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Abstract

We prove that when the number of (potential) buyers is at least three, every ex post equi
in the Vickrey–Clarke–Groves combinatorial auction mechanisms is a bundling equilibrium
is symmetric. This complements a theorem proved by Holzman, Kfir-Dahav, Monderer
Tennenholtz (2003), according to which, the symmetric bundling equilibria are precisely
defined by a quasi-field.
 2003 Elsevier Inc. All rights reserved.
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1. Introduction

In a combinatorial auction, a number of goods are being offered for sale to a
of agents whose valuations for the various bundles of goods may not be sep
(i.e., the utility that an agent derives from owning two of the goods need not b
sum of the utilities that he derives from owning each of them separately). A Vick
Clarke–Groves (VCG) mechanism for such an auction (Vickrey, 1961; Clarke, 1
Groves, 1973) requires the agents to reveal their valuation functions (which are their
information), and based on the announced valuations it specifies an efficient alloca
the goods and the amount to be paid by each agent to the seller. The main feature
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mechanisms is that, thanks to a judicious choice of the monetary transfers, revealin
true valuation function is a dominant strategy.

A major difficulty that arises in applying these mechanisms is the prohib
communication complexity: when there arem goods, every agent has to communicate
the organizer 2m numbers, his valuations for each and every bundle of goods. This c
be helped if the agents are to use their dominant strategies. However, it was sh
(Holzman et al., 2003) that there exist other, non truth-telling strategies, which have a
communication complexity and still possess a high degree of incentive compatib1

Namely, each of these strategies induces a symmetric ex post equilibrium. This
that if an agent assumes that the other agents use this strategy, it is optimal for him t
as well, regardless of the other agents’ valuations and of the number of them who a
participate in the auction.

The strategies considered in (Holzman et al., 2003) were all of the following si
type: a certain subfamilyΣ of the family of all 2m bundles of goods is designated
advance, and the strategyfΣ is to report only the (true) utilities the agent assigns
bundles inΣ , with the interpretation that his utility for any other bundleB equals the
maximum of his reported utilities over all subsetsC of B which lie inΣ . It was shown in
(Holzman et al., 2003) that when there are at least three buyers, the strategyf Σ induces
a symmetric ex post equilibrium if and only if the subfamilyΣ is a quasi-field, i.e., it is
closed under complements and disjoint unions. This means that whenΣ is a quasi-field—
and only then—the agents will be willing to use the strategyf Σ not only because it reduce
the communication burden on the system but also because it is selfishly rational fo
to do so. In this case, the resulting equilibrium was called a bundling equilibrium.

This provided a characterization of symmetric equilibrium strategies within the cla
strategies of typef Σ , but left open the possibility that there might exist other strategies
of this type, which also induce symmetric ex post equilibria, and moreover that there
exist non-symmetric equilibrium profiles (with different buyers using different strateg
In this paper, we rule out these possibilities and obtain a complete characterization
ex post equilibrium profiles in the VCG combinatorial auctions. All of them are symm
and are bundling equilibria. Our result is proved under the assumptions of private valu
informational externalities, no allocative externalities, quasi-linear utilities, free disp
and zero reserve prices.2

The reader should not confuse our model in which, in equilibrium, the buyers re
their reports to a certain class of bundles, with a model in which the auction’s orga
restricts the set of allowable reports. As was noted in (Holzman et al., 2003), in the
caseeveryclass of bundles determines a truth-telling auction mechanism that uses the
scheme.

In this paper we do not touch the important question of how a certain equilibriu
picked up by the participants. This is a central question in models in economics

1 The use of these strategies typically entails a loss of economic efficiency. The tradeoff between ec
efficiency and communication efficiency was investigated in detail in (Holzman et al., 2003).

2 A characterization of symmetric bundling equilibria is given in (Holzman et al., 2003) for the case o
zero reserve prices as well. We conjecture that with appropriate modifications, our main theorem can
proved in this context.
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multiple equilibria. The classical approaches (e.g., focal points or learning scheme
be applied as usual.

The last section of this paper is devoted to a discussion of the somewhat r
literature in economics and in computer science. In particular we discuss the semin
surprisingly not yet well known paper Roberts (1979).

2. The model and the result

In a combinatorial auction there is a seller, denoted by 0, who wishes to sell a sem
goodsA= {a1, . . . , am}, m� 1, that she owns. We denote by 2A the family of all bundles
of goods (i.e., subsets ofA). There is a set ofn (potential3) buyersN = {1, . . . , n}, n� 1.
An allocationof the goods is an ordered partitionγ = (γ0, γ1, . . . , γn) of A.4 We denote
by Γ the set of all allocations. We assume:

• no allocative externalities;
• free disposal;
• private values;
• no informational externalities;
• quasi-linear utilities.

That is, a buyer’svaluation functionis a functionv : 2A → �, satisfyingv(∅)= 0 and

B ⊆ C, B,C ∈ 2A ⇒ v(B)� v(C).
When buyeri with the valuation functionvi receives the set of goodsB, and pays a
monetary transferci ∈ � his utility is vi(B)−ci . Every buyer knows his valuation functio

We denote byV the set of all possible valuation functions. The setV N , the n-fold
product of the setV , is the set of all profiles of valuationsv = (v1, . . . , vn), one for each
buyer.

An auction mechanismAM = (M,d, c) is defined by a message spaceM, by an
allocation functiond :MN → Γ , and by a transfer functionc :MN → �N . If for every
j ∈N buyerj sends the messagemj , resulting in the messagen-tuplem = (m1, . . . ,mn) ∈
MN , buyeri receives the set of goodsdi(m), and pays a transferci(m) to the seller (here
di(m) and ci(m) are thei-th components ofd(m) and c(m), respectively). His utility
uAMi (vi ,m) is then given by

uAMi (vi ,m)= vi
(
di(m)

) − ci(m).
The behavior of buyeri in a mechanismAM is described by astrategybi :V →M. Hence,
the utility of i when he uses the strategybi , his valuation function isvi , and the other buyer

3 By this we mean that the set of buyers who actually participate in the auction will be some subseN ′ of
N . For simplicity of presentation we introduce all concepts for the caseN ′ = N , but we will later require the
analogous concepts for arbitrary subsetsN ′.

