|.2 A gamel in strategic
form is called acongestion gamé I = I'r for some con-
gestion formF'. Two congestion forms arequivalentf they

generate isomorphic congestion games.

2.4 Player-specific facility cost functions

I' = T'r for some PS-congestion for#. Thus, every con-
gestion form is a PS-congestion form, and every congestion
game is a PS-congestion game.

2.5 ¢-Congestion forms andg-congestion games

Roughly speaking, a PS-congestion form is of typié the
players can be partitioned intatypes, where two players are
of the same type if they share the same facility cost functions.
Formally, Let ' = (M, N,(Z:)ien, ((¢!)acrr)icn) be a
PS-congestion form. A finite sét C (RI%>))M s acover
for F' if for every player: there exists: = (¢4)aem € K
such that for every € M ¢, = c,.

Let ¢ be a positive integer. We say thitis ag-congestion
form if it has a coverH with |[H| < ¢. Obviously, if F' is
a g—congestion formF' is a (¢ + 1)-congestion form. Be-
causeK = {(c})aerr, -, (c)acnr} is a cover forF, every
n—person PS-congestion form is arcongestion form. Let
1 < ¢(F') < n be theindexof F', defined as the minimal car-
dinality of a cover forF'. Obviously, F' is a congestion form
if and only if ¢(F') = 1. If F'is ag-congestion form['z is
called ag-congestion game

2.6 ¢-Potential games

LetT = (N, (X;)ien, (Ci)ien) be a game in strategic form.
Let H be a set of real-valued functions definednWe say

When the cost functions associated with the facilities arehat H is acoverof I' if for everyi € N there exists? € H,

player-specific we get acongestion form with player-
specific facility cost functionsr, in short aPS-congestion
form. Formally: A PS-Congestion Fornis a tuple F' =

which is a potential function foi. Let ¢ be a positive integer.
We say thaf is a¢-potential gamef it has a coverH with
|H| < g. Obviously, ifT" is ag—potential gamel is a(q+1)-

(M, N, (Z:)ien, ((ch)aen)icn) such that all components potential game. Becausg itself is a potential fori, every
except for the cost functions are defined as in a congestion—person game is an-potential game. Let < ¢(T') < n

form, and¢?, : [0,0) — R is i's facility cost function asso-
ciated witha € M; If k of the users choose agenti pays
ct (k).

a

Definition 1 A PS-congestion form igacility-symmetricif
¥, = X, foreveryi, j € N. A PS-congestion form isimple
if 3J; contains only singletons for every playier

Potential game” were defined ilMonderer and Shapley,

be thepotential inde)of I, defined as the minimal cardinality
of a cover forl". Obviously,I" is a potential game, if and only
if I" is a 1-potential game if and only ¢fT") = 1.
Let I be ag-potential game . LeH = {P;,---, P},
|H| = ¢, be a cover of, and letH, be the set of all play-
ersi such thatP; is a potential function fog. A partition of
the player setV to ¢ nonempty and mutually disjoint sub-
setst = (Ng)? is consistent withH if P, is a poten-

s=1"

199d. Potential games in the differentiable setup and discrete 2tial function for everyi € Ng, thatis, Ny C H, for ev-

person potential games were previously discusséd@ihapot, 1980;

eryl < s < ¢. In a potential game with a potential func-

1981, where they are called centralizable games. However, poteryion P, all players behave as if there exists one player whose

tial functions for various types of games have been used in the liter

ture in several research fields much earlier. See[#\grdrop, 1952;

Beckmannet al, 1956. Additional references can be found in
[Monderer and Shapley, 19P6Non-atomic potential games were

defined in[Sandholm, 2001L
8Hence, only the values af, on the set of integer§l, - - -, n}

