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Abstract

We introduce and analyzeq-potential games andq-
congestion games, whereq is a positive integer. A
1-potential (congestion) game is a potential (con-
gestion) game. We show that a game is aq-potential
game if and only if it is (up to an isomorphism)
a q-congestion game. As a corollary, we derive
the result that every game in strategic form is aq-
congestion game for someq. It is further shown
that everyq-congestion game is isomorphic to aq-
network game, where the network environment is
defined by a directed graph with one origin and one
destination. Finally we discuss our main agenda:
The issue of representingq-congestion games with
non-negative cost functions by congestion models
with non-negative and monotonic facility cost func-
tions. We provide some initial results in this regard.

1 Introduction
Models of congestion come with many real-life stories and
in various mathematical forms. They seem to originate at
transportation engineering[Wardrop, 1952], and they have
been analyzed by several researchers from various additional
fields, in particular computer science, communication net-
works, economics, and game theory.1 Every congestion
model gives rise to a game in strategic form (normal form).

Our starting point is the model of[Rosenthal, 1973]. A
congestion form is defined by a finite set of players, each of
which holding one unit of goods, a finite set of facilities, and
per-unit cost functions associated with the facilities. Each
player must use a subset of facilities in order to make its unit
of goods valuable. The non-empty set of feasible subsets of
facilities is player-specific. When a player chooses a subset of
facilities her per-facility cost depends on the number of other
players that decide to use the facility, and her total cost is the
sum of costs of the facilities in this subset.

Each congestion formF defines a game in strategic form,
ΓF , which is called a congestion game. InΓF the strategy set
of a player is her set of feasible subsets of facilities, and her

∗An extended abstract will appear at IJCAI-07
1See[Altman and Wynter, 2004] for a commendable attempt to

unify the research.

cost function is as described above. The distinction between
congestion forms and congestion games is important. The
form, which is also a sort of game, contains more informa-
tion than its associated game in strategic form. Two distinct
forms may induce isomorphic games. This distinction resem-
bles the distinction between an extensive-form game and its
associated strategic form game. For example, a congestion
game rarely reveals the structure of the facility cost func-
tions. Indeed, one can think of various natural solution con-
cepts for a congestion form that have no sense in its associated
game. For example, the players can choose the facilities se-
quentially, which gives rise to a multistage game in which we
can deal with subgame perfect equilibria and other solution
concepts that are natural in multistage games. On the other
hand, many interesting conceptual or computational concepts
for congestion forms require as input only the game. For ex-
ample, Nash equilibrium, strong equilibrium, correlated equi-
librium, social surplus, and price of anarchy. Two congestion
forms are said to be equivalent if they generate isomorphic
games.2

Many applications of congestion forms/games come from
networks. Hence, one may wish to consider a special type
of congestion forms/games, in which facilities are edges in
graphs and feasible subset of facilities are routes. It is natural
to call such congestion forms network forms, and their asso-
ciated congestion games network games. A natural question
is how much we lose when we restrict attention to network
forms. There are many modeling choices to make. We have
decided to take the seemingly most restrictive definition: A
network form is defined by a directed graph with only one
origin and one destination. Nevertheless, we prove that deal-
ing with networks does not restrict the generality. We prove
that every congestion form is equivalent to a network form,
or equivalently, that every congestion game is isomorphic to
a network game. Hence, all other potential candidates for the
term network games are isomorphic to network games in our
sense, because they are in particular congestion games.