4 Note that the goods are allocated among the buyers and the seller. We assume, however, that the sel
no utility from keeping any of the goods, and that she does not set strategic reserve prices.
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send the(n− 1)-tuple of messagesm−i ∈MN\{i} is uAMi (vi , (bi(vi),m−i )). A strategybi
is adominantstrategy fori if for everyvi ∈ V , and for everym−i ∈MN\{i},

uAMi
(
vi,

(
bi(vi),m−i

))
� uAMi

(
vi, (mi,m−i )

)
for everymi ∈M.

A strategy profile(b1, . . . , bn) forms anex post equilibriumif for every buyeri, and for
every profile of valuationsv = (v1, . . . , vn) ∈ VN ,

uAMi
(
vi,

(
bi(vi),b−i (v−i )

))
� uAMi

(
vi,

(
mi,b−i (v−i )

))
for everymi ∈M,

wherev−i = (vj )j �=i , andb−i (v−i )= (bj (vj ))j �=i . The profile(b1, . . . , bn) is symmetric
if bi = bj for every two buyersi, j ∈N .

It is helpful to understand the definition of ex post equilibrium in the following w
For a strategybi of i we denote bybi(V )⊆M the image ofbi . That is,bi(V ) is the set
{m ∈M: bi(v)=m for somev ∈ V } of all messages thati may send when he usesbi . The
strategy profile(b1, . . . , bn) forms an ex post equilibrium if and only if for every buy
i, and for everyvi ∈ V , sending the messagebi(vi) is a best response fori, when he has
valuation functionvi , against any(n−1)-tuple of messages of the other buyers that bel
to the imagesbj (V ) of the respective strategiesbj , j �= i. When the strategies are not on
M, this requirement onbi is weaker than being dominant.

In a direct auction mechanismM = V , that is, every buyer is required to report
valuation function. A direct mechanism istruth-telling if for every buyeri, the strategy
bi(vi)= vi of revealing the true valuation is a dominant strategy.

Given two auction mechanismsAM1 = (M1, d1, c1) andAM2 = (M2, d2, c2) and two
strategy profilesb1 = (b1

1, . . . , b
1
n) andb2 = (b2

1, . . . , b
2
n) in AM1 andAM2 respectively,

we say that the pairs(AM1,b1), (AM2,b2) areeconomically equivalentif they induce the
same output functions. That is,(

d1(b1(v)
)
, c1(b1(v)

)) = (
d2(b2(v)

)
, c2(b2(v)

))
for everyv ∈ V N,

wherebk(v)= (bk1(v1), . . . , b
k
n(vn)) for k = 1,2.

The following principle is well known:

The revelation principle. Given an auction mechanismAM1 and an ex post equilibrium
b1 in this mechanism, one can construct a direct and truth-telling mechanismAM2 so that
the pair(AM2,b2), whereb2 is the strategy profile in which every buyer reveals his t
valuation, is economically equivalent to the pair(AM1,b1).5

Because of the revelation principle, the concept of ex post equilibrium in pr
values models has largely been ignored in the economics literature. However, as
in (Holzman et al., 2003), being economically equivalent does not imply equivalence
the computer science point of view: The difference is due to the different communic
or computational complexities induced by the two mechanisms and the respective s
profiles. For example, a direct mechanism and a truth revealing strategy profile in it r
each agent to communicate a valuation function, that is a vector of 2m numbers, while

5 This form of the revelation principle holds true due to our private values assumption.
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an economically equivalent mechanism—strategy profile pair may induce less (or
communication complexity.

For an allocationγ = (γ0, γ1, . . . , γn) ∈ Γ and a profile of valuationsv = (v1, . . . , vn) ∈
V N we denote byS(v, γ ) thetotal social surplusof the buyers, that is,

S(v, γ )=
∑
i∈N
vi(γi).

We also denote

Smax(v)= max
γ∈Γ S(v, γ ),

and we refer to an allocationγ that achieves this maximum as anoptimalallocation forv.
A Vickrey–Clarke (VC) auction mechanism is a direct mechanism described as fo

Based on the reported valuationsv̂ = (v̂1, . . . , v̂n) ∈ V N the mechanism selects a
allocationd(v̂)= (d0(v̂), . . . , dn(v̂)) ∈ Γ , which is optimal for̂v. Because ties are possib
such an allocation may not be unique, and therefore there is more than one VC mech
Every functiond :VN → Γ satisfyingS(v̂, d(v̂)) = Smax(v̂) for all v̂ ∈ VN determines
uniquely a VC mechanism, which we refer to as the VC mechanismd . This mechanism
assigns to buyeri the bundledi(v̂) and makes him paycdi (v̂) to the seller, where

cdi (v̂)= max
γ∈Γ

∑
j �=i
v̂j (γj )−

∑
j �=i
v̂j

(
dj (v̂)

)
.

This represents the loss to the other agents’ total surplus caused by agenti ’s presence.
A Vickrey–Clarke–Groves (VCG) auction mechanism is a direct mechanism

metrized by a VC mechanismd , and by ann-tuple h = (h1, . . . , hn) of functions
hi :VN\{i} → �. The mechanism selects an allocation according to the allocation
tion d , and the transfer function of buyeri is

c
d,h
i (v̂)= cdi (v̂)+ hi(v̂−i ).

