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ASYMPTOTIC MEASURE-BASED VALUES OF
NONATOMIC GAMES*T

DOV MONDERER

Northwestern University

et o= min(fty. fgae .o po b where gy, gy, ..., g, are mutually singular nopatomic proba-
bility measures, ie. v is the market game derived from an n-glove nonatomic market with
transferable uiility. We describe the set of all g-aSymptotic values of v, where p ranges over all
nonatomic probability measures for which u, is absolutely continucus with respect to p and
dusdp € Ly(p) for all 1 € ¢ < n. This set is proved 1o be convex and relatively open. ‘

0. Introduction. Values of market games have been extensively analyzed, in par-
ticular for “large” nonatomic games (e.g, Aumann and Shapley [2]). When the
economy is sufficiently differentiable the market game derived from it has an asymp-
totic value {which is also the competitive distribution of the unique equilibrium price
of the market (see [2])). However, it was proved in [2, Example 19.2] that the market
game ¢ = min{g,, {t., 1t,) does not have an asymptotic value, where, forall 1 </ < 3,
u, is the normalized restriction of the Lebesque measure to the interval [( — 1}/3.i/3].

In order to extend the class of games for which the asymptotic approach applies, the
notion of measure-based asymptotic value has been introduced by Aumann and Kurz
[1), and studied in Hart [3] {the axiomatic approach has been discussed in Monderer
[51). It takes intc account, besides the coalitional worth function of the game, aiso the
population measure ¢ of the underlying economy. This is done by considering only
those partitions whose atoms have almost the same p-measure. For example, it was
proved in [3, Thecrem 9.2} that the game v = min(y,, b4, ;) has a p-asymptotc value
for every w € NA' such that u; € L,{u) for every 1 </ < 3. More generally, Hart
proved that every market game derived from a market with population measure p. has
a p-asymplotic value provided that the variance of the excess demand (for some
competitive allocation) is finite (see [3, Main. Theorem]}.

In this paper we deal with one of the open problems introduced by Hart [3, Open
problem B}: For a fixed market game v characterize the set of all p-asymptotic values
of v, where u ranges over all nonatomic probability measure for which the g-asymp-
totic value of ¢ exists. We shall partially answer this question for an important class of
markel games-——the minimum games. These are the games having the form v =
MIn(Uy, fay .. o0 @, ), Where gy, o, ..., g, are mutually singular measures in NA™. ie,
the exact games whose core is the convex hull of & finite number of mutually singular
NA'-measures. For every such game v we shall describe the set of all p-asymptotic
values of v for all p & NA* {or which the core of v is contained in L,{p). It turns out
that this set is convex and relatively open.

*Received July 19, 1985 revised July 18, 1988,
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738 DOV MONDERER

The paper is organized as follows: In §1 we state our main theorem and necessary
preliminaries, and i §2 we prove the main theorem,

I would like to thank Professor Sergiu Hart and Professor Abraham Nevman for
very helpful discussions,

1. p-asvmptotic values. We will use the terminolegy and notation of {2} For a
game v and a nonatomic probability measure p (Le. u € NAY). qu will denote the
p-asymptotic value of ¢ as defined in [3]. Let R" be the n-dimensional Euclidean
space. For x € R”. x, will denote 1ts ith coordinate. We shall write x 2> y if x, 2 3, for
aligigsmx»yifxzprandx=y; x=»yifx, >y forall <ign Let RY
be the nonnegative orthant of R” and let R%, be the positive orthant of R A
real-valued function / defined on a subset of R” is nondecreasing if f(x} < f(¥)
whenever x < v. A real-valued function f defined on R which is concave, positively
homogeneous of degree one. nondecreasing and with f(0) = 0, will be called a marker
funiction. MF, will denote the set of all market functions defined on R%.

Let f be a market function in MF,. A vector p € R" is a super-gradient of f ata
point v € R _if

-

vy —=Jfix)gp(y—x) forally & R7.