Much of the work on congestion games/forms has been in-
spired by the fact proved in[Rosenthal, 1973] that every such
game has a potential function. The theory of general games

2Unfortunately, there is no explicit distinction in the CS/AI liter-
ature between forms and games. Both are referred to as congestion
games.



that possess potential functions, i.e., of potential games was
developed in[Monderer and Shapley, 1996], where the con-
verse to Rosenthal’s theorem was proved: Every potential
game is isomorphic to a congestion game. However, there
are two major differences between the proof that every poten-
tial game is isomorphic to a congestion game, and the proof
that every congestion game is isomorphic to a network game.
First, the proof that every congestion game is isomorphic to
a network game is based on a transformation that transforms
every congestion form to an equivalent network form. The
number of facilities in the network form is twice the num-
ber of facilities in the congestion form. Hence we do not lose
computational efficiency. In contrast the transformation given
in [Monderer and Shapley, 1996] is not computationally effi-
cient.3

The second difference concerns the issue of preserving
economics properties. The transformation given in this pa-
per that transforms congestion forms to equivalent network
forms, preserves the properties of both non-negativity and
monotonicity of facility-cost functions.As we show in this
manuscript the transformation in[Monderer and Shapley,
1996] does not preserve any of these properties. As all re-
sults in CS/AI on network games were proved with various
types of monotonicity and non-negativity assumptions, the
topic of faithful representation of potential games by con-
gestion games is important if one wants to generalize these
results to general potential games. We present here some par-
tial results in this regard.

In this paper we actually deal with the above mentioned
issues in a more general context. We discuss a generaliza-
tion of congestion forms (games), in which the facility cost
functions are player-specific. This assumption on the facil-
ity cost functions is natural in many applications. Forms
with player-specific cost functions are called PS-congestion
forms, and their associated games in strategic form are called
PS-congestion games.4 We also define and discuss PS-
congestion forms (games) of typeq, or in short,q-congestion
forms (games), whereq is a positive integer. A PS-congestion
form is of typeq if the set of vectors of facility cost functions
contains at mostq distinct vectors, that is there exist at mostq
types of players. A1-congestion form (game) is a congestion
form (game).

Similarly we introduce a new type of games:q-potential
games. A 1-potential game is simply a potential game.
Roughly speaking, a game is aq-potential game if the set
of players can be partitioned intoq non-empty and mutually
disjoint subsetsNj , 1 ≤ j ≤ q, in such a way that if we fix
the strategies of all players outsideNj , the remaining sub-
game is a potential game. We show that the proof of equiva-
lence between potential games and congestion games can be
extended. That is, everyq-congestion game is aq-potential
game, and every (finite)q-potential game is isomorphic to

3The transformation in the proof is linear in the parameters, and
[Monderer and Shapley, 1996] gave a lower bound to the number of
facilities required by this transformation to represent a given poten-
tial game by a congestion game. It is an open question to us whether
a computationally efficient transformation exists.

4Simple and facility symmetric PS-congestion forms/games (see
Definition 1) were already discussed, e.g., in[Milchtaich, 1996].

a q-congestion game. We notice that every game is ann-
potential game, wheren is the number of players. Therefore,
we conclude that every game in strategic form is isomorphic
to ann-congestion game. Hence, we get the somewhat sur-
prising result that every game in strategic form is isomorphic
to a PS-congestion game.5

We further prove that for everyq ≥ 1, everyq-congestion
form is equivalent to aq-network form. That is, every game
in strategic form is isomorphic to a PS-network game.

2 q-Potential Games andq-Congestion games.
2.1 Isomorphic games
A game in strategic form is a tuple Γ =
(N, (Xi)i∈N , (Ci)i∈N ), where N is a finite set of play-
ers which, whenever convenient, we take to be{1, · · · , n};
Xi is a set of strategies fori; andCi : X → R is the cost
function ofi, whereX = ×i∈NXi. Γ is called afinite game
if the sets of strategies are finite sets. We say that two games
Γ1 andΓ2 are isomorphicif each of them is obtained from
the other by changing the names of the players and the names
of the strategies. That is, there exist bijection functions (i.e.,
functions which are both one-to-one and onto)τ : N1 → N2

andαi : X1
i → X2

τ(i), i ∈ N1, such that:

for everyi ∈ N1 and for every(x1
j )j∈N1 ∈ X1,

C2
τ(i)((αj(x1

j ))j∈N1) = C1
i ((x1

j )j∈N1).