Hence, a VC auction mechanism is a special type of VCG auction mechanism, in
hi is the function that is identically equal to zero for everyi. It is well known that every
VCG auction mechanism is truth-telling. Obviously, every VCG mechanism is efficie
the sense that truth-revealing behavior results in an optimal allocation.

Definition. Fix a set of goodsA, and a set of potential buyersN = {1, . . . , n}. Let
(b1, . . . , bn) be a profile of strategies, i.e.,bi :V → V for each i ∈ N . We say that
(b1, . . . , bn) forms anex post equilibrium in the VCG mechanisms, if for every subse
N ′ ⊆ N , the profile(bi)i∈N ′ is an ex post equilibrium in every VCG mechanism for
buyers inN ′.

There are two non-standard aspects of this definition that require some elabo
First, the equilibrium property is required to hold not only for the entire profile of strate
but also for its restrictions to arbitrary subsets of the set of potential buyers.6 Conceptually,

6 It is interesting to note that this requirement makes a difference for our main result (see Section 5
also remark that in the symmetric case, i.e., when considering equilibria of the form(b, . . . , b), one can take car
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this strengthens the notion of ex post equilibrium in the following sense: A strate
such a profile is a best response regardless of the subset of potential buyers who
participate in the auction. In other words, a buyer is justified in using his strate
he believes that each of the other potential buyers either uses his strategy in the
or stays out. On a technical level, the main result of this paper is valid also wi
this strengthening, if one adds the following technical condition on the strategies
0 ∈ bi(V ) for all i, where 0 is the valuation function that is identically zero. This is a v
mild condition: if a buyer’s true valuation function is 0, it seems hard to come up w
reason for him to report any valuationv �= 0.

The second non-standard aspect of the above definition is the requirement th
profile should form an ex post equilibrium not just in a given VCG mechanism b
every VCG mechanism. It would make no difference if we focused on the VC mechan7

rather than the more general VCG mechanisms, because the additional parth in the transfer
functions does not affect the equilibrium property. However, the particular choice o
allocation functiond may matter. The intuitive meaning of insisting that the profile be
equilibrium regardless ofd , is that we do not want the property of being in equilibrium
hinge on the particular way in which the allocation function breaks ties.

A special type of strategies was considered in (Holzman et al., 2003). Abundling
strategyfor buyer i is parametrized by a subfamilyΣi of 2A such that∅ ∈ Σi , and is
denoted byf Σi . It maps everyv ∈ V to vΣi ∈ V defined by

vΣi (B)= max
C⊆B,C∈Σi

v(C) for everyB ∈ 2A.

This has the effect of pretending that the agent cares only about bundles inΣi (for which he
announces his true valuation), and derives his valuation for other bundles by maxim
over the bundles inΣi that they contain. If the profile of strategies(f Σ1, . . . , f Σn) forms
an ex post equilibrium in the VCG mechanisms it is called abundling equilibrium. If in
additionΣi =Σ for everyi ∈N , we say that the corresponding equilibrium is asymmetric
bundling equilibrium in the VCG mechanisms (induced by the bundling strategyf Σ ).

For what choices ofΣ ⊆ 2A does the profile of strategies(f Σ, . . . , f Σ) form an ex
post equilibrium? This question was answered in (Holzman et al., 2003). A subfamΣ
of 2A such that∅ ∈Σ is aquasi-fieldif it satisfies the following two conditions:

B ∈Σ ⇒ A \B ∈Σ,
B,C ∈Σ and B ∩C = ∅ ⇒ B ∪C ∈Σ.

Theorem 1 (Holzman et al., 2003).Let n � 3. Let Σ be a subfamily of2A such that
∅ ∈Σ . The bundling strategyfΣ induces a symmetric bundling equilibrium in the VC
mechanisms if and only ifΣ is a quasi-field.

of the variable participation issue by focusing on strategiesb with the property that(b, . . . , b) is an equilibrium
for every number of buyersn. This was the approach taken in (Holzman et al., 2003). It has no natural ana
in the non-symmetric case.

7 Indeed, in our proofs we restrict attention to VC mechanisms.
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In (Holzman et al., 2003) only symmetric profiles of bundling strategies w
considered. Here, by contrast, we look at arbitrary (not necessarily symmetric) p
of arbitrary (not necessarily bundling) strategies. Our result is that forn� 3, every ex pos
equilibrium in the VCG mechanisms is of the form discovered in (Holzman et al., 2
i.e., a symmetric bundling equilibrium defined by a quasi-field.

Theorem 2. Let n� 3. The profile of strategies(b1, . . . , bn) forms an ex post equilibrium
in the VCG mechanisms if and only if there exists a quasi-fieldΣ ⊆ 2A such thatbi = f Σ
for everyi ∈N .

Our proof of Theorem 2 is divided into two parts. In Section 3 we stay in the real
bundling strategies, and extend the treatment of (Holzman et al., 2003) from the sym
case to the general case. In Section 4 we examine equilibria made of arbitrary strate

3. Bundling strategies

In this section we show that forn � 3 every bundling equilibrium is symmetri
While doing this, we also re-prove Theorem 1, showing that(f Σ, . . . , f Σ) is a bundling
equilibrium if and only ifΣ is a quasi-field. This renders the current paper self-conta

Proposition 1. Let n � 3. For eachi ∈ N , letΣi be a subfamily of2A such that∅ ∈Σi .
The profile of strategies(f Σ1, . . . , f Σn) is a bundling equilibrium if and only if there exis
a quasi-fieldΣ ⊆ 2A such thatΣi =Σ for everyi ∈N .