The gradien: of [ at a point x &€ R’ is the set of all super-gradients of [ at x. We
shall denote it by Af(x). By Theorems 23.1 and 23.4 in [6] {sec also [3. Chapter 6]},
Af{x)is a nonempty compact convex set and

Aftx)={pe R7:px=f{x)and f{y) < priorevery y € R},
For every nonempty compact convex set K in R” and for every x &€ R” denote
Pelxl={p eK: px=max{px:peK}}.

and if P.[x] consisis of only one point. dencte this point by Pe(x). Peix) will be
called the maximizing function of K. For any subset # of R” let HY be the relative
interior of H. and let H be the closure of K. In addition, let N, be the standard
normal probability distribution on R” (when no confusion may result we shall simply
denote it by N). and for every n X n positive definite matrix = let N(Z) be the normal
probability distribution in R" (possibly degenerated) with mean zero and covariance
matrix- . - -

LeMMa 1 (Hart), Lt wy, fia, ..., it, be nonzero measures in NA™ which belong to
Ly{p). where p & NA', and let g be a market function in MF,. Then the p-asymptotic
value of v = g oy, fby. ..., b,) exists and Qu = Z' ) p.u,, where (F), By..... D) =7
= [pP{z) dN(Z)(2), where P is the maximizing funciion of Ag{A(I)) (where \ =
(tqy fhon v on (00, and 2= (0], where

{ du, dp
o, = fl\yi(})l, - “a%)(pj(])l‘, - ﬁ&%) di foralll <i, j<n.

Proor. The proof is given in the proof of [3, Theorem 52]. =
We will need the following reformulation of Hart’s theorem:

LEMMA 2. Lot by fg - b, be mutually singular measures in NA® which belong 10
Lo(p), where p € NA}. Let g € MF, and denote a, = f,(a’pt,-/a‘p): dy foralll i< n.

kg s per
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PrOOF. By Lemma 1t
B = [wP(z)ydN(Z)(z) K
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Then

@PU = ) B, where

(B Bey. . By =8= fRHP(V‘E:xl,fam;xz,...,vg:xn) dn, (x}, .

where P is the maximizing function of Ag(e) (where e = (1,1,...,1}).

Proor. By Lemma 1 the p-asymptotic value of v exists and @ = L7, Bn;, where
B = [enP(z)ydN{Z ) 2), for

a, -1 =1 - -1
~1 ay—-1 o =1 i

-1 -1 - oa,-1
Let @ = ¥7_,(1/a,), then it can be easily verified that X, is invertible iff a # 1. We

divide the proof into two cases: @ = 1 and @ = 1.
The case @ #+ 1. Denote

=
T,=1"1 (1)), and N, = N(Z,).

0
b
Then
A= f Plzy zan oz dNa (o oo oy T )

Ru-l
Forlgignietu =z 47, and let

Hpoy ™ Cfp iy b 40,2, F 20,
where {¢,. ¢1..... ¢, ) = ¢ is the unique solution of Tic = —e’ . where e = (1. 1..... 1)

Now. 1t 1s obvicus that

f ol dN, =0 foralll <i <jgn+ 1
Ru*l -
2 j

f 1ufdf\fm,-—wa- foralll </ < n;
.

=1

f ul AN, =d > 0.
Rt -

Let

- a N
L d

B i it i

T

|
]
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then by change of variables formula,

18 = R"_IP(HI ST PO U, — n-rl) dj\ (ulﬂ"'i un-{-l)’
where N, = N(Z5)
Since for every real numbers e > 0 and y, Plax + ye) =

P{x) for almost all x, we
have:

B = '[R”“P(u) dﬁB(u),

Hence

B= P(u) dN,(u},

Ru-l-l

where Ny = N(Z,) and Z, is the n X n matrix obtained fromi T, by eliminating the

last row and the last column. Now by change of variables, x, = 1 \‘/_u for all
1 < i€ n, we get the result:

B= f xz,f'xz,...\/‘x)dN (x7.

The case @ = 1. Let O, be the (# — 1) X (n — 1} matrix
Q'l -1 -1 - -1
¥ -3 G, — 1 e —
Qi . ) 2 ] ) -1 ,
-1 -1 anwl- 1
and let M, = N(Q,}. Then
o an an G” |
B .[R”WIP(I“72,...,f”_1,"‘E1‘t{— E’;[zw _"&:fn—l) dMl(f)
Let M = N(Qy), where o |
- _[0 )
0= {4 %), \
Then
1.1 == _E.ﬂ _ " o ’
( ) B B '/:‘?"‘}P({l’ EAR 1"—1’ ay i (1'2[2 - - 1 n——]) dMZ(t)
By change of variables u; = ¢, + 1, for 1 z < n - 17,"and
x"'\an - n i
Ll” == --*-»21«-1—[1 e I H-.I "f"z -

71weget from (1.1) that e e B

ASYMPTOTIC MEA

where My = N{Q;). and

and hence the result.