2.2 Potential games
Let Γ = (N, (Xi)i∈N , (Ci)i∈N ) be a game in strategic form.
Let X−i denote the set of strategy profiles of all players but
i. A functionP : X → R is apotential function6 for i if for

5In some contexts it is useful to consider congestion forms,
which generalize PS-congestion forms. In such forms the facility
cost functions are not only player-specific, but also depend on the
identity of the users of the facility. We call such forms ID-congestion
forms. Classical ID-congestion forms are congestion forms with
weights. Relationships between congestion games, ID-congestion
games, and the Shapley value were given for example in[Monderer
and Shapley, 1996; Ui, 2000; Monderer, 2006]. Another type of gen-
eralization of congestion forms is local-effect games[Leyton-Brown
and Tennenholtz, 2003], in which nodes in a graph represent actions,
cost functions are associated with nodes, and every such cost func-
tion depends on the number of users of the neighboring nodes. These
type of games were generalized in[Bhat and Leyton-Brown, 2004]
to action-graph games, which were proved to have full expressive
power.

6In [Monderer and Shapley, 1996], four types of potential func-
tions were defined: exact potential, weighted potential, ordinal po-
tential, and generalized ordinal potential. The term “potential”
was used interchangeably with the term “exact potential”. In re-
cent literature, some other types of potentials have been considered.
For example, best-response potential[Voorneveld, 2000], pseudo-
potentials ([Dubeyet al., 2006]), ,various types of strong potentials
[Holzman and Law-yone (Lev-tov), 1997], potential functions for
mechanism design[Jehielet al., 2004], several types of potential
functions that represent various acyclicity properties[Kukushkin,
2002; 2004], and generalized potential functions[Moriss and Ui,
2004]. In some other works, the term potential is used for ordinal or
generalized ordinal potentials. In this paper we keep the terminology
of [Monderer and Shapley, 1996].



everyxi, yi ∈ Xi, and for everyx−i ∈ X−i,

Ci(xi, x−i)− Ci(yi, x−i) = P (xi, x−i)− P (yi, x−i).

Following [Monderer and Shapley, 1996], Γ is a potential
gameif there exists a functionP which is a potential for every
playeri.7

2.3 Congestion forms and congestion games
For the basic model of congestion forms and congestion
games we follow[Rosenthal, 1973] and[Monderer and Shap-
ley, 1996].

A Congestion Form is a tuple F =
(M,N, (Σi)i∈N , (ca)a∈M ), where M is a finite set
consisting ofm elements, which are calledfacilities, N is a
finite set consisting ofn elements, which are calledplayers;
For everyi ∈ N , Σi ⊆ 2M \ {∅} is a non empty set of
subsets of facilities, which is called thefeasibleset ofi, and
for everya ∈ M ca : [0,∞) → R is the per-unit facility cost
function associated witha ∈ M ; If k of the users choosea,
each of them paysca(k).

Every congestion formF = (M,N, (Σi)i∈N , (ca)a∈M )
defines a game in strategic formΓF , in which the set of play-
ers isN , Σi is the set of strategies ofi, and for everyi ∈ N
the cost function of playeri is defined onΣ = ×i∈NΣi as
follows:

Ci(A) = Ci(A1, · · · , An) =
∑
a∈Ai

ca(na(A)),

wherena(A) = |{j ∈ N : a ∈ Aj}|.8 A gameΓ in strategic
form is called acongestion gameif Γ = ΓF for some con-
gestion formF . Two congestion forms areequivalentif they
generate isomorphic congestion games.

2.4 Player-specific facility cost functions
When the cost functions associated with the facilities are
player-specific we get acongestion form with player-
specific facility cost functionsor, in short aPS-congestion
form. Formally: A PS-Congestion Formis a tupleF =
(M,N, (Σi)i∈N , ((ci

a)a∈M )i∈N ) such that all components
except for the cost functions are defined as in a congestion
form, andci

a : [0,∞) → R is i’s facility cost function asso-
ciated witha ∈ M ; If k of the users choosea, agenti pays
ci
a(k).

Definition 1 A PS-congestion form isfacility-symmetricif
Σi = Σj for everyi, j ∈ N . A PS-congestion form issimple
if Σi contains only singletons for every playeri.