%oal is to minimizeP over X. In a g-potential game with

a coverH = {Py,---,P,} and anH-consistent partition
m = (N,)I_,, the players behave as if there arelayers,
I,, 1 < s < ¢, playing ag-person game with the set of
strategiesX |, for player I, where X[, = x;en, X;. For

are relevant. However, it will be useful later, and it does not restrictt = (5] )1<s<q, the cost function of ; is P,. Note that ev-

the generality, to define, on the whole interval0, co).

ery equilibriumz in the associateg-person game is also an



equilibrium in the original game. Similarly, every correlated
equilibrium corresponds to a correlated equilibriéim.
Unfortunately, as is shown in the next example, a cover
with a minimal cardinality may have more than one consistent
partition. In particular, the partition of the players’ set¢o
subsets in g-potential game with an indexis not uniquely
determined by the game. Bellow is an example fér@ayer
game with a potential indeX in which both partitionsl 2, 3
and1, 23 are consistent with the same covér where| H| =
2.

Example 1 We construct a gamg. The strategy set of ev-
ery playerl < i < 3is {0,1}. The cost functions are:
Cl(a:) = 01(1‘1,1'271‘3) = I2X3, CQ([E) = I1x3, 03(.’)3) =
r123 + x122. We first show that this is not a 1-potential
game. Indeed, byMonderer and Shapley, 19P8& suffices
to show that there exists a closed path of strategy profiles in
X,y =z(0),z(1),2(2), 2(3), x(4) with 2(0) = x(4), such
thatz(t + 1) is obtained fromz(¢) by changing the strategy

of exactly one player;, 0 < ¢t < 3, and such thaf(v) # 0,
where

(2)

3
I(v) =Y _[Ci (a(t + 1)) = Cy (2(1)))-

t=0

Indeed, for the path ~ =
(Oa 170)7 (13 1; 0)7 (13 13 1)7 (07 13 1)7 (07 13 0)! I(’Y) = —L
Observe thatP(z) = 0 for everyz € X is a potential
function for both player 1 and player 2, and th@t is a
potential function for both playe2 and player3. Hence,
H = {0,C5} is a cover forT", and both partitiond 2, 3 and
1,23 are consistent witli7. I

2.7 Representation ofj-potential games by
g-congestion forms

It was proved in[Rosenthal, 1973that every congestion

game is a potential game. It was proved Monderer and

Shapley, 199kthat every finite potential game is isomorphic

to a congestion game. The two theorems are extended in this

section.

Theorem 1

(1) Everyg-congestion game is gpotential game.

(2) Every finite g-potential game is isomorphic to a-
congestion game.

Proof of Theorem 1

(1) Let F (M’ N’ (Ei)iEN’ ((CZ)aEM)iEN) be a q-
congestion form. LeK = {(cLS])aeM :1<s<q}be
cover forF.

Let s be an integer,l < s < ¢. Let Fls
(M, N, (%;)ien, (cf])aeM) be the congestion form ob-
tai[n]ed fromF by replacing all cost functions i with

( S

Ca

)aeM-

®However, a mixed-strategy equilibrium in the associaged

Let P, be the potential function associated [Rosen-
thal, 1973 with the congestion forn#s!. That is,

na(a)

> > Al

aeur_  A; k=1

Py(A) = Py(Ay,---, Ay)

Leti € N, and lets satisfyc!, = 2 for everya €

M. By [Rosenthal, 1973P, is a potential function for
playeri in the gamel'.;. Hence,{Py,---,P,} is a
cover forl'r. That is,I'r is ag-potential game.

We will basically use the proof of the cage= 1 given

in [Monderer and Shapley, 19B&leaning it a little bit.
LetT = (N, (X))ien, (Cy)ien) be ag-potential game
in strategic form. Without lose of generality we can as-
sume that the potential index 6fequalsq. Let H =
{Ps: 1< s<q}beacoverfof,andletr = (N,)I_,
be a partition consistent with. Then for everyi there
exists a unique integer, such that € N,,. BecauseP,,

is a potential function fot, C;(z;, x_;) — P, (2, 2_;)
does not depend ary. Therefore, there exists a function
fi : X_i — RsuchthaC;(z) = Py, (x) + fi(x_;) for
everyr € X.