The key concept needed for the proof of Proposition 1 is the following condition on-
tuples(Σ1, . . . ,Σn) of subfamilies of 2A. We say that such ann-tuple satisfies thepartition
propertyif for every i ∈N and for every ordered partition(B1, . . . ,Bn) of A,

Bj ∈Σj for everyj ∈N \ {i} ⇒ Bi ∈Σi.
We also need to introduce a simple type of valuation functions. ForB ⊆ A, B �= ∅, let

wB be the following valuation function:8

wB(C)=
{

1 if B ⊆ C ⊆A,
0 otherwise.

ForB = ∅, letwB be the zero valuation, i.e.,wB(C)= 0 for allC ⊆ A.

Lemma 1. Let n � 1. For eachi ∈ N , letΣi be a subfamily of2A such that∅ ∈Σi . The
profile of strategies(f Σ1, . . . , f Σn) is a bundling equilibrium if and only if(Σ1, . . . ,Σn)

satisfies the partition property.

8 ForB �= ∅, a valuation function of the formwB is called a unanimity TU game in cooperative game the
An agent with such a valuation function (up to scaling) is called by Lehmann et al. (1999) a single-minded
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Proof. Suppose first that(Σ1, . . . ,Σn) satisfies the partition property. Observe that
everyN ′ ⊆ N , the restriction of(Σ1, . . . ,Σn) to N ′ also satisfies the partition proper
since∅ ∈ Σi for all i ∈ N . Thus, in order to prove that(f Σ1, . . . , f Σn) is a bundling
equilibrium, it suffices to show that it is an ex post equilibrium in every VC (and hen
every VCG) mechanism for the entire set of buyersN .

Consider a VC mechanismd , a buyer i ∈ N , and a profile of valuationsv =
(v1, . . . , vn) ∈ V N . According to the strategies used in(f Σ1, . . . , f Σn), the profile of
announced valuations iŝv = (vΣ1

1 , . . . , v
Σn
n ). Let

t = max
γ∈Γ

∑
j �=i
v
Σj
j (γj ).

Let v′ be the profile of announced valuations consisting of an arbitrary announcemv′
i

of buyeri and the fixed announcementsv
Σj
j of the buyersj ∈N \ {i}. Suppose that in th

allocationd(v′) each buyerj receives the bundleB ′
j . Then the utility of buyeri is

udi (vi,v
′)= vi(B ′

i )− cdi
(
v′) = vi(B ′

i )+
∑
j �=i
v
Σj
j

(
B ′
j

) − t .

For eachj ∈ N \ {i}, let B ′′
j ⊆ B ′

j be a bundle inΣj so thatv
Σj
j (B

′
j )= v

Σj
j (B

′′
j ); the

existence of such a bundle follows from the definition ofv
Σj
j . Let B ′′

i = A \ (⋃j �=i B ′′
j ).

It follows from the partition property thatB ′′
i ∈ Σi . SinceB ′

i ⊆ B ′′
i , we havevi(B ′

i ) �
vi(B

′′
i )= vΣii (B ′′

i ). Hence

udi (vi,v
′)� vΣii

(
B ′′
i

) +
∑
j �=i
v
Σj
j

(
B ′′
j

) − t .

However, if buyeri announcesvΣii , the resulting allocationd(v̂) gives each buyerj
some bundleBj , and the utility of buyeri is

udi (vi, v̂)= vi(Bi)+
∑
j �=i
v
Σj
j (Bj )− t � vΣii (Bi)+

∑
j �=i
v
Σj
j (Bj )− t .

By the optimality of the allocationd(v̂) for v̂, it follows thatudi (vi , v̂)� udi (vi ,v′). Thus
(f Σ1, . . . , f Σn) is an ex post equilibrium.

In the other direction, suppose that(Σ1, . . . ,Σn) does not satisfy the partition proper
Let (B1, . . . ,Bn) be an ordered partition ofA and leti be a buyer such thatBj ∈Σj for
everyj ∈N \ {i} butBi /∈Σi . Note thatBi �= ∅.

Consider the profile of valuationsw = (wB1, . . . ,wBn). According to the strategie
used in(f Σ1, . . . , f Σn), buyeri reports that his valuation forBi is zero, and every othe
buyer reports his true valuation functionwBj . It is easy to see that given these reports,
allocationγ = (γ0, γ1, . . . , γn) in which γj = Bj for j ∈ N \ {i}, γi = ∅, andγ0 = Bi , is
optimal. Hence there exists a VC mechanismd that selects the allocationγ in this situation.
This results in a utility level of zero to buyeri.

However, buyeri is better off reporting his true valuation functionwBi , because the
any VC mechanism gives each buyerj hisBj with no charges, and in particular buyei
gets a utility level of one. Therefore(f Σ1, . . . , f Σn) is not an ex post equilibrium ind . ✷
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Proposition 1 is an immediate consequence of the previous and the next lemma.

Lemma 2. Let n � 3. For eachi ∈ N , letΣi be a subfamily of2A such that∅ ∈Σi . The
n-tuple(Σ1, . . . ,Σn) satisfies the partition property if and only if there exists a quasi-fi
Σ ⊆ 2A such thatΣi =Σ for everyi ∈N .