7”Potential game” were defined in[Monderer and Shapley,
1996]. Potential games in the differentiable setup and discrete 2-
person potential games were previously discussed in[Thépot, 1980;
1981], where they are called centralizable games. However, poten-
tial functions for various types of games have been used in the litera-
ture in several research fields much earlier. See e.g.,[Wardrop, 1952;
Beckmannet al., 1956]. Additional references can be found in
[Monderer and Shapley, 1996]. Non-atomic potential games were
defined in[Sandholm, 2001].

8Hence, only the values ofca on the set of integers{1, · · · , n}
are relevant. However, it will be useful later, and it does not restrict
the generality, to defineca on the whole interval[0,∞).

Every PS-congestion form F =
(M,N, (Σi)i∈N , ((ci

a)a∈M )i∈N ) uniquely defines a game in
strategic formΓF , in which the set of players isN , Σi is the
set of strategies ofi, and for everyi ∈ N the cost function of
playeri is defined as follows:

ci(A) = ci(A1, · · · , An) =
∑
a∈Ai

ci
a(na(A)).

A gameΓ in strategic form is called aPS-congestion gameif
Γ = ΓF for some PS-congestion formF . Thus, every con-
gestion form is a PS-congestion form, and every congestion
game is a PS-congestion game.

2.5 q-Congestion forms andq-congestion games
Roughly speaking, a PS-congestion form is of typeq if the
players can be partitioned intoq types, where two players are
of the same type if they share the same facility cost functions.
Formally, Let F = (M,N, (Σi)i∈N , ((ci

a)a∈M )i∈N ) be a
PS-congestion form. A finite setK ⊆ (R[0,∞))M is acover
for F if for every playeri there existsc = (ca)a∈M ∈ K
such that for everya ∈ M ci

a = ca.
Let q be a positive integer. We say thatF is aq-congestion

form if it has a coverH with |H| ≤ q. Obviously, if F is
a q−congestion form,F is a (q + 1)-congestion form. Be-
causeK = {(c1

a)a∈M , · · · , (cn
a)a∈M} is a cover forF , every

n−person PS-congestion form is ann-congestion form. Let
1 ≤ q(F ) ≤ n be theindexof F , defined as the minimal car-
dinality of a cover forF . Obviously,F is a congestion form
if and only if q(F ) = 1. If F is aq-congestion form,ΓF is
called aq-congestion game.

2.6 q-Potential games
Let Γ = (N, (Xi)i∈N , (Ci)i∈N ) be a game in strategic form.
Let H be a set of real-valued functions defined onX. We say
thatH is acoverof Γ if for every i ∈ N there existsP ∈ H,
which is a potential function fori. Let q be a positive integer.
We say thatΓ is aq-potential gameif it has a coverH with
|H| ≤ q. Obviously, ifΓ is aq−potential game,Γ is a(q+1)-
potential game. BecauseCi itself is a potential fori, every
n−person game is ann-potential game. Let1 ≤ q(Γ) ≤ n
be thepotential indexof Γ, defined as the minimal cardinality
of a cover forΓ. Obviously,Γ is a potential game, if and only
if Γ is a 1-potential game if and only ifq(Γ) = 1.

Let Γ be aq-potential game . LetH = {P1, · · · , Pq},
|H| = q, be a cover ofΓ, and letHs be the set of all play-
ersi such thatPs is a potential function fori. A partition of
the player setN to q nonempty and mutually disjoint sub-
setsπ = (Ns)

q
s=1, is consistent withH if Ps is a poten-

tial function for everyi ∈ Ns, that is, Ns ⊆ Hs for ev-
ery 1 ≤ s ≤ q. In a potential game with a potential func-
tion P , all players behave as if there exists one player whose
goal is to minimizeP over X. In a q-potential game with
a coverH = {P1, · · · , Pq} and anH-consistent partition
π = (Ns)

q
s=1, the players behave as if there areq players,

Is, 1 ≤ s ≤ q, playing aq-person game with the set of
strategiesX[s] for playerIs, whereX[s] = ×i∈NsXi. For
x = (x[s])1≤s≤q, the cost function ofIs is Ps. Note that ev-
ery equilibriumx in the associatedq-person game is also an



equilibrium in the original game. Similarly, every correlated
equilibrium corresponds to a correlated equilibrium.9