We proceed to define a PS-congestion form. Aet=
2X1 % ... x 2% pe the set of facilitie$® A generic
element ofM will be denoted byl" = (T, ---,T,). Let

My ={T e M: |T;| =1 foreveryi € N},
and
M, ={T € M : i € N such thal; = X; and|T;| = |X;| — 1 for
For everyi € N and for everyr; € X; let A,, C M be
defined as follows:
Ay, ={T € MyUM,: z; € T},

and let

E,; = {AT7 N
Letl < s < ¢q. For everyT' € M we definecgfl on
{1,---,n} (and extend arbitrarily to the intervfl, co))

as follows:

For everyl' ¢ M; U Mo, cl‘,f] is identically zero.
forT € M, UMg,c[j‘f](k) =0,forl <k <n.

ForT € My, T = ({x1},---, {xa}), (1) = 0,
and

dln) = Py, -+, 2).

For everyl' € Mo, c[;] (n) = 0. For suchl there
exists a unique € N, and a uniquer_; € X_;
such thatl; = X;, andT; = X \ {z;} for every
j#i fig N, 1)y =o0.1fie N, L)
fi(z—4).

person game corresponds only to a correlated equilibrium in the °This set seems huge, however we are not actually using all fa-
original game, and not necessarily to a mixed-strategy equilibrium.cilities.



Let ¢h. = cl‘,‘fi]. It is now clear that the PS-congestion

form F = (N, M, (2:)ien, ((ch)ren)ien is of typeg,
andI'r is isomorphic td".
We end with a somewhat surprising corollary:

Corollary 1 Every game in strategic form is isomorphic to a
PS-congestion game.

Example 2 Consider the congestion fori,in which N =
{1)2}1 M - {a17a2)a3)a4}1 El - {{a17a2}7{a3)a4}}1
and X {{a1,as},{az,a4}}. F is transformed to
the network form shown in Figure 1 in whickj
{a1a2b3b4,b1b2a3a4}, and E; = {a1b2a3b4,b1a2b3a4}.
The cost functions on the;-links, j = 1,2, 3,4 are the orig-
inal cost functions, and the cost functions on thdinks are
constantly zero.

Proof: As we noticed above, every game in strategic form is
ann-potential game. By Theorem 1 evemnypotential game

is isomorphic to am-congestion game. | Figure 1:

3 Network Forms and Network Games b, b, by b

Much of the literature about congestion forms has been mo- 4
tivated by transportation systems and by digital networks. In o (m
such models, facilities are edges in a graph, and feasible sets d
of facilities are routes. In this paper the terms network form 3 ) 4 a,

and network game are defined in a specific way. All other
graphical models fall under the category of congestion form

(games) %orollaryZ Every finite game in strategic form is isomor-

Consider a loop-free directed graptR with a finite set of
verticesV = Vg, and a set of edgeB = Eqgr.tt Every
feasible subset of facilities farrepresents a feasible route (a
path with distinct vertices) in the graph. For everyl € V,

o # d we denote byR(o,d) the set of all routes that con-
necto to d. A PS-network formis a PS-congestion form
F = (M,N,(3)ien, ((c})acnr)ien) for which there exists
a directed graph, and two distinct vertices in this grapimd
d, with R(o,d) # 0 such thatM C E andX; C R(o,d)
for every agent. A gamel in strategic form is called a
PS-network gamé I' = I'r for some PS-network forng'.
Naturally, ag-network formis a PS-network form of type,
and ag-network games a PS-network game derived from a
g-network form. A 1-network form is also calledreetwork
form, and a 1-network game is also calledetwork game

Theorem 2 Every g-congestion form is equivalent to @
network form.