Proof. Suppose first that allΣi are equal to some fixed quasi-fieldΣ . Let i ∈ N , and let
(B1, . . . ,Bn) be an ordered partition ofA, such thatBj ∈Σ for everyj ∈N \ {i}. We have
to show thatBi ∈Σ as well. By repeated applications of the closedness ofΣ with respect
to disjoint unions, we obtain that

⋃
j∈N\{i}Bj ∈Σ . By the closedness ofΣ with respect

to complements, it follows thatBi ∈Σ .
Conversely, suppose that(Σ1, . . . ,Σn) satisfies the partition property. By consideri

ordered partitions ofA in which all but two of the sets are empty, it follows that for alli �= j
and allB ⊆ A we have the implicationB ∈Σj ⇒ A \ B ∈Σi . Using the fact thatn� 3,
and applying the above twice, we conclude that allΣi are equal. LetΣ be the common
subfamily of 2A, i.e.,Σi =Σ for everyi ∈ N . By the above,Σ is closed with respect t
complements. Now, suppose thatB,C ∈Σ andB∩C = ∅. Applying the partition property
to the ordered partition(B,C,A \ (B ∪C),∅, . . . ,∅) it follows thatA \ (B ∪C) ∈Σ , and
therefore, by the closedness ofΣ with respect to complements, alsoB ∪ C ∈Σ . ThusΣ
is a quasi-field. ✷

We note that the assumptionn � 3 is needed in Proposition 1 because of its us
Lemma 2, but Lemma 1 does not depend on this assumption and yields characteri
of bundling equilibrium also for the casesn = 1,2. For n = 1 the only requirement i
∅,A ∈Σ1. More interestingly, forn= 2 the profile(f Σ1, f Σ2) is a bundling equilibrium
if and only if the bundles inΣ2 are precisely the complements of those inΣ1. In particular,
Σ1 andΣ2 may be different in a bundling equilibrium forn= 2.

4. Arbitrary strategies

In this section we consider an arbitrary ex post equilibrium in the VCG mechan
for somen � 3 and prove that it necessarily consists of bundling strategies. In vie
Proposition 1, this will establish Theorem 2.

Let (b1, . . . , bn), with n� 3, form an ex post equilibrium in the VCG mechanisms. I
convenient to denotebi(v) by v̂i , and to denote the image ofbi , bi(V ), by V̂ i .

We define the following subfamiliesΣi , i ∈N , of 2A:

Σi =
{
C ⊆A: ∃w ∈ V̂ i such thatw(C) > w(D) ∀D � C}

.

Note that∅ ∈Σi holds trivially.

Proposition 2. For every buyeri, we havêvi(C)= v(C) for all v ∈ V and allC ∈Σi .
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We defer the proof of Proposition 2 and show first that Theorem 2 follows f
it. Indeed, we show that Proposition 2 implies that thebi are the bundling strategie
corresponding toΣi , that is, for every buyeri

v̂i (B)= vΣi (B) for all v ∈ V and allB ∈ 2A.

This equality obviously follows from Proposition 2 whenB ∈ Σi . Suppose now tha
B ∈ 2A \Σi , and letv ∈ V . By the definition ofΣi , it follows that for everyw ∈ V̂ i there
existsD � B such thatw(B)=w(D). Applying this tov̂i ∈ V̂ i , and iterating if necessar
we can find a subsetD � B such thatD ∈Σi andv̂i (B)= v̂i (D). This implies that

v̂i (B)� max
C⊆B,C∈Σi

v̂i (C).

As the reverse weak inequality follows from monotonicity ofv̂i , we obtain

v̂i (B)= max
C⊆B,C∈Σi

v̂i (C).

By Proposition 2 we can rewrite this as

v̂i (B)= max
C⊆B,C∈Σi

v(C),

which is just the required equalitŷvi(B)= vΣi (B).
It remains to prove Proposition 2. This will be achieved through a sequence of lem

We will sometimes look at a subsetK ⊆N , and consider auctions in which only the buy
in K participate. In this context, the standard terminology (profiles, allocations) will
to the restricted set of buyers. Recall that our assumption that(b1, . . . , bn) forms an ex
post equilibrium in the VCG mechanisms means, by definition, that the restricted p
(bi)i∈K is an ex post equilibrium in every such auction.

Lemma 3. Let 1 � k � n, and letK ⊆ N be a subset ofk buyers. Leti ∈ K, let vi ∈ V
and letwj ∈ V̂ j , j ∈ K \ {i}. Suppose that the allocationγ " is optimal for the profile of
valuations(v̂ii , (wj )j∈K\{i}). Thenγ " is also optimal for the profile(vi , (wj )j∈K\{i}).

Proof. Without loss of generality assume thatK = {1, . . . , k} and i = 1. Let d be a
VC mechanism that selects the allocationγ " at the profile(v̂1

1,w2, . . . ,wk). Consider a
situation where agent 1’s true valuation isv1 and the other agents’ announced valuati
(according to the strategiesb2, . . . , bk) arew2, . . . ,wk , respectively. Let

t = max
γ∈Γ

k∑
j=2

wj(γj ).

If agent 1 announces a valuationv′
1, the profile of announced valuations will b

(v′
1,w2, . . . ,wk), which we denote byw′. The resulting utility of agent 1 will be

ud1(v1,w′)= v1
(
d1(w′)

) − cd1(w′)= v1
(
d1(w′)

) −
[
t −

k∑
j=2

wj
(
dj (w′)

)]

= v1
(
d1(w′)

) +
k∑
wj

(
dj (w′)

) − t = S(w, d(w′)
) − t,
j=2
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wherew = (v1,w2, . . . ,wk). For the truthful announcementv′
1 = v1 this becomes

ud1(v1,w)= S
(
w, d(w)

) − t = Smax(w)− t .
It follows that an announcementv′

1 of agent 1 is a best response if and only ifd(w′) is an
optimal allocation forw. By the equilibrium requirement,̂v1

1 should be a best respons
and henced(v̂1

1,w2, . . . ,wk) must be an optimal allocation forw. This is what had to be
proved. ✷

A special type of valuation functions will play a role in the sequel. They
parametrized by a non-empty subsetB ⊆ A and a non-negative constants, and defined
by

vsB(C)=
{
s if B ⊆ C ⊆A,
0 otherwise.

Lemma 4. For every buyeri, we havêvsA
i = vsA for all s � 0.

Proof. In the first part of the proof, we show that for everyi

v̂sA
i
(C)= 0 for allC �A.