Unfortunately, as is shown in the next example, a cover
with a minimal cardinality may have more than one consistent
partition. In particular, the partition of the players’ set toq
subsets in aq-potential game with an indexq is not uniquely
determined by the game. Bellow is an example for a3-player
game with a potential index2 in which both partitions12, 3
and1, 23 are consistent with the same coverH, where|H| =
2.

Example 1 We construct a gameΓ. The strategy set of ev-
ery player1 ≤ i ≤ 3 is {0, 1}. The cost functions are:
C1(x) = C1(x1, x2, x3) = x2x3, C2(x) = x1x3, C3(x) =
x1x3 + x1x2. We first show that this is not a 1-potential
game. Indeed, by[Monderer and Shapley, 1996] it suffices
to show that there exists a closed path of strategy profiles in
X, γ = x(0), x(1), x(2), x(3), x(4) with x(0) = x(4), such
thatx(t + 1) is obtained fromx(t) by changing the strategy
of exactly one player,it, 0 ≤ t ≤ 3, and such thatI(γ) 6= 0,
where

I(γ) =
3∑

t=0

[Cit
(x(t + 1))− Cit

(x(t))].

Indeed, for the path γ =
(0, 1, 0), (1, 1, 0), (1, 1, 1), (0, 1, 1), (0, 1, 0), I(γ) = −1.
Observe thatP (x) = 0 for every x ∈ X is a potential
function for both player 1 and player 2, and thatC2 is a
potential function for both player2 and player3. Hence,
H = {0, C2} is a cover forΓ, and both partitions12, 3 and
1, 23 are consistent withH.

2.7 Representation ofq-potential games by
q-congestion forms

It was proved in[Rosenthal, 1973] that every congestion
game is a potential game. It was proved in[Monderer and
Shapley, 1996] that every finite potential game is isomorphic
to a congestion game. The two theorems are extended in this
section.

Theorem 1
(1) Everyq-congestion game is aq-potential game.

(2) Every finite q-potential game is isomorphic to aq-
congestion game.

Proof of Theorem 1:

(1) Let F = (M,N, (Σi)i∈N , ((ci
a)a∈M )i∈N ) be a q-

congestion form. LetK = {(c[s]
a )a∈M : 1 ≤ s ≤ q} be

cover forF .
Let s be an integer,1 ≤ s ≤ q. Let F [s] =
(M,N, (Σi)i∈N , (c[s]

a )a∈M ) be the congestion form ob-
tained fromF by replacing all cost functions inF with
(c[s]

a )a∈M .

9However, a mixed-strategy equilibrium in the associatedq-
person game corresponds only to a correlated equilibrium in the
original game, and not necessarily to a mixed-strategy equilibrium.

Let Ps be the potential function associated by[Rosen-
thal, 1973] with the congestion formF [s]. That is,

Ps(A) = Ps(A1, · · · , An) =
∑

a∈∪n
i=1Ai

nA(a)∑
k=1

c[s]
a (k).

Let i ∈ N , and lets satisfy ci
a = c

[s]
a for everya ∈

M . By [Rosenthal, 1973] Ps is a potential function for
player i in the gameΓF [s] . Hence,{P1, · · · , Pq} is a
cover forΓF . That is,ΓF is aq-potential game.