We need additicnal notatio;
Y7, = 1}, For every py, #13
Also, for n = 3 denote by K,
l1<igsn—tandalll g1

Mamn THEOREM, Let v =
rually singular NA*-measures.

A= (o
B = {cphu.
Y

=l

The proof of Main Theor:
rernark is that, for mom 20 A
2. The proof.

Proor OF A = B. Obvi
probability measure i & N
Zj’ﬁl(l/a) where, for 1 < i

,

It is casily verifid that for

'a.nd hence, by Lemma 2, ¢

PrOOF OF B = C. Den
w_ith mean 0 and standard
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. where M, = N(Q,), and

and hence the result. .
We need additional notations in order to staie our main theorem. Set P, = [a & R7:

oy =1}, For every liy, Hoseoosfln € NA! and for every & € R% set i, = Lio1&t;
Also, for n = 3 denote by K, the set of all B € PP such that £ 8, = 27+ for all
l<ign—landalll <i <ip< < i< n.

MAIN THEOREM.S Let v = MiIn{fhy, fog, -5 By )s WHEFE flyy gy oo by 12 3 are mu-

tually singular NA'-measures. Then A = B =-C, where - -

om 3, by elimin
es, x, = 1\ {a;u

A= {tp#g:;iéNAlana’piELl(u)Vlgién},

"B = {qp#ﬂu: « ePf};

E By B = (Bisﬁzv---»ﬁn) €K,

f=l

0
I

The proof of Main Theorem is given in the next section. An obvious {but relevant)

remark is that, fofn =2, A= {4 + 1o

-1 2. The proof.
PrROOF OF A = B. Obviously’ B c A. As for the inclusion A & B, consider a
probability measure u E‘NA““ such that g, € Ly{p) forall 1 €i<n Denote d =
., v (1 /), where, for 1 g i< n, ;= [,(dp,/du)* dp. Denote
anfl n—1 o
( 11 1 ) :
O = LTI, T g ey .
A day” day aa,
1t is easily verified that for afl 1 \<\. i<n
a -
" dfi 2 dp_ 2
a, - 1 pataat] = !
1 aff( dp ) o f; di, | Y
o and hence, by Lemma 2, Q0= QL. M

nt

PrOOE OF B = C. Denote ¢, = ¢, . Let X, Xy ..o, X, be Lid normal variables
with mean 0 and standard deviation 1. By Lemma 2, for all a € PP

u) . 21 P = }::1/3;-(0&)#,-,
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where for every 1 €/ < n - For 2<i<n set Z{y)}
- and, for all y, Prob(—
for the conditional probabili

(2.2} B.la) = Prob }m X > max——l——X
\/a i \/a .

Prob(Y; < min Y,-H}HE)

Since X; is a symmetric random variable for all 1 </ < n, and since Prob( X, = X)) =

for all / # j, we have which proves (2.7).

We now show that

(2.3) Bi{a) = Prob -}::X. < min —

xfa',' ' J=1 \’/?lj

Denote 8(a) = (B,(a). By(a),.. - B,(a)) and let M, be the range of the function 8. -
That is M, = {B(e): a € PP}, By (2.1), in order to prove that B = C it suffices to
prove that M, = K, . Obviously M, C P,. We now show that

(2.9)

As 5 1s a continuous functio
Theorem 12.7.9}) to show th

CrLAaIM.  Let

e M & Ko F(a) = Prob{ X
i _ _ 5
} Then Fis decreasing on R",
' Proor OF CLaiM. Let b

least one j. Denote ¥, = X

By symmetry arguments it suffices to prove that for every a & P? and for evefy
Tglsn—-1

@sy 2 Bi(a) > 27,

fe==1

" ) _ o (2.10) Prob{ 3
et then « € P Denote ¥, = X,/ Jo,. Then (2.5) is equivalent to

Indeed, denote Z,(y) = Pr¢
Y} J 2 2). Then for every
of j, ZAyy < Z)y) As t
with probability one:

(2.6) Prob( min ¥, < min }3) > 27t

lgig! I<jsn

For /= n — 1 we have:

Prob{ min ¥, < Y} 3 Prob(¥; < ¥,) + Prob(¥, < ¥, < ¥,) 3 271 4 ¢ > 2

Igign—1

Prob( Yy <Y,V

Therefore (2.6} holds (recall that » > 3). Assume now that 1 < /< n— 2 Then

Prob( min ¥, < min }f,) = Prob(}’1 < min }j)

lgig! I<jgn I<jgn
Thus it §ufﬁce§ to show that .
g which implies (2.10). =

We are now able to show

2.7 P b(Y ) =t v ab
(2.7) _ robyfy = rnmij > 2 1 < < n satisfying:

I<j=zn

Yorl €< n— 2 define

. ) 1 n 1 7 E 7 o .‘ . L
(2.8) L) = 5T+ 5110 - %), " xe o477 . .
. Tt i=f - R A A Without loss of generality v
For every x + e (where e = (1,1,. 1)) af/8x; <0 for every I ign aﬂd th

minimal value of f is obtained at x = le. Therefore f is decreasmg and f(x_) =
271 for all x # fe. :




ASYMPTOTIC MEASURE-BASED VALUES OF NONATOMIC GAMES 743

For 2 < i< n set Z(y)=Prob(Jy| < ¥;). Then with probability 1, Z(¥)) < 1,
and, for all y, Prob(~{py} < V) =1 = Z,{y) and thus the following inequality holds
for the conditional probability:

,Prob(}’l < min ¥} ml) - T z.(v) =+ L (1-2z(v)) »27",
it 2o -y 10 L

which proves (2.7). , | .
We now show that

{2.9) _ . M isopenin K.

As B is a continuous function it suffices by The Invariance of Domain Theorem (see [4,
Theorem 12.7.9]) to show that 8 is one to one. We first prove the following claim:

Cram.  Let
Fla) *Pmb(Xl< {ETQJXJ)’ a={ay,...,a,) € RL".

Then F is decreasing on R",™!
ProoF oF CLamM. Let b < a. Then b, = ¢,a, where 0 <¢; <1 and ¢, <1 for at
least one j. Denote Y| = X; and, for j 2 2, ¥, = a,X,, We have to show that

{2.10) Prob(Y < mine .Y) > Prob(Y < min YJ) ¥
iz2 Jjz2

Indeed, denote 2, Ay) = Prob(ly| <Y J 2 > 2 (and recall that Z{(y) = Prob(|y] <
Y, iz 2. Then for every y = 0,0 < Z,(y} < Z,(y) < 1, and for at least one value
of I Zj(y} < Z;(y) As the function f1 defmed in {2.8) is decreasmo we have that
with probability one: &« ,

Y Ny 1 L . 3 N . 1 _ 1 " _
B Prob(v, <Y, vj 2 201 = 5 [1Z,(n) + 5 [T{1 - Z,(v) .
o 1=

which implies (2.10). =
We are now able to show that 8 is one to one. Indeed, let e # a & P2, There exists
i < i < n satisfying:

&, & 1<
— = e <« .
5, max , gj<€n
Without loss of generality we may assume | = 1. Therefore
xry I €7 < n and the o _
:creasmg and Flx) > L i V=2 o
- O o T oo = i
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and since o % & we have

G, &, al E”
‘&m,...,E_ < =T ey =
1 1 & &

Thus by the above claim, B,{«) > £,{&), which implies S(a) # S(a). This
) s 7= . C
the proof that M, is open in K. pE) ompletes
We now prove that

(2.11) K, \ M, isopenin K.
By {2.2) one can easily deduce the following boundary property of §:

Let (a™) be a sequence of points in P,f’ which converges to a &€ P\ P,
suppose B(a™) = u, Then v & K, \ K,, where K, denotes the closure of }'E\’ -
‘ We proceed to prove (2.11). Let w € K, \ M, and suppose there is no open ball §
HL K, suchthat we § ¢ K\ M, Then there exists a sequence (¢™) i M, such that *
u™ = u.\Eor every m = 1 Eet B(a™) = u™ where a” € PP As P" is compact, we may
assume without loss of generality that o:”‘ — o € P, If @ € P, then by the continuity
of 8, B(«) = u, which contradicts the assumption that v &€ K\ M. If a & P\ P!
then by the boundary property of 8, u & K\ M,, which contraﬂiczs the assur;apti(:z;
that w € K. Therefore K, \ M, is cpen in K,.

Since K, is connected topological space (as it is convex) and si
" . I ince M, # &, th
(2.9y and 2.1y mply M, = K,. = -
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