Assume, for the sake of contradiction, that this is not true. Without loss of gene
suppose that there is a counterexample fori = 1, and letC be an inclusion-minimal suc

counterexample. ThenC �= ∅,A and v̂sA
1
(C) > 0. LetB = A \ C. Choose two constan

b andh such thatb � v̂sA
1
(A) and 0< h< v̂sA

1
(C), and consider the valuation functionv

defined by

v(D)=
{
b+ h if D =A,
b if B ⊆D �A,
0 otherwise.

Let γ " = (γ "0 , γ
"
1 , γ

"
2 ) be an optimal allocation for agent 1 and agent 2’s pro

(v̂sA
1
, v̂2). Applying Lemma 3 withk = 2, w1 = v̂sA

1
, andv2 = v we deduce thatγ " is

also optimal for the profile(v̂sA
1
, v). This entails, first, thatB ⊆ γ "2 , for otherwise we

would have

v̂sA
1(
γ "1

) + v(γ "2 ) = v̂sA
1(
γ "1

) + 0 � v̂sA
1
(A)� b < b+ h= v(A)= v̂sA

1
(∅)+ v(A)

contradicting the optimality ofγ " for (v̂sA
1
, v). Secondly, it entails thatγ "2 = B, for

otherwise we would haveγ "1 � C and hence, by the minimality ofC,

v̂sA
1(
γ "1

) + v(γ "2 ) = 0+ v(γ "2 )
� b+ h < v̂sA

1
(C)+ b= v̂sA

1
(C)+ v(B),

again contradicting the optimality ofγ " for (v̂sA
1
, v).

Another application of Lemma 3 yields thatγ " is also optimal for the profile(vsA, v̂
2).

Since

vs
(
γ "1

) + v̂2(γ "2 ) = 0+ v̂2(B)� vs (∅)+ v̂2(A),
A A
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the optimality implies that̂v2(B)= v̂2(A). This means that the allocationγ = (γ0, γ2)=
(C,B) is optimal for the single agent (buyer 2) profile(v̂2). By yet another applicatio
of Lemma 3, it follows thatγ is also optimal for(v). This is a contradiction, sinc
v(B)= b < b+ h= v(A).

In the second part of the proof, we show that for every buyeri,

v̂sA
i
(A)= s.

Let us denotegi(s)= v̂sA
i
(A). We show first that the system of functionsg1, . . . , gn must

satisfy a condition that we call mean value exclusion: for alli �= j and alls, t, y � 0,

s < y � gi(s) or gi(s)� y < s ⇒ y �= gj (t).
Indeed, suppose for example thats < g2(t) � g1(s). Consider agent 1 and agent 2

profile(v̂sA
1
, v̂tA

2
) which, by the first part of the proof, is just(vg1(s)

A , v
g2(t)
A ). The allocation

γ " = (γ "0 , γ "1 , γ "2 )= (∅,A,∅) is optimal for this profile but not for the profile(vsA, v
g2(t)
A ).

This contradicts Lemma 3. A similar contradiction is obtained for any pair of buyersi �= j
and also in the case with reversed inequalities.

We complete the proof by showing that the condition of mean value exclusion im
that gi(s) = s for all i ∈ N and alls � 0. Suppose first thatgi(s) > s for somei ands.
Choose somet such thats < t < gi(s). If we havegj (t) � t for somej �= i, then
mean value exclusion is violated by the pairi, j (possibly with their roles interchanged
Therefore we must havegj (t) < t for everyj �= i. But then, asn� 3, we may consider two
distinctj1, j2 �= i and note that the pairj1, j2 provides a violation of mean value exclusio
An analogous argument may be used to rule out the possibility thatgi(s) < s for somei
ands. ✷
Lemma 5. Let1� k < n, and letK ⊂N be a subset ofk buyers. Leti ∈K, let vi ∈ V and
letwj ∈ V̂ j , j ∈K \ {i}. Suppose that the allocationγ " = (γ "j )j∈K∪{0} is optimal for the
profile of valuations(v̂ii , (wj )j∈K\{i}). Thenv̂ii (γ

"
i )= vi(γ "i ).

Proof. Without loss of generalityK = {1, . . . , k} andi = 1. We show that each of the tw
possible inequalities betweenv̂1

1(γ
"
1 ) andv1(γ

"
1 ) leads to a contradiction. Assume first th

v̂1
1(γ

"
1 ) < v1(γ

"
1 ). Choose a numbers such that

v̂1
1

(
γ "1

) +
k∑
j=2

wj
(
γ "j

)
< s < v1

(
γ "1

) +
k∑
j=2

wj
(
γ "j

)
,

and consider the(k + 1)-agent profile(v̂1
1,w2, . . . ,wk, v

s
A). Note that, by Lemma 4

vsA ∈ V̂ k+1, and therefore we may apply Lemma 3 to this profile.
Now, we claim that the allocation

γ = (γ0, γ1, . . . , γk, γk+1)= (∅,∅, . . . ,∅,A)
is optimal for(v̂1

1,w2, . . . ,wk, v
s
A). Indeed, this allocation has a total social surplus os.

If δ = (δ0, δ1, . . . , δk, δk+1) is any other allocation thenδk+1�A and hencevs (δk+1)= 0;
A
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therefore, its total social surplus can be bounded from above as follows:

v̂1
1(δ1)+

k∑
j=2

wj(δj )� v̂1
1

(
γ "1

) +
k∑
j=2

wj
(
γ "j

)
< s.

It follows by Lemma 3 thatγ should also be optimal for the profile(v1,w2, . . . ,wk, v
s
A).

This, however, is not the case, because the allocation(γ "0 , γ
"
1 , . . . , γ

"
k ,∅) has a higher tota

social surplus for this profile:

v1
(
γ "1

) +
k∑
j=2

wj
(
γ "j

)
> s.