(2) We will basically use the proof of the caseq = 1 given
in [Monderer and Shapley, 1996], cleaning it a little bit.
Let Γ = (N, (Xi)i∈N , (Ci)i∈N ) be aq-potential game
in strategic form. Without lose of generality we can as-
sume that the potential index ofΓ equalsq. Let H =
{Ps : 1 ≤ s ≤ q} be a cover forΓ, and letπ = (Ns)

q
s=1

be a partition consistent withH. Then for everyi there
exists a unique integersi such thati ∈ Nsi . BecausePsi

is a potential function fori, Ci(xi, x−i) − Psi(xi, x−i)
does not depend onxi. Therefore, there exists a function
fi : X−i → < such thatCi(x) = Psi(x) + fi(x−i) for
everyx ∈ X.
We proceed to define a PS-congestion form. LetM =
2X1 × · · · × 2Xn be the set of facilities.10 A generic
element ofM will be denoted byT = (T1, · · · , Tn). Let

M1 = {T ∈ M : |Ti| = 1 for everyi ∈ N},

and

M2 = {T ∈ M : ∃i ∈ N such thatTi = Xi and|Tj | = |Xj | − 1 for all j 6= i}.

For everyi ∈ N and for everyxi ∈ Xi let Axi
⊆ M be

defined as follows:

Axi
= {T ∈ M1 ∪M2 : xi ∈ Ti},

and let
Σi = {Axi : xi ∈ Xi}.

Let 1 ≤ s ≤ q. For everyT ∈ M we definec
[s]
T on

{1, · · · , n} (and extend arbitrarily to the interval[0,∞))
as follows:

– For everyT 6∈ M1 ∪M2, c
[s]
T is identically zero.

– for T ∈ M1 ∪M2, c
[s]
T (k) = 0, for 1 < k < n.

– For T ∈ M1, T = ({x1}, · · · , {xn}), c
[s]
T (1) = 0,

and
c
[s]
T (n) = Ps(x1, · · · , xn).

– For everyT ∈ M2, c
[s]
T (n) = 0. For suchT there

exists a uniquei ∈ N , and a uniquex−i ∈ X−i

such thatTi = Xi, andTj = Xj \ {xj} for every

j 6= i. If i 6∈ Ns, c
[s]
T (1) = 0. If i ∈ Ns, c

[s]
T (1) =

fi(x−i).

10This set seems huge, however we are not actually using all fa-
cilities.



Let ci
T = c

[si]
T . It is now clear that the PS-congestion

form F = (N,M, (Σi)i∈N , ((ci
T )T∈M )i∈N is of typeq,

andΓF is isomorphic toΓ.

We end with a somewhat surprising corollary:

Corollary 1 Every game in strategic form is isomorphic to a
PS-congestion game.

Proof: As we noticed above, every game in strategic form is
ann-potential game. By Theorem 1 everyn-potential game
is isomorphic to ann-congestion game.

3 Network Forms and Network Games
Much of the literature about congestion forms has been mo-
tivated by transportation systems and by digital networks. In
such models, facilities are edges in a graph, and feasible sets
of facilities are routes. In this paper the terms network form
and network game are defined in a specific way. All other
graphical models fall under the category of congestion forms
(games).

Consider a loop-free directed graphGR with a finite set of
verticesV = VGR, and a set of edgesE = EGR.11 Every
feasible subset of facilities fori represents a feasible route (a
path with distinct vertices) in the graph. For everyo, d ∈ V ,
o 6= d we denote byR(o, d) the set of all routes that con-
nect o to d. A PS-network formis a PS-congestion form
F = (M,N, (Σi)i∈N , ((ci

a)a∈M )i∈N ) for which there exists
a directed graph, and two distinct vertices in this grapho and
d, with R(o, d) 6= ∅ such thatM ⊆ E andΣi ⊆ R(o, d)
for every agenti. A gameΓ in strategic form is called a
PS-network gameif Γ = ΓF for some PS-network formF .
Naturally, aq-network formis a PS-network form of typeq,
and aq-network gameis a PS-network game derived from a
q-network form. A 1-network form is also called anetwork
form, and a 1-network game is also called anetwork game.

Theorem 2 Every q-congestion form is equivalent to aq-
network form.