Proof: Let F = (M, N, (Z:)ien, ((¢})acrr)ien) be ag-
congestion form. Assumg/ = {ay,...,an}, and letk =
{b1,---, b} be an arbitrary finite copy o}/ that does not
intersect with)M/. We construct a grap&'R as follows: The
set of vertices i$” = {1,---,m + 1}. Foreveryl <j <m
we connectj to j + 1 with two edgesa;, b;. Thatis,j is
the tail of botha; andb;, and;j + 1 is the head of both. We
denoten = 1 andd = m+1. For everyA; € ¥, we associate
arouten 4, as follows:aa, = 21, 22, -, 2m, Wherez; = a;
if a; € A;, andz; = b; if a; ¢ A;. With the edges:; we
associate the cost functidia, );cn, and with the edges;

J

phic to a PS-network gamnié.

Proof: The proof follows from combining Corollary 1 with
Theorem 2.

4 Faithful representations

In many real-life applications it is natural to assume that the
facility cost functions of a PS-congestion form have a special
structure. In particular, it is natural to assume that the facil-
ity cost functions are nonnegative and in addition are either
non-decreasing or non-increasing, depending on the context.
It is easy to check that the particular representation method
described in the proof of Theorem 1 (or in the analogous
proof in[Monderer and Shapley, 198@nay represent a finite
g-potential game with nonnegative costs by-aongestion
form in which some of the facility cost functions take nega-
tive values. Actually, the representation method depends on
the choice of the potential functions. However, it can be seen
that there exists a finite 1-potential game such that for ev-
ery choice of a potential function the representation method
yields a 1-congestion form with some facility cost functions
that take negative values. This suggest three questions:
Question 1: Can every finiteg-potential game with non-
negative cost functions be represented (up to an isomorphism)
by a ¢g-congestion form with non-negative facility cost func-
tions?

Question 2: Can every finiteg-potential game with non-
negative cost functions be represented (up to an isomorphism)
by ag-congestion form with non-negative and non-decreasing

we associate the cost functions which are constantly zero. Itisost function®

obvious that we constructed a PS-network form of typend
that theg-network game derived from this form is isomorphic
tol'p. I

The following example together with its associated figure il-

lustrates the proof of Theorem 2.

120ther graphical representations of games have been analyzed
in the literature of computer science and artificial intelligence.
In some of these representations the focus is on dependencies
among players’ utility functions (see, e.dKearnset al, 2001;
Koller and Milch, 2001; Mura, 2000; Vickrey and Koller, 24092
Other types of representations focus on actions’ dependencies— see

10ne may use non-directed graphs. In this paper we basicalljLeyton-Brown and Tennenholtz, 2003; Bhat and Leyton-Brown,

follows the definition of Holzman and Law-yone (Lev-tov), 2003

2004.



Question 3: Can every finiteg-potential game with non-

Note, however, thaf', in Example 3 can be represented

negative costs be represented (up to an isomorphism) by by a simple congestion game with non-negative and non-
g-congestion form with non-negative and non-increasing cosincreasing cost functions. Consider the congestion fétm

function®

with two resource®, b. ¢,(1) = ¢,(2) = 0. ¢(1) = z, and

We show that the answer to Question 2 is negative by the,(2) = 0. It is easily verified thal'z, is isomorphic tal"..

next example:

Example 3 Consider the following parametric game with

z > 0. To Y2

T

Y1

0 0

Hence, Question 1 and 3 can still have positive answers.

If we are less ambitious, and we allow representing
potential games by-congestion games with > ¢, we show
that the answer to the modified version of Question 1 and 2 is
positive:

Lemma 1 Every game in strategic form with non-negative
cost functions is isomorphic to a PS-congestion game de-
rived from a PS-congestion form with non-negative and non-
decreasing facility cost functions.