Assume now thatv1(γ
"
1 ) < v̂

1
1(γ

"
1 ). In this case, choose a numbers such that

v1
(
γ "1

) +
k∑
j=2

wj
(
γ "j

)
< s < v̂1

1

(
γ "1

) +
k∑
j=2

wj
(
γ "j

)
.

As in the previous case, a contradiction arises from an application of Lemma 3: it is e
check that the allocation(γ "0 , γ

"
1 , . . . , γ

"
k ,∅) is optimal for the profile(v̂1

1,w2, . . . ,wk, v
s
A)

but is inferior to the allocation(∅,∅, . . . ,∅,A) at the profile(v1,w2, . . . ,wk, v
s
A). ✷

Lemma 6. For every buyeri, we havêvi(A)= v(A) for all v ∈ V .

Proof. The lemma follows directly from the casek = 1 of Lemma 5. ✷
Lemma 7. Let i, j ∈ N , i �= j . Let C ∈ Σj , C �= A, and letB = A \ C. Then for any

sufficiently large constants we havêvsB
i
(E)= s for all E such thatB ⊆E ⊆A.

Proof. Without loss of generalityi = 1, j = 2. It suffices to prove the statement of t
lemma forE = B, because the general statement will then follow using monotonicity
Lemma 6:

s = v̂sB
1
(B)� v̂sB

1
(E)� v̂sB

1
(A)= vsB(A)= s.

Recalling the definition ofΣ2, we can find a valuation functionw2 ∈ V̂ 2 such that
w2(C) > w2(D) for all D � C. We will show that the statement of the lemma holds
everys > w2(A).

Let γ " = (γ "0 , γ "1 , γ "2 ) be an optimal allocation for the profile of valuations(v̂sB
1
,w2).

By Lemma 3,γ " is also optimal for the profile(vsB,w2). This implies, first, thatB ⊆ γ "1 ,
for otherwise we would have

vsB
(
γ "1

) +w2
(
γ "2

) = 0+w2
(
γ "2

)
�w2(A) < s = vsB(A)+w2(∅)

contradicting the optimality ofγ " for (vsB,w2). Moreover, it implies thatγ "1 = B, for
otherwise we would haveγ "2 � C and therefore

vsB
(
γ "1

) +w2
(
γ "2

) = s +w2
(
γ "2

)
< s +w2(C)= vsB(B)+w2(C),

again contradicting the optimality ofγ " for (vs ,w2).
B
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Finally, from Lemma 5 (which may be applied here withk = 2, sincen � 3) and the

fact thatγ "1 = B we obtain that̂vsB
1
(B)= vsB(B)= s, as required. ✷

Proof of Proposition 2. Let i ∈ N . Let v ∈ V and letC ∈ Σi . We have to show tha
v̂i (C)= v(C). Without loss of generalityi = 1. If C = A this follows from Lemma 6, so
we assume thatC �=A. LetB =A \C. Choose a constants that satisfiess > v̂1(A) and is

sufficiently large so that, by Lemma 7,̂vsB
2
(E)= s for all E such thatB ⊆E ⊆A.

Let γ " = (γ "0 , γ "1 , γ "2 ) be an optimal allocation for the profile of valuations(v̂1, v̂sB
2
). It

follows from Lemma 5 that̂vsB
2
(γ "2 ) = vsB(γ "2 ). If B � γ "2 this implies that̂vsB

2
(γ "2 ) = 0

and therefore

v̂1(γ "1 ) + v̂sB
2(
γ "2

) = v̂1(γ "1 )
� v̂1(A) < s = v̂sB

2
(A)= v̂1(∅)+ v̂sB

2
(A).

This contradicts the optimality ofγ " for (v̂1, v̂sB
2
). Thus, we conclude thatB ⊆ γ "2 and

thereforeγ "1 ⊆ C. From this and Lemma 7 it follows that

v̂1(γ "1 ) + v̂sB
2(
γ "2

)
� v̂1(C)+ v̂sB

2
(A)= v̂1(C)+ v̂sB

2
(B).

Since γ " is an optimal allocation for(v̂1, v̂sB
2
), this implies that the allocationγ =

(γ0, γ1, γ2) = (∅,C,B) is optimal for the same profile. Now, it follows from Lemma
that v̂1(C)= v(C), as required. ✷

5. Comments

5.1. Supermodular valuations suffice

There are various kinds of restrictions that one might want to impose on the do
of valuation functions. For instance, a valuation functionv is calledsupermodularif it
satisfies

v(B ∪C)+ v(B ∩C)� v(B)+ v(C) for all B,C ⊆A.
This can be interpreted as a strong form of complementarity across goods.

Our proof of Theorem 2 still goes through if it is assumed that only supermo
valuation functions are possible. However, if the agents’ reports are also required
supermodular, some of the bundling strategies are no longer available. It can be
that, for a quasi-fieldΣ , the mappingv �→ vΣ preserves supermodularity if and only ifΣ
is a field, i.e., it is closed under complements and arbitrary (not just disjoint) unions
equivalent and more explicit description of a field is that it is based on a partitionA
and consists of all unions of any number of blocks of the partition. The bundling equi
that arise in this way, calledpartition-based equilibria, were the main objects of study
(Holzman et al., 2003). Thus, when all buyers have supermodular valuation function
reports are restricted to be supermodular valuation functions, our characterization ta
following form:
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Forn� 3, every ex post equilibrium in the VCG mechanisms is a symmetric parti
based equilibrium.

5.2. A counterexample under fixed participation

Our definition of ex post equilibrium in the VCG mechanisms allowed for the possib
of partial participation by demanding that the profile of strategies remain in equilib
when restricted to any subset of the set of potential buyers. Theorem 2 does not ho
if the equilibrium property is required only for the fixed set of buyersN = {1, . . . , n}, as
shown by the following counterexample.