Proof: Let F = (M,N, (Σi)i∈N , ((ci
a)a∈M )i∈N ) be aq-

congestion form. AssumeM = {a1, . . . , am}, and letK =
{b1, · · · , bm} be an arbitrary finite copy ofM that does not
intersect withM . We construct a graphGR as follows: The
set of vertices isV = {1, · · · ,m + 1}. For every1 ≤ j ≤ m
we connectj to j + 1 with two edges,aj , bj . That is,j is
the tail of bothaj andbj , andj + 1 is the head of both. We
denoteo = 1 andd = m+1. For everyAi ∈ Σi we associate
a routeαAi as follows:αAi = z1, z2, · · · , zm, wherezj = aj

if aj ∈ Ai, andzj = bj if aj 6∈ Ai. With the edgesaj we
associate the cost function(ci

aj
)i∈N , and with the edgesbj

we associate the cost functions which are constantly zero. It is
obvious that we constructed a PS-network form of typeq, and
that theq-network game derived from this form is isomorphic
to ΓF .

The following example together with its associated figure il-
lustrates the proof of Theorem 2.

11One may use non-directed graphs. In this paper we basically
follows the definition of[Holzman and Law-yone (Lev-tov), 2003].

Example 2 Consider the congestion formF ,in which N =
{1, 2}, M = {a1, a2, a3, a4}, Σ1 = {{a1, a2}, {a3, a4}},
and Σ2 = {{a1, a3}, {a2, a4}}. F is transformed to
the network form shown in Figure 1 in whichΣ∗1 =
{a1a2b3b4, b1b2a3a4}, and Σ∗2 = {a1b2a3b4, b1a2b3a4}.
The cost functions on theaj-links, j = 1, 2, 3, 4 are the orig-
inal cost functions, and the cost functions on thebj-links are
constantly zero.

Corollary 2 Every finite game in strategic form is isomor-
phic to a PS-network game.12

Proof: The proof follows from combining Corollary 1 with
Theorem 2.

4 Faithful representations
In many real-life applications it is natural to assume that the
facility cost functions of a PS-congestion form have a special
structure. In particular, it is natural to assume that the facil-
ity cost functions are nonnegative and in addition are either
non-decreasing or non-increasing, depending on the context.
It is easy to check that the particular representation method
described in the proof of Theorem 1 (or in the analogous
proof in[Monderer and Shapley, 1996]) may represent a finite
q-potential game with nonnegative costs by aq-congestion
form in which some of the facility cost functions take nega-
tive values. Actually, the representation method depends on
the choice of the potential functions. However, it can be seen
that there exists a finite 1-potential game such that for ev-
ery choice of a potential function the representation method
yields a 1-congestion form with some facility cost functions
that take negative values. This suggest three questions:
Question 1: Can every finiteq-potential game with non-
negative cost functions be represented (up to an isomorphism)
by a q-congestion form with non-negative facility cost func-
tions?
Question 2: Can every finiteq-potential game with non-
negative cost functions be represented (up to an isomorphism)
by aq-congestion form with non-negative and non-decreasing
cost functions?

12Other graphical representations of games have been analyzed
in the literature of computer science and artificial intelligence.
In some of these representations the focus is on dependencies
among players’ utility functions (see, e.g.,[Kearnset al., 2001;
Koller and Milch, 2001; Mura, 2000; Vickrey and Koller, 2002]).
Other types of representations focus on actions’ dependencies– see
[Leyton-Brown and Tennenholtz, 2003; Bhat and Leyton-Brown,
2004].



Question 3: Can every finiteq-potential game with non-
negative costs be represented (up to an isomorphism) by a
q-congestion form with non-negative and non-increasing cost
functions?

We show that the answer to Question 2 is negative by the
next example:

Example 3 Consider the following parametric game with
z > 0.

Γz =

y1

x1

x2 y2

0

0

z

0

0

z

0

0

Γz is a congestion game because it is a potential game with
a potential functionPz, where

Pz =

y1

x1

x2 y2

0

z

z

z

Let N = {1, 2}. Assume in negation thatΓz is isomorphic
to ΓF , whereF = (M,N, (Σi)2i=1, (ca)a∈M ) is a congestion
form in which the cost functions are non-negative and non-
decreasing. In particular, for every facilitya

0 ≤ ca(1) ≤ ca(2).