Proof: LetT = (N, (X;)ien, (Ci)ien) be a game in strate-
gic form with non-negative cost functions. We define a PS-

I', is a congestion game because it is a potential game withongestion form as follows: Let the set of facilities Kie For

a potential functiorP,, where

€2 Y2

T

U1

Let N = {1,2}. Assume in negation tha, is isomorphic
to'r, whereF = (M, N, (3;)2_;, (ca)acar) iS @ congestion

=1

everyi € N andx; € X, let A,, = {z;} x X_; C X.
Let>; = {A,,| z; € X;}. Finally, for everyz € X let
(k) =0if 1 <k < n,andci(n) = C;(z), and extend
¢!, to the whole interval0, oo) arbitrarily. Obviously the PS-
congestion form just defined; generates an PS-congestion
game, which is isomorphic tb. Moreover the facility cost
functions inF’ are non-negative and non-decreasindl

We end this section with an example showing two conges-
tion forms with the same combinatorial structure (same set of
facilities and same feasible sets) and with positive cost func-
tions that represent the same game. However, the facility cost
functions in one of them are decreasing and in the other, in-
creasing.

form in which the cost functions are non-negative and non-

decreasing. In particular, for every facility
0 < ca(1) < cqa(2).

Becausel'r is isomorphic tol',, we may assume that the
feasible sets inF' are parameterized as followsY
{44, A, }, andXy = {A4,,,A,,}. Also, without loss of
generality we can assume thet = A, UA,, UA,, UA,,.
Note that

>

a€ Ay, NAy,

a€Ay, \Ay,

ca(1) + ca(2) = Ca(Ay,, Ay,) =0.

Thereforeg, (1) = 0 for everya € Ay, \ Ay,, andc,(2) =0
for everya € A,, N A,,. Sincec, (1) < ¢,(2), we conclude
thatc, (1) = 0 for everya € A,,. It follows that

Yo @) =CaAs, Ay) =2>0. <x>
a€Ay,NAL,
On the other hand,
Z ca(1) + Z ca(2) = Ci(Asy, Ay,) = 0,
a€Ag \ Ay, a€Az NAy,

and therefor® . 4 4, ca(2) = 0, contradicting<  >.

Example 4 The two congestion forms bellow represent the
following potential game:

T2 Y2

11
z1

11 12

12
Y1

Consider the parametric congestion foris in which
M {a,b,c,d}, 3 {{a,b},{c,d}}, X2
{{a,c},{d,d}}. The cost functions are

c.(1) =z, andc,(2) = y, foreveryz € {a,b,c,d}.

Hence,T" can be represented by this particular congestion
form if there exists a solution to the following linear system
with 8 equations and 8 variables:



ac bd
Ya + Th Yb + L

[Kukushkin, 2004 N.S. Kukushkin. Best response dynam-
ab ics in finite games with additive aggregatioGames and
Yo +2d  yp+ 74 Economic Behaviqgi8:94-110, 2004.

I = 4 [Leyton-Brown and Tennenholtz, 200K. Leyton-Brown
Yo T Za Ya ¥ Te and M. Tennenholtz. Local-effect games.liernational
cd Joint Conferences on Atrtificial Intelligence (IJCAP003.

Yo+ To  Ya+ Tp [Milchtaich, 1996 I. Milchtaich. Congestion Games with

Player-Specific Payoff Functiongsames and Economic
Behavior 13:111-124, 1996.

Itis easy to see that this system has solutions depending on

two parameters, ¢: [Monderer and Shapley, 19p®. Monderer and L. S. Shap-
ley. Potential games.Games and Economic Behavjor
Tp =Te =1, Yp = Ye = 8, 14:124-143, 1996.

[Monderer, 200 D. Monderer. Solution-Based Congestion

_ ) ) ) Games. Advances in Mathematical Economic&397—
Obviouslyt = 1, s = 6 gives a congestion form with pos- 407, 2006.

itive and increasing cost functions, while= 6, s = 1 give a . . . . .
: : e ’ - . [Moriss and Ui, 2004 S. Moriss and T. Ui. Generalized Po-
(iongestlon form with positive and decreasing cost functions: tentials and Robust Sets of Equilibrialournal of Eco-

nomic Theory2004. to appear.
[Mura, 2000 P. La Mura. Game networks. UAI, 2000.
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