Let n� 1, and consider the profile of strategies(b1, . . . , bn) in whichbi(v)= v̂i where
v̂i (B)= 0 for all i ∈N , all v ∈ V and allB �A, andv̂i (A) is defined as follows:

v̂i (A)=
{1 if i = 1 andv(A)� 1,

0 if i � 2 andv(A)� 1,
v(A) otherwise.

The profile(b1, . . . , bn) is not symmetric and the strategies in it are not bundling strate
Yet it is straightforward to check that(b1, . . . , bn) forms an ex post equilibrium in ever
VCG mechanism for the entire set of buyersN = {1, . . . , n}.

6. Related literature

As we said, the concept of ex post equilibrium in models of private values was la
ignored in the economics literature. Hence, this section mainly deals with partially re
results concerning uniqueness of truth-telling mechanisms.

Some early characterizations of truth-telling mechanisms were carried out in the c
of a society that has to choose one out of a number of possible social states. In this
every agent has an arbitrary valuation function defined over the set of social states,
mechanism has to select a social state and specify monetary transfers. Our combi
auctions model may be made comparable to this more abstract model by viewi
possible allocations of goods as the social states. However, our assumption that an
utility depends only on the bundle allocated to him (and not on the entire alloca
and moreover this dependence is monotone, imposes severe restrictions on the
of valuation functions.

In order to lift these restrictions, one may modify our model as follows. We say
the buyers haveallocative externalitiesif the valuation of every buyeri depends on the
whole allocation of goods, that is,vi :Γ → �. For example, in the case of one good a
two buyers, there are three possible allocations, including that in which the seller kee
good. A buyer may assign to the latter allocation a different utility from that assign
the allocation that gives the good to the other buyer. We say that the domain of val
functions iscompleteif V = �Γ (i.e.,V is not a proper subset).

In this modified model of combinatorial auctions we may state a theorem of Ro
(1979), which was originally formulated in the abstract social states model. First we
some definitions. LetAM = (V , d, c) be a direct and truth-telling auction mechanism.
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say thatAM satisfies the condition ofnon-impositionif for every allocationγ ∈ Γ there
exists a profile of announced valuationsv̂ ∈ V N such thatd(v̂)= γ . The mechanismAM
is aweighted generalized VCG mechanismif there exist non-negative weightsk1, . . . , kn,
not all of them equal to zero, a functionF :Γ → �, and functionshi :V N\{i} → � for
i ∈N , such that for every profile of announced valuationsv̂ ∈ V N we have:

d(v̂) ∈ argmax
γ∈Γ

∑
i∈N
kiv̂i(γ )+ F(γ ),

and for alli ∈N such thatki > 0,

ci(v̂)= −
∑
j �=i kj v̂j (d(v̂))+F(d(v̂))

ki
+ hi(v̂−i ).

Roberts’ Theorem. Consider a private values model of combinatorial auctions w
allocative externalities and a complete domain of valuation functions. Assume that
are at least two goods or at least two buyers. Then every direct and truth-telling au
mechanism that satisfies non-imposition is a weighted generalized VCG mechanism

Our Theorem 2 is related in principle to Roberts’ Theorem because every ex
equilibrium in any auction mechanism gives rise, according to the revelation prin
to an economically equivalent direct and truth-telling mechanism. So one might ho
learn about the structure of ex post equilibria by invoking the revelation principle
Roberts’ Theorem. There are, however, two difficulties with this program. First, Rob
Theorem requires allocative externalities and a complete domain of valuation func
which are absent (and quite unrealistic) in our model. Secondly, note that the mech
generated by this scheme from our ex post equilibria will in general violate the con
of non-imposition. This is so because, when the buyers use the bundling strategf Σ ,
essentially only allocations giving the buyers bundles inΣ may be optimal with respect t
the announced valuations, and other allocations will never be selected by the mech
It follows, in particular, that the direct truth-telling mechanisms generated from our ex
equilibria are not weighted generalized VCG mechanisms.

It is natural to ask whether an analogue of Roberts’ Theorem holds true in the sta
combinatorial auctions model, i.e., without allocative externalities and with the
disposal assumption. This question is addressed in a recent work by Lavi et al. (2003
found examples of direct and truth-telling auction mechanisms that satisfy non-impo
but are not weighted generalized VCG mechanisms. Yet, subject to some further con
and qualifications, they did prove a version of Roberts’ Theorem for standard combin
auctions.

Roberts’ Theorem was preceded by a result of Green and Laffont (1977) of a
limited scope. Working in essentially the same model as Roberts, they proved
mechanism that is direct, truth-telling and efficient is necessarily a VCG mechanism.
result, the allocation functiond is presumed to be of a specific form (given by efficienc
and the object of the characterization is the transfer functionc.9 It is well known (although

9 This phenomenon, by which the allocation function together with the property of incentive compat
determine the transfer function, has been shown to hold in several other contexts (see, e.g., Myerson, 19
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we are not aware of a published proof of this) that Green and Laffont’s Theorem hold
also for standard combinatorial auctions.

A growing body of recent literature deals with uniqueness-impossibility theo
in models that not only have allocative externalities, but in particular informati
externalities. In such models every buyer receives a signal (possibly about all b
valuation functions), and this signal does not necessarily completely reveal his
valuation function (see, e.g., Milgrom and Weber, 1982; Perry and Reny, 1999; Das
and Maskin, 2000; Jehiel and Moldovanu, 2001; Bergemann and Välimäki, 2002; M
ter-Vehn and Moldovanu, 2002; Jehiel et al., 2002). It is interesting to note that Meye
Vehn and Moldovanu (2002) uses Roberts’ Theorem extensively.
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