BecauseΓF is isomorphic toΓz, we may assume that the
feasible sets inF are parameterized as follows:Σ1 =
{Ax1 , Ay1}, andΣ2 = {Ax2 , Ay2}. Also, without loss of
generality we can assume thatM = Ax1 ∪Ay1 ∪Ax2 ∪Ay2 .
Note that∑
a∈Ay2\Ay1

ca(1) +
∑

a∈Ay2∩Ay1

ca(2) = C2(Ay1 , Ay2) = 0.

Therefore,ca(1) = 0 for everya ∈ Ay2 \Ay1 , andca(2) = 0
for everya ∈ Ay2 ∩ Ay1 . Sinceca(1) ≤ ca(2), we conclude
thatca(1) = 0 for everya ∈ Ay2 . It follows that∑

a∈Ay2∩Ax1

ca(2) = C2(Ax1 , Ay2) = z > 0. < ∗ >

On the other hand,∑
a∈Ax1\Ay2

ca(1) +
∑

a∈Ax1∩Ay2

ca(2) = C1(Ax1 , Ay2) = 0,

and therefore
∑

a∈Ay2∩Ax1
ca(2) = 0, contradicting< ∗ >.

Note, however, thatΓz in Example 3 can be represented
by a simple congestion game with non-negative and non-
increasing cost functions. Consider the congestion formFz

with two resourcesa, b. ca(1) = ca(2) = 0. cb(1) = z, and
cb(2) = 0. It is easily verified thatΓFz

is isomorphic toΓz.
Hence, Question 1 and 3 can still have positive answers.

If we are less ambitious, and we allow representingq-
potential games byr-congestion games withr > q, we show
that the answer to the modified version of Question 1 and 2 is
positive:

Lemma 1 Every game in strategic form with non-negative
cost functions is isomorphic to a PS-congestion game de-
rived from a PS-congestion form with non-negative and non-
decreasing facility cost functions.

Proof: Let Γ = (N, (Xi)i∈N , (Ci)i∈N ) be a game in strate-
gic form with non-negative cost functions. We define a PS-
congestion form as follows: Let the set of facilities beX. For
every i ∈ N andxi ∈ Xi let Axi = {xi} × X−i ⊆ X.
Let Σi = {Axi | xi ∈ Xi}. Finally, for everyx ∈ X let
ci
x(k) = 0 if 1 ≤ k < n, andci

x(n) = Ci(x), and extend
ci
x to the whole interval[0,∞) arbitrarily. Obviously the PS-

congestion form just defined,F generates an PS-congestion
game, which is isomorphic toΓ. Moreover the facility cost
functions inF are non-negative and non-decreasing.

We end this section with an example showing two conges-
tion forms with the same combinatorial structure (same set of
facilities and same feasible sets) and with positive cost func-
tions that represent the same game. However, the facility cost
functions in one of them are decreasing and in the other, in-
creasing.

Example 4 The two congestion forms bellow represent the
following potential game:

Γ =

y1

x1

x2 y2

11

11

12

7

7

12

8

8

Consider the parametric congestion formsF , in which
M = {a, b, c, d}, Σ1 = {{a, b}, {c, d}}, Σ2 =
{{a, c}, {d, d}}. The cost functions are

cz(1) = xz, andcz(2) = yz for everyz ∈ {a, b, c, d}.

Hence,Γ can be represented by this particular congestion
form if there exists a solution to the following linear system
with 8 equations and 8 variables:



Γ =

cd

ab

ac bd
ya + xb

ya + xc

yc + xd

yc + xa

yb + xa

yb + xd

yd + xc

yd + xb

It is easy to see that this system has solutions depending on
two parameterss, t:

xb = xc = t, yb = yc = s,

ya = 11− t, yd = 8− t, xa = 7− s, xd = 12− s.

Obviouslyt = 1, s = 6 gives a congestion form with pos-
itive and increasing cost functions, whilet = 6, s = 1 give a
congestion form with positive and decreasing cost functions